Infra-red observations of globular clusters by Dixon, Richard Igor John Dmitri Asoka Thomas
Infra-Red Observations 
of Globular Clusters
R i c h a r d  Ig o r  J o h n  D m i t r i  A s o k a  T h o m a s
Dixon
Ph.D. Thesis 
University of Edinburgh 
1991
To which end, I hereby relinquish all copyright on m ateria l solely owned by myself. This 
does not include the present da ta , for which an appropriate  acknowledgement is
required.
to Science
1October the first is too late ’ - Fred & Geoffrey Hoyle
This thesis has been com posed of my own work, except where 
specifically noted in the tex t. In particu lar, chapter 1 is the 
largely-unaltered tex t of a  paper by th ree authors.
R ichard Dixon 
Decem ber 1991
Abstract
Near-infra-red imaging observations of the two highly reddened globular clusters M4 and 
M71 are presented. These d a ta  represent the deepest K observations yet published for 
any cluster.
The photom etric accuracy and repeatab ility  of the infra-red cam era IRCAM  is investi­
gated. Observations m ade at wavelengths of 1.25/¿m (J) and 2 .2 /¿m (K) show clearly 
th a t the cam era-array com bination is capable of a  photom etric  accuracy of b e tte r than 
1% on bright stars, w ith no evidence of residual non-linearity  of >  2% over 6 m agnitudes.
The reduction procedure is discussed in detail. The profile fitting  package D A OPHOT 
produces accurate and repeatable results from these small frames w ith large pixels. Zero- 
point calibrations are examined, and the d a ta  are combined w ith optical data.
M71: F itting  new (V-K)-V and (V-K)-K isoclxrones finds for the four free param eters: 
E(B-V )=0.26 ±  0.03; (m -M )0=12.85 ±  0.15; age=13 ±  1 Gyr and [Fe/H ]=-0.78 ±  0.3, 
which agree very well w ith the adopted values from the lite ra tu re . Com bining these with 
the unified literatu re  results gives the best yet estim ates of the  cluster param eters: E(B- 
V)=0.266 ±  0.015; (m -M )c=12.87 ±  0.07; age=14.5 ±  2 Gyr and [Fe/H ]=-0.7 ±  0.4. No 
significant binary fraction is detected on the m ain sequence.
M4: An extensive re-assessment of the lite ra tu re  concludes th a t a value of R of 4.0 ±  
0.2 is appropriate and th a t the ‘b e s t’ lite ra tu re  param eters are: E (B -V )=0.37 ±  0.01; 
(m-M )0=11.22 ±  0.11 ; age=16 ±  2 G yr and [F e /H ]= -l.l  ±  0.25. The Alcaino and Liller 
(1984) V m agnitudes are found to  contain a  zero-point error. Allowing for this, isochrone 
fitting finds an age of 16 ±  3 Gyr and [Fe/H ]=-1.0 ±  0.4.
Two-colour (V-K)-(B-V) models are constructed and agree well w ith the M4 and M71 
d a ta  for m etallicities of -1 and -0.5 respectively. The relative offsets between the two 
clusters in the two-colour diagram  are in excellent agreem ent w ith the predictions of the 
models, based on the adopted m etallicities.
The K-m agnitude lum inosity function is constructed for M4, although no allowance can 
be m ade for field s ta r  contam ination. Once converted in to  a synthetic  V -m agnitude LF, it 
compares well w ith previous work and supports the proposition th a t the more m etal-rich 
clusters have flatter mass functions, w ith x = 0  for M4.
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Abbreviations and conventions
The physical sciences converted to  using SI (inks) un its  in 1960. Since no-one would 
understand log gmks of 0 as being the same as log gcgs =  31  have used these eldritch units 
where trad ition  dictates, otherwise SI units are used.
Some abbreviations are so general th a t they are used in m ost chapters and so are defined 
here to avoid repetition. For clarity these abbreviations always appear in upper case.
HB - horizontal branch CMD - colour-m agnitude diagram
RGB - red giant branch 2CD - two-colour diagram
SGB - sub-giant branch HR - H ertzsprung-Russell
M STO, TO - m ain sequence turn-off GB - g iant branch 
IR - infra-red CCD - charge-coupled device
BC - bolom etric correction LF - lum inosity function
Sym bols
X,Y,Z - respectively mass densities of hydrogen, helium and everything else (X + Y + Z  = l).
M  - stellar mass L - luminosity.
T, T efj- - tem perature, effective tem pera tu re  g - stellar effective gravity
[Fe/H] - metallicity. Used synonymously w ith [M/H] t - stellar and cluster age
C onventions
Optical astronom y is taken to  refer to  astronom y in the visible region of the spectrum , 
although of course IR astronom y uses very sim ilar optical technology.
Im portan t diagram s are sometimes prin ted  sideways. This is so th a t they can be shown 
large enough to do them  justice, and I apologize to the reader for the inconvenience.
For instrum ental m agnitudes lower-case le tte rs  are used, e.g. k, v, (b-v), whereas true 
apparent m agnitudes use upper case letters, such as K, V, (B-V), and absolute m agnitudes 
use the capital M notation, Mj<, M y. Reddening corrected m agnitudes are denoted by a 
nought subscript, e.g. VD, Mk ,0-
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I n t r o d u c t i o n
This thesis concerns infra-red observations of globular clusters. Specifically, I will present 
near-IR  Iv-band imaging observations in the two clusters M71 Sge and M4 Sco. This is 
pioneering work; imaging detectors have been available to  IR  astronom ers for only the 
last five years and the d a ta  presented here were taken w ith one of the first cam era systems 
available. Reduction and analysis techniques have had to be developed along the way, 
and these are discussed in some detail.
In this In troduction I will a ttem p t to provide a  brief in troduction  to  IR  astronom y, the 
huge and complex topic of globular clusters, and how the two are linked. For the reader 
who is less fam iliar with these areas of astronom y and its  arcane term inology I have 
included short definitions for some im portan t term s in the boxes to  be found scattered 
throughout the following pages.
1 Infra-red astronom y
The infra-red (IR) portion of the electrom agnetic spectrum  lies betw een the visible and 
mm-wave regions, th a t is between wavelengths of ~ 0 .7 p m  and ~ lm m . Traditionally, the 
IR  may be further sub-divided in to  the photographic infra-red from  0.7 to  ~1.1  pm , the
globular clusters - g r a v ita tio n a lly  b ou n d  sy s te m s o f  105 -  106 stars fou n d  in  our G a la x y  
and  others. T here are nearly  200 k now n in  th e  G a laxy , w here th ey  form  part o f  the  
p o p u la tio n  II halo , 
population II - o ld , m eta l-p o o r  stars m ak in g  up th e  G a la c tic  h a lo .
infra-red - th e  region  o f  th e  e lec tro m a g n etic  sp ec tru m  b etw een  v is ib le  lig h t an d  m icrow aves  
- th a t is, 0 .7  - 1000 pm . 
near-IR - a p p rox im ate ly  the reg ion  from  ~ 1  - 5 p m , d ep en d in g  u p on  your prejudice. 
K-band - J o h n so n ’s b road -band  filter cen tred  arou n d  2 .2  p m .
near IR from 1.1 to ~ 5  /¿m with the mid- and far-IR  beyond 5 //m . These divisions are a 
m atte r of taste  and vary between au thors, bu t this thesis is concerned w ith observations 
near 2.2 /zm - in Johnson’s K -band (Johnson, 1964) of the near-infra-red.
1.1 H istory
Infra-red astronom y is a young science, even though the first infra-red astronom er was 
actually Sir W illiam  Herscliel, who discovered the infra-red rad ia tion  beyond the red 
part of the Sun’s spectrum  at the end of the eighteenth  century. Like astronom y in the 
radio and microwave regions, the developm ent of IR  astronom y has been dependent on 
technological advances, often m ilitary  cast-offs. It is only in the last 30 years th a t IR. 
astronom y has s ta rted  to produce really significant results.
Harold Johnson introduced the UBV photom etric  system  to optical astronom ers in the 
1950s and this was extended, first to  the R  and I bands in the photographic IR, and then 
to the J, H, K, L, M and N bands ranging from  1.25 - 10 /an . A t optical wavelengths the 
centres and widths of the bands can be chosen to  m easure critical features in stellar spec­
tra , for instance, the Strom gren u and v filters bracket the Balm er discontinuity. In the IR 
the bands are where they have to  be (!) - in those regions of the spectrum  not completely 
blocked due to absorption by atm ospheric carbon dioxide and w ater molecules. John­
son et al (1966) published near-IR  photom etry  of a  large sam ple of field stars, providing 
calibration for this filter system.
In 1969 NASA’s 2 /tm catalogue (Neugebauer and Leighton, hereafter the IRC) was pub­
lished, containing all objects brighter than  th ird  m agnitude at 2 \im  and north  of decli­
nation -33°.
In the 1980s the Infra-red Astronom ical Satellite, IRAS, conducted a survey of the whole 
sky at four wavelengths between 12 and 100/mi. It is only in the last five years th a t 
near-IR  astronom ers have been able to use im aging detectors, ra th e r than  having to
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C C D  - charge-coup led  d ev ice  - 2D  sem i-con d u ctor  array d etecto r  used  b etw een  th e  n ear-U V  
and  th e  photograp h ic-IR . H igh ly  effic ien t and  linear.
laboriously scan a telescope, equipped w ith a single-channel detector, to  produce a map 
or to  measure the brightness of a. num ber of individual objects. The day when, as in 
optical CCD photom etry, a simple image can be taken reaching faint m agnitudes and 
covering a large enough area of the sky to allow m any objects and calibration sources to 
be included at one tim e is still some way off, bu t even so m any tasks are two o ideis of 
m agnitude faster (in the observing phase, although definitely not in the reduction phase !) 
than  they were 10 years ago. It is only this sort advance in observing efficiency th a t has 
m ade a project such as the present one feasible.
1.2 O bserving in th e  infra-red
Observing in the IR  has been com pared to  using an optical telescope m ade of fluorescent 
tubes during daylight. The reality  is even worse. A t near-IR  wavelengths the telescope, 
the dome, the astronom er and the air betw een the detector and the astronom ical source 
are all glowing brightly, simply because of their tem pera tu re . Typically the brightness 
of the sky at K is com parable to  a s ta r  of around 12th m agnitude. For single-channel 
photom etry the technique of chopping is used, w ith phase-sensitive detector electronics, 
to continuously sub tract the sky flux from  the source observations. W ith  an imaging 
detector observations quickly become background lim ited as the dynam ic range of the 
device is filled up w ith sky flux. Indeed, the practical lim ita tion  on broad-band exposure 
times a t all wavelengths is how fast the device sa tu ra tes on the sky.
There is a rule-of-thum b approxim ation to  W ien’s law th a t the peak wavelength, in mi­
crons, of a black-body d istribution is given by A =  3000/T , where T  is the tem pera tu re  of 
the black-body. Thus, the J-N bands cover the peak wavelengths of objects w ith tem per-
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m agnitudes - logar ith m ic  b r igh tn ess sca le  w ith  sm a lle s t  n u m b ers b r ig h test,  
absolute m agnitudes - th e  m a g n itu d e  m easu red  a t a  stan d ard  d is ta n ce  o f  lO pc.
R.R. Lyraes - p o p u la tio n  II p u lsa tin g  variab le  stars. M ost g lob u lar  c lu sters co n ta in  a  som e, 
M 3 has ~ 2 0 0 .
chopping - sw itch in g  (u su a lly  a t  ~ 1 0 H z )  b etw een  sk y  an d  o b jec t .
background lim ited - w hen  th e  P o isso n  n o ise  from  th e sk y  is th e  d o m in a n t n oise  source.
attires ranging from ~3000-300Iv. For this reason IR observations have trad itionally  been 
thought most useful for cool sources like the dust shells around p ro tostars , dust and gas 
in HII regions and sola.r-system bodies, for heavily obscured regions, such as the G alac­
tic Centre and the Orion star-form ing region, and for energetic objects such as active 
galaxies.
2 Globular clusters
Were we to live 011 a planet circling a  s ta r  like the Sun, bu t located  near the centre of a. 
globular cluster, astronom y would be a very different subject. The sky would never be 
dark - with stars separated by only ~1000 AU m any nearby stars would appear as bright 
as the full Moon does to us. Perhaps here and there a  blue horizontal branch sta r would 
stand out in contrast against the thousands of nearby yellowish stars and the bright, red 
giants. Stellar astronom y would thrive; cosmology would be very hard; orb it theory would 
be very well developed ! (See Asimov (1974) for an in teresting  exploration of the hum an 
side to this scenario).
The simplest model is th a t stars in globular clusters all form ed together, a t the same 
tim e and from the same m aterial. All the stars in the cluster should therefore contain the 
same balance of chemical elem ents. Any difference, in lum inosity, tem pera tu re  or detailed 
chemical composition, th a t is seen between stars in a cluster is a  function of the different 
initial masses of the stars and their consequently different evolution. Globular clusters 
are the proving ground of stellar evolutionary theory and a  proper understanding of their 
physical param eters is therefore vital.
The reader is recommended to  consult M adore (1980) and Freem an and Norris (1981) for 
excellent, if now ra ther out of date, in troductions to  the study  of globular clusters. IAU 
Symposium 126 (G rindlay and Philip, 1987) contains m ore detailed papers covering m ost 
current areas of the field and m any recent conferences, such as Ca.ccia.ri and Clementini 
(1990) and Caputo (1992), have covered specific topics. Peterson (1986) contains a com­
pilation of cluster param eters, together w ith references to  colour-m agnitude studies, for 
over a hundred clusters.
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B - V  (m ag)
Figure 1: Example g lobu lar cluster C M D  show ing the prim ary sequences.
main sequence - stars, like th e  Sun , b u rn in g  H in  th e  core. T h e  m a in  seq u en ce p h ase is 
very long: 9 G yr for th e  Sun  an d  lon ger  for th e  less m a ssiv e  stars seen  in  g lob u lar  cluster  
M Ss.
turn-off - on ce  th e  H in  th e  core is ex h a u sted  th e  core co n tra c ts  and  th e  ou ter  layers o f  the  
star exp an d , tak in g  th e  star  to  th e  red. 
sub-giant branch - H b u rn ing  co n tin u es in  a  sh e ll o u ts id e  th e  core. A s th is  narrow s the  
star m oves accross to  th e  b ase  o f  th e  R G B . 
giant branch - a s th e  star  ev o lv es b righ ter an d  redder th e  core co n tin u es  to  h eat up  u n til, 
at the top  o f  th e  G B  th e  He flash  occu rs - H e ig n ite s  in  the core and  th e  star m oves  
rap id ly  on to  the h or izon ta l branch , 
horizontal branch - core He bu rn in g . L ife tim e ~ 2 5 %  o f  m a in -seq u en ce  life tim e, 
asym ptotic giant branch - as th e  He core is ex h a u sted  it  co n tra c ts  and  th e  en ve lop e  
exp an d s ag a in , w ith  H and  He b u rn in g  in  sh ells , 
instability strip - a  region  in  th e  C M D  w here stars co n ta in  zones w here o p a c ity  is near a  
critica l T  and  pressure. In th e  m id d le  o f  th e  H B stars p ass th rou gh  th is  p h ase  and  are  
lik ely  to  p u lsa te  as R R  L yrae variab le  stars.
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2.1 H istory
The first telescopic observation of a globular cluster was probably  A braham  Ih le’s dis­
covery of M22 in 1665, although the naked-eye clusters u  Cen, 47 Tuc, M13 and M4 
would have been known since ancient tim es as ‘fuzzy’ stars. Charles Messier included 
m any globular clusters in his catalogue of objects-to-avoid-w hilst-com et-hunting. Even 
with his m oderate equipm ent, he could resolve some clusters in to  individual stars. W hen 
the cluster RR Lyraes were discovered a t the tu rn  of the century  it became possible to 
work out the distance to the globular clusters by assum ing a  fixed absolute m agnitude for 
the variables. In 1918 Harlow Sliapley found th a t the clusters form ed a  spheroidal system  
and were concentrated towards Scorp ius/Sag ittarius, and from  this he was able to make 
one of the first estim ates of the position and distance of the G alactic C entre. Since th a t 
tim e, the globular clusters have rem ained very im p o rtan t in the study  of the past and 
present structure  of our Galaxy.
E jnar Hertzsprung and Henry Norris Russell p lo tted  stars on a spectral-type - absolute 
m agnitude (Hertzsprung-Russell) diagram  to show th a t there were different sorts of stars: 
giants and dwarfs. This diagram  is closely related  to  the tem perature-lum inosity  plane 
and these studies formed the basis of to d ay ’s colour-m agnitude diagram s (CM Ds). In 
1944, Baade used the HR diagram  to show th a t the globular cluster stars were ra the r 
different from stars in the solar neighbourhood. A fter the first pioneering studies, CMD 
work took off in the 1950s (see for instance Arp, Baum  and Sandage, 1952; A rp, 1955), 
bringing a revolution in our understanding of the globular clusters. Figure 1 shows an 
example (B-V)-V CMD w ith the prim ary sequences m arked on it.
At first it was thought th a t the clusters formed a sequence in their CMD m orphology th a t 
was related to  their m etal content, w ith the m etal-rich clusters having short red horizontal 
branches and the m etal-poor ones showing long blue and red horizontal branches, w ith RR 
Lyrae variables in the instability  strip  between. However, it soon becam e clear th a t things 
were not so simple, w ith clusters of the same m etallicity  having very different horizontal 
branches. Sidney van den Bergli (1965) posed the ‘second param eter problem ’ - th a t one 
or more o ther param eters beyond m etallicity  were needed to  explain the observed HB 
structure. Over the intervening years, m any param eters and com binations of param eters 
have been proposed to  explain this effect, from age and the abundances of the CNO
elements to ro ta tion , core mass and helium abundance. It seems th a t a solution is alm ost 
as elusive as it was in 1965, w ith the problem  becoming ever m oie complex as new d a ta  
become available.
2.2 O bservations
See Hesser (1987) for a detailed discussion of the recent advances th a t the advent of CCDs 
have brought about in m any areas of globular cluster research. Hesser et al (1987) show for 
instance, the trem endous im provem ent in precision and sensitiv ity  th a t has been possible 
over older photographic and photoelectric studies. However, although CCD studies are 
usually free from linearity  problem s, they are still susceptible to  calibration errors, as 
again evidenced by Hesser et al, and as will be seen in subsequent chapters.
2.2.1 CMDs
The theoretical HR diagram  is usually a plot of stellar effective tem pera tu re  against 
absolute lum inosity (T-L). This is the param eter space in which stellar theorists work, 
whereas the observer will produce a  plot of observed colour against m agnitude - the colour- 
m agnitude diagram . It is in relating these two diagram s th a t  m any of the problem s of 
reconciling theory and observation lie. It is the HR or CM diagram  th a t is the prim ary 
tool of those studying the stellar content of globular clusters.
Stellar models can be combined w ith an in itial mass d istribu tion  and allowed to  evolve to 
produce an isoclirone - a line of constant age representing a. set of stars in the tem perature- 
luminosity plane. W ith an appropriate  transform ation  via stellar model atm ospheres 
this can be converted into the colour-m agnitude plane and com pared to observations. 
Isoclirones can be m atched up to the d a ta  to  determ ine the ‘best-fit’ m etallicities and 
ages. The usual procedure relies on an accurate knowledge of the distance m odulus and 
reddening to the cluster in question.
In the last five years m any cluster studies have used either the VandenBerg and Bell (1985) 
or the Revised Yale isochrones (Green, Dem arque and King, 1987) to  fit to  their data , 
with great success. Straniero and Cliieffi (1991) have recently calculated a comprehensive 
new set of isochrones and new oxygen-enhanced isochrones, w ith [O/Fe] varying as a
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function of [Fe/H], will soon be available (Bergbusch and V andenBerg (1992)).
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2 .2 .2  L u m in osity  fu n ction s
The lum inosity function - the num ber of stars in a given brightness in terval - allows the 
relative lifetimes of stars in the various evolutionary phases to  be estim ated  from the 
num bers occupying each branch in the CMD (see, for exam ple, Renzini (1986)).
The LF also allows the mass function to be estim ated , w ith all th a t this implies for the 
cluster’s form ation and evolution (see Spitzer, 1987). Any turn-dow n of the mass function 
at small masses would be im portan t because a large fraction of the c luster’s m ass could 
be tied up in very faint stars. It would also indicate the least m assive objects th a t  can 
actually burn as stars, testing the theoretical lim it for the m ass of brown dwarfs. Richer 
et al (1991) find th a t the mass function is still increasing a t 0.4 A4q in their I-band 
observations and between them  Richer et al (1990) and Falilm an et al (1989) presented 
mass functions for 4 clusters, s ta ting  th a t half the mass of the cluster m ay be tied up 
in brown dwarfs. McClure et al (1987) showed for a num ber of clusters th a t the mass- 
function power-law index is correlated with m etallicity, w ith the m ost m etal-rich cluster 
having the flattest mass functions. However, Richer et al (1991) found no such correlation 
in their data . Smith and M cClure (1987) discuss w hether the m ass function determ ines 
the m etallicity or vice versa.
2.2 .3  In ter e stin g  o b je c ts
A part from the fam iliar sequences in the CM D, w hat o ther in teresting  objects m ight be 
found in a globular cluster ? W hen such objects are being considered, m em bership proba­
bilities from kinem atical studies like th a t of C udw orth and Rees (1990) are of param ount 
im portance.
[Fe/H] - th e  logarith m ic  num ber ra tio  o f  iron  to  h yd rogen  a to m s, re la tiv e  to  th a t in  the  
Sun: logiQ(n*Fen'f1 / n*Hn®e). U su a lly  tak en  as a  gen eral in d ica to r  o f  m eta llic ity .
[O/Fe] - the oxygen  en h an cem en t - a n a la g o u s to  [F e /H ].
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B lu e  stragg lers
Blue stragglers are stars th a t lie above and to the blue of the m ain sequence turn-off - as if 
they were main-sequence stars th a t had not evolved in to  sub-giants. One of the favouiite 
theories to explain blue stragglers is th a t they consist of close binaries and th a t it is the 
transferring of mass between the com ponents th a t prolongs their life (see Iben, 1986 for a 
review). A lternatively some unaccounted physical process m ay affect only a few percent 
of stars, extending their m ain sequence lifetimes (see Renzini and Fusi Pecci, 1988). These 
binaries m ay coalesce into single objects (see, for instance, Nemec and H arris, 198/). Blue 
stragglers have been confirmed in M3 (Clrafee and Abies, 1983) and u> Cen (D a Costa., 
Norris and Villumsen, 1986), w ith three eclipsing binary system  candidates in NGC5466 
(M ateo et al, 1990) and good candidates in several o ther clusters.
M ain -seq u en ce b inary  sy s te m s
From radial velocity m easurem ents of giants, Pryor et al (1989) have suggested th a t 
the fraction of binaries rem aining on the m ain sequence at the present tim e should be 
about 10%. These binaries are likely to be close system s, since the result of collisions 
in globular clusters is to  disrupt d istan t system s and m ake tig h t binaries tigh ter (Heggie 
(1975), Hills (1975)). These objects are im portan t in constraining dynam ical models of 
globular cluster form ation and evolution, since a large fraction of the c luster’s binding 
energy may be locked up in these system s (see, for exam ple, chapter 7 of Spitzer, 1987).
If there are unresolved companions and binaries in the m ain sequence, where will they 
lie ? Simplistically, if two stars of the same, norm al, m ain-sequence type become a 
binary system, it will have the same colour as a  single s ta r  bu t appear three-quarters of 
a m agnitude above the single s ta r  sequence. Unresolved red com panions will also move 
stars away from the fiducial line: brighter and redder.
The only clusters where a sequence of equal-mass m ain-sequence binaries has been found
initial mass function - th e  nu m b er o f  stars form ed per u n it m ass in terv a l in u n it vo lu m e, 
mass function - th e  n um ber o f  stars cu rrently  presen t per u n it  m ass in terv a l. R e la ted  to  
the LF by  a  m a ss-lu m in o s ity  re la tion .
are the outer halo object E3 (M cClure et al, 1985) and NGC288 (see Bolte, 1991). How­
ever, there is some evidence for m ain-sequence binaries in several o ther clusters, including 
M92 (Stetson and Harris, 1988) and M30 (P io tto  et al, 1990).
W h ite  dw arfs
W hite dwarfs are im portan t because they m ay account for a  significant fraction of a 
cluster’s mass but they are a t the lim it of present detector sensitivities. A lthough the 
population I models are quite well developed, the masses of population  II white dwarfs 
are still uncertain. Some candidates have been found (e.g. Richer and Fahlm an, 1988), 
bu t as yet none are convincing (see W eidem ann, 1990, for a. review).
X -ray  sources
X-ray sources have been discovered in several clusters, like NGC1851, probably corre­
sponding to low-mass X-ray binaries - a neutron s ta r  w ith an accretion disc and a low- 
mass companion. Most of these objects are concentrated  in the  cluster cores, where 
observations are difficult. W ith  the recent discovery of 10 m illisecond pulsars in 47 Tuc 
(M anchester et al, 1991), nearly half of the known examples of these objects lie in globular 
clusters.
2.3 T he globular cluster sy stem  and G alactic  s tru ctu re
In 1958 Baade proposed th a t the m etal-rich clusters lay in a  m ore disk-like d istribu tion  
than  the m etal-poor ones. It is now clear th a t the ~25%  of clusters more m etal rich 
than  [Fe/H]~-0.8 are kinem atically and positionally p a rt of Gilm ore and R eid’s (1983) 
thick-disk population (Zinn, 1985). It is possible th a t the very d is tan t, low-luminosity 
clusters like Pal 3 form a th ird  independent group outside the G alaxy’s population II halo 
(see Zinn, 1987). An understanding of the d istribu tion  of m etallicity  and age w ithin the
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white dwarf - coo l b lue rem n an ts o f  in term ed ia te  m a ss sta rs. ~1 At®, 
neutron star - dense, degen erate  star . P erh ap s 2 At®.
white dwarfs and neutron stars are the end  p ro d u cts  o f  s te lla r  ev o lu t io n .
globular cluster system  is crucial to models of how the G alaxy form ed and how it has 
evolved since.
Globular clusters can themselves be used as ‘standard  candles’ to m easure the distance 
to external galaxies (see Harris, 1991, for a discussion of the problem s involved).
2.4 Ages
The ages of the globular clusters are very im portan t. The oldest clusters constrain the 
age of the Universe, with im portan t consequences for the value of the Hubble constan t, 
H0. For example, an age for the Universe of 17 Gyr is consistent w ith Ho< 60 k m /s/M p c  
for i l= 0 or 40km /s/M pc for i l = l .  See Fowler (1987) for a  discussion of the age of the 
observable Universe and the relevant observations. If there is a  range of ages am ongst 
the clusters, the Galaxy may have formed slowly, con trary  to  the Eggen, Lynden-Bell and 
Sandage (1962) scenario of free-fall collapse.
The most popular m ethod of determ ining the age of a  globular cluster is from  the lum i­
nosity of the turn-off, usually found by looking a t A V xo-H B 5 the lum inosity  difference 
between the turn-off and the level of the horizontal branch (see Sandage, 1986). This 
relative difference is used as an age indicator because the level of the HB is m uch less 
sensitive to age than  the level of the turn-off. However, the m agnitude of the turn-off, 
V to ,  is very hard  to determ ine, since the sequence is alm ost vertical for alm ost a  m ag­
nitude. Also the HB is often not populated  a t the colour of the M STO . Norm ally these 
difficulties lead to  age ranges of ± 3  Gyr, w ith ±1 Gyr in exceptional cases (see, for ex­
ample, Stetson et a.1 1989). Also, the calibration of the derived turn-off lum inosity relies 
upon the relation between the absolute lum inosity of the RR  Lyrae stars and the m etal- 
licity of the cluster. The gradient ¿>Mv(HB)/<5[Fe/H] is very controversial. In a series 
of papers in the early 1980s, Sandage showed th a t the RR Lyraes in  different clusters 
could be related by a. simple period shift - the ‘Sandage Period Shift Effect’ (SPSE) - and 
tha t this shift was correlated with bo th  the m etallicity  of the cluster and the absolute 
m agnitude of the variables. Both the SPSE and some m ain-sequence fitting  studies lead 
to iM y (H B )/i[F e /H ] =  0.37. W hen this is used in the models it implies th a t  there is 
no significant variation in age between the clusters (see Buonanno, Corsi and Fusi Pecci, 
1989). On the o ther hand, some HB models (e.g. Sweigart, Renzini and Tornam be, 1987)
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predict no change of lum inosity with changing m etallicity  for HB sta rs , which would im ­
ply a range of about 10 Gyr between the clusters. In the m iddle ground, the results 
of Baade-W esselink analyses of field RR Lyrae stars suggests <5Mv (HB)/<5[Fe/H] ~  0.20. 
Our own study of the log P - K m agnitude relation in eight clusters (a  revision of the 
result in Longmore et al 1990) finds a value of 0.20 and Carney, S to im  and Jones (1992) 
believe tha t they have reconciled all the previous studies to agree on a gradient of 0.15.
W ith  the SPSE gradient, Sandage and Cacciari (1990) find all the clusters to  be 19 Gyr 
old (or 15.5 Gyr if an [O /Fe]=0.6 enhancem ent is assum ed). Carney, Storm  and Jones 
conclude th a t the age-met alii city relation depends on w hether [O/Fe] is correlated with 
[Fe/H], with the cluster ages ranging from 15 to  20 Gyr if a  constan t oxygen enhancem ent 
is assumed.
2.4 .1  R ota tion
From the observations of ro ta tional velocity by Peterson (1985) there  is clearly a con­
siderable spread in the am ount of angular m om entum  bound up in the ro ta tion  of stars 
in different clusters. R otation has been invoked a t various tim es to  explain the second 
param eter problem (Norris, 1981), to  extend the age scale by up to  30% (Law, 1981), to 
explain abundance anomalies and to  change the masses of variables of a given luminosity. 
However, Deliyannis, Dem arque and P insonneault (1989) show from  m odel calculations 
th a t ro tation probably has a negligible effect on age and com position, although it may be 
im portan t in determ ining HB m orphology (see Lee, D em arque and Zinn, 1990).
2.5 Chem ical content
The overall chemical composition of the globular cluster system  varies from near solar to 
300x less than solar, w ith a group of clusters around [Fe/H ]=-1.6 and another a t -0.5. The 
m etallicity scale of the globular clusters was very controversial during the last decade, 
particularly a t the m etal-rich end where different m ethods gave very different values. 
This anomaly has probably been explained by Bell (1987) as an error in the spectroscopic 
studies caused by the presence of unaccounted TiO bands in the stellar spectra. Bell 
summarizes the various m ethods th a t are used to  determ ine the m etal content of globular 
clusters. These vary from high-resolution spectra of single s ta rs , allowing the abundances
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of individual elements to  be calculated, to  in tegrated  pho tom etry  such as the large study 
by Zinn (1980). Of particu lar in terest in globular clusters is the RR Lyrae spectral 
param eter AS, which has proved to be a. good m etallicity  indicatoi (see Sm ith, 1984).
2.5.1 S tar-to -star  varia tions
In most clusters there are no large-scale com positional variations between stars. The 
typical observed w idth of the giant branches im ply a  possible range of m etallicity  of 
A [Fe/H]<0.15. However, Cen and, to  a lesser ex ten t, M22 exhibit a  wide range of 
elemental abundances, w ith the oj Cen stars ranging over m ore th an  one dex (Freem an and 
Rodgers, 1975; Noble et al, 1991; Lee, 1991). In m ost clusters CNO elem ent abundance 
variations are seen, particularly  in CN (cyanogen) (see Norris, 1987, and Sm ith, 1989, lor 
reviews), with many clusters showing bim odal CN distribu tions (see, for exam ple, Suntzeff 
and Smith, 1991). Smith (1987) categorized the different classes of abundance variations 
and proposed a, m ixture of prim ordial differences and evolutionary dredge-up of core­
processed m aterial to  explain them . For instance, Briley et al (1992) find CN abundance 
variations in the sub-giants of M5, proposing th a t a t least some of the variation m ust be 
due to prim ordial variations.
Another possibility for CN enhancem ent is the m ixing of processed m ateria l caused by 
mass transfer between the components of b inary system s, as proposed by Cam pbell (1986). 
Some evidence for this comes from the discovery of CH sta rs  in field binaries (M cClure, 
1984) and from the central concentration of the CN-rich giants in 47 Tuc.
2.6 The rem aining problem s
The problems th a t rem ain to  be solved are many. Some of the m ost in teresting  are given 
below.
- The second param eter problem  still rem ains. The detailed struc tu re  of the hori­
zontal branch is being modelled and this will help to  quantify  the  effects of subtle 
compositional variations (see Lee, Dem arque and Zinn, 1990).
W hat is the range of ages and m axim um  age am ongst the clusters ? The oldest 




- Despite the proposed unification by Carney, Storm  and Jones (1992) the Sand age 
Period Shift Effect and the gradient of the HB lum inosity - m etallicity  relation  are 
likely to rem ain controversial.
- Are the globular clusters kinem atically and chemically the sam e as the population 
II halo stars ? In external galaxies the clusters do seem to be different in colour 
from the stars (Harris, 1987), bu t in our G alaxy the d a ta  are am biguous (Laird et 
al, 1987).
The fundam ental param eters th a t m ust be gleaned from  each cluster before they can be 
used to address these problems are the distance m odulus, reddening, m etallicity  and age. 
It is these th a t the present d a ta  will help to determ ine for M4 and M71.
3 Globular clusters and th e infra-red
There are two m ain reasons to  observe globular clusters in the infra-red: (a) m any clusters 
are heavily reddened and the extinction at 2 fim  is ~10x less th an  a t V and (b) the 
long baseline afforded by optical-infra-red colour indices allows a good estim ate of stellar 
tem perature, allowing more confidence and accuracy in  fitting  model isoclirones.
3.1 (V -K ) as a tem p eratu re  ind icator
Stars in a. globular cluster m ay be expected to  show a range of effective tem peratures from 
~10000Iv for the bluest HB stars to  less th an  4000K for the reddest stars. For stars w ith 
an effective tem perature of ~5000Iv the peak wavelength of emission is around the V-filter 
(centred near 550nm), while the K-filter is m easuring the Rayleigh-Jeans tail of the energy 
distribution. Figure 2 shows the relative positions of the B, V and Iv filters in relation to 
black-body energy distributions of various tem peratures. It can be seen th a t the energy 
at the K-filter changes in a slow and sm ooth m anner w ith tem peratu re . The (logarithm ic) 
ratio  between the energy in the V and K filters, the (V-K) colour, changes quickly w ith 
tem perature, more quickly th a t the (B-V) colour. Figure 3 shows the relation between 
black-body tem perature  and colour for bo th  (B-V) and (V-K). Clearly, a photom etric
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Figure 2: Black-body energy d is tribu tions fo r  9000, 6000, 3000 and 2000K  w ith  the central 
wavelengths o f the B, V and K filte rs overlaid.
error of a given size will produce a  much sm aller tem pera tu re  error from (V-K) than  
from (B-V). For instance, a t ~3000K an error of 0V05 in (V-K) leads to  an uncertain ty  of 
~60K  in the derived tem perature, whilst the sam e error in (B-V) leads to  a. possible range 
of 200K. (Of course, stellar energy distribu tions m ay significantly deviate from those of 
black-bodies and the filter profiles have been approxim ated  as rectangles, so the diagram s 
are merely illustrative).
The dom inant source of opacity in bo th  the V and Iv passbands is from the H~ ion, and 
since the m agnitude of its effect is sim ilar in bo th  filters the (V-K) colour is less sensitive 
to m etallicity and gravity changes than  com parable optical colours. Also, the effect of 
TiO absorption in the V-filter is to increase the sensitivity  to  tem pera tu re  variations in 
(V-K) and decrease it in (B-V).
Several studies have a ttem pted  to  calibrate the (V-K) colour index as a tem peratu re  
indicator for stars.
- Johnson (1966) - an empirical tem pera tu re  calibration  for population I stars from
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Figure 3: Tem perature-colour relations derived fro m  a set o f black-bodies.
his extensive database of stellar photom etry.
- Persson and Frogel (1980) - showed, from  m odels, th a t  tem pera tu res in the range 
3800-5200K derived from (V-K) are ~3 .5x  less sensitive to  photom etric  errors than  
tem peratures obtained from the (R-I) colour (e.g. A T ~ 60K  as opposed to ~200K  
for a colour error of OTl).
- Ridgeway et al (1980) - combined angular d iam eter m easurem ents and near-IR  
photom etry to calibrate the effective tem peratures for la te-type  field giants.
- Carney (1983) - (based on earlier work by Peterson and Carney) derived tem pera­
tures from model fitting to  stellar spectrophotom etry. He showed th a t (V-K) is the 
Johnson colour index least affected by m etallicity  and gravity, and m ost sensitive 
to tem perature for F , G and early K stars.
- Fernley (1989) - semi-empirical calibration for stars of all m etallicities and gravities 
in the range 5500<T<10000Iv based on Kurucz m odel atm ospheres. The models 
predicted a change of only ~60K  for a change of 1 dex in [Fe/H] and a change of 
~130K for a change of 1 dex in log g, a t 7000K.
- Bell and Gustafsson (1989) - from model atm ospheres of m ain sequence and sub­
giant stars. They showed th a t the sca tter in the (V -K )-T  diagram  was less than  
in the (B-V)-T diagram  for sim ilar observations, because of the greater effects of 
m etallicity and gravity variations on the (B-V) colours.
3.2 H istory
The use of infra-red photom etry to m easure sta rs  in globular clusters is relatively recent.
Several studies strayed into the photographic IR.
- In the seventies Lloyd-Evans observed a. series of cluster in V and I (see, for example, 
Lloyd-Evans, 1974). He used the (V-I) colour index because it is more sensitive to 
tem perature than  (B-V) for the m etal-rich M sta rs  th a t he was observing.
- Alcaino and Liller (1984) obtained UBVRI observations in  the cluster M4 - the first 
globular cluster study to  use all five Johnson colours - a lthough they did little  to 
in terpret the resulting m ultitude of CMDs.
- Heasley and C hristian (1986), whilst considering their observations of M92, exam ­
ined the sensitivity of various colour indices to  m etal conten t, concluding th a t both  
(V-R) and (V-I) are less sensitive to  m etallicity  th an  (B-V ), and th a t  (R-I) m ight 
be the least m etallicity sensitive index of all in the UBVRI set.
- Richer et a l’s (1991) recent mass function work has used I-band lum inosity functions.
Im portan t near-IR observational studies of stars and globular clusters have included the
following.
The first JHKL photom etry of globular cluster stars was perform ed by Glass and Feast
(1973), who observed giants and variables in u  Cen and 47 Tuc.
Only two clusters were bright enough to be included in the IRC in 1969, bu t one of these,
IRC -20 385,was so heavily obscured th a t it had not been discovered in  the optical.
Aaronson et al (1978) used in tegrated  (V-IC)0 colours as a m etallicity  ind icator for globular
clusters and galaxies.
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Several studies in the 1970s looked a t the use of TiO  bands as m etallicity  indicators. 
Mould, S tutm an and McElroy (1979) used near-IR  spectrophotom etry  to m easure the 
strength  of the TiO bands in a num ber of m etal-rich globular cluster giants.
The most im portan t body of work concerning near-IR  observations of globular clusters 
is th a t of the Cohen, Frogel and Persson group (e.g. Cohen, Frogel and Persson, 1978; 
Frogel, Cohen and Persson, 1983; Frogel, Persson and Cohen, 1983), who took near- 
IR photom etry of giant stars in 33 clusters in the 1970s and 1980s. They com pared 
their observations to models and used m orphological features as m etallicity  indicators, 
particularly the (V-K)Qigb param eter (see box). Sim ilar work by Phillips et al (1986) 
extended the (V-K)-V CMD of M4 down to the horizontal branch. Before the present 
study, no globular clusters stars fain ter th an  the horizontal branch had been observed at 
near-IR wavelengths.
Iv-band observations have revolutionized Baade-W esselink studies of field RR Lyrae and 
Ceplieid stars, and were used in 1990 when Liu and Janes applied the m ethod to four 
RR Lyrae variables in M4. As has already been m entioned, Longm ore et al (1990) used 
K-band observations of RR Lyraes in eight clusters to  investigate the distance scale.
Papers by our group (Longmore, Dixon and G uarnieri, 1990, G uarnieri et al, 1990) were 
the first, and so far the only, studies to  show the m ain sequence in  an optical-IR  CMD 
(M71 and M3, respectively).
This thesis will present the deepest yet optical-IR  CM Ds and two-colour diagram s.
3.3 A im s of this thesis
The aims of the present work may be sum m arized as follows.
Introduction
( V - K ) 0,g b  - the de-reddened (V-K) colour of the giant branch at an absolute magnitude of 
Mk,o=  -5.5.
integrated light - measurement of most of from the cluster stars in a single aperture. 
Baade-W esselink - a method combining radial velocity and photometric curves to derive 
absolute physical parameters for pulsating variable stars.
- To show th a t IR arrays are capable of reliable and accurate photom etry.
- To show th a t images from such arrays can be analysed w ith profile-fitting software, 
such as DAOPHOT.
- To derive estim ates for the physical param eters of reddening, distance m odulus, 
m etallicity and age for M71 and M4.
- To look for main-sequence binaries.
- To show th a t (V-K) CMDs are less affected by photom etric  sca tte r th an  those using
(B-V).
Also, part of the m otivation for exploring the new field of optical-IR  CM Ds and 2CDs 
was serendipity - to look for unexpected effects.
4 Thesis guide
Chapter 1 discusses the use of IR  array  images to  perform  photom etry  on bright stars. 
C hapter 2 discusses in detail the reduction of fram es taken  in globular cluster fields, their 
analysis with the DAOPHOT profile fitting software and their calibration. C hapter 3 
examines the very m etal-rich cluster M71 and chapter 4 the obscured cluster M4. A final 
chapter summarizes the results found and discusses the astrophysical and observational 
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I n t r o d u c t io n
1 .  I n f r a - R e d  A r r a y  P h o t o m e t r y
Summary
T he p h otom etric  accuracy and rep eatab ility  o f  an InSb array in  th e  infrared cam era  
IRC AM  is in v estig a ted 1. M easurem ents o f  standard  stars are described; th ese w ere m ade  
using the U n ited  K ingdom  Infrared 3 .8m  T elescope (U K IR T ) over 5 n igh ts in  1988 M ay, 
as part o f  an observational program  on globular clusters. O bservations w ere m ade at 
w avelengths o f  1 .2 5 /¿m (J ) and 2.2 pm  (Iv). T h e resu lts show  clearly  th a t th e  cam era-array  
com bination  is capable o f  a p h otom etric  accuracy o f  b etter  th en  1% w hen  th e  standard  
star im ages ob ta in ed  w ith  short on-ch ip  exposure (0 .5  sec) are flat-fielded  w ith  long  on- 
chip exposure (7-50  sec) sky flats. L inearity  corrections d eterm in ed  in  th e  laboratory  
were applied  to  the d a ta  and there w as no ev idence o f residual n on -lin earity  o f  >  2% over 
the m agn itu d e range 6 ^ 5  - 13T0 . T he range o f m ean n ig h tly  zero-p o in ts at Iv in  the 5 
nights w as 0 ^ 0 3 , show ing th a t b o th  the s ite  and the cam era sy stem  w ere very stab le  over 
this period . A t J th e  zero-poin ts w ere less w ell determ ined  and had tw ice  th is range in 3 
n ights.
1 In troduction
A stronom ers w ith  an in terest in m aking ob servation s at near-infrared w avelen gth s have
now had access to  infrared arrays on large te lescop es for ab ou t five years. O ne o f the
m ost prod u ctive  o f  th ese arrays is th e  62 x  58 InSb array from  SB R C  (S a n ta  B arbara
R esearch C enter); th is array has 3596 p ixels com pared to  th e  ~ 2 5 0 ,0 0 0  o f  op tica l C C D s.
N evertheless for th e  purposes o f  im agin g  th is offers such a  vast increase in cap ab ility  over
T h is  c h a p te r  is a lm o s t id e n tic a l to  ‘T h e  A c cu ra c y  o f  In f ra - re d  P h o to m e tr y  w ith  A r ra y s ’ - G u a rn ie r i ,  
D ixon a n d  L o n g m o re  (1991).
a single p ixel th a t the field has clearly  been revo lu tion ized . T h u s program s invo lv in g  
studies o f ga lactic  star form ation  regions and nearby g a la x ies , for exam p le , had already  
produced spectacu lar im ages and in terestin g  science by the tim e o f th e  conference ‘Infra­
red A stron om y W ith  A rrays’ (W y n n -W illia m s & B eck lin  1987) held  at the U niversity  
of H aw aii, H ilo in  M arch 1987. U n d erstan d ab ly  the resu lts p resen ted  w ere largely  qual­
ita tiv e , concentrating  on sources found to  have an u n exp ected  or peculiar m orphology. 
T he p o ten tia l o f  these arrays for accurate astron om ica l p h o to m etry  w as not d em on strated  
clearly at th is tim e, a lthough  lab oratory  te sts  and m od els in d ica ted  th a t if  the arrays were 
operated  in  str ic tly  controlled  con d ition s an exce llen t p h o to m etr ic  perform ance could  be 
achieved. H ow ever, it rem ained to  be seen if  th is could  be a tta in ed  at the telescop e.
In th is stu d y  we have in vestiga ted  the ‘on te le sco p e ’ p h o to m etr ic  properties o f  an SBR C  
62 x  58 InSb array +  DRO  (d irect read ou t) m u ltip lexer  in  the infrared cam era IR C A M , 
m ounted  on U K IR T , M anna Kea., H aw aii. T h e op eration  and perform ance o f  th is cam era  
is described by M cLean (1 9 8 7 ), M cLean (1 9 8 9 ) and M cLean et al (1 9 8 9 ). T h e la tter  
reference uses recent astronom ical ob servation s to  illu stra te  the v ersa tility  o f  op eratin g  
m odes now  available w ith  the cam era and ancillary  eq u ip m en t.
Ideally  a  ph otom etric  stu d y  shou ld  be done u sin g  w hole n igh ts d ed ica ted  to  th e  m easure­
m ent o f  a range o f  standards at several near-infrared w avelen gth s to  g ive  independent 
d eterm inations o f  zero-p oin ts, ex tin c tio n  corrections and colour eq u ation s. A n a ttem p t  
w as m ade to  do th is. In tw o sem esters after th e  in itia l com m ission in g  o f IR C A M  in D e­
cem ber 1986, the P an el for the A llo ca tio n  o f T elescop e T im e aw arded a  to ta l o f  6 n igh ts  
to the p roject. E nough d a ta  w ere ob ta in ed  to  ascerta in  th a t p h o to m etry  to  b etter  than  
5% accuracy w as p ossib le , a lth ou gh  in exp licab ly  large errors (20% -100% ) som etim es o c ­
curred. T he array in sta lled  at th a t tim e w as a d evelop m en t dev ice , inferior cosm etica lly  
and w ith  a higher dark current than  la ter  d etectors. T h e p roject w as further ham pered by 
bad w eather and by a. hardw are problem  in the array tem p eratu re controller, and so the  
need to  determ ine the p h otom etric  perform ance rem ained . In M ay 1988 a large num ber  
of observations o f standard stars w as ob ta in ed  during a  lon g-term  program  o f infrared  
photom etry  o f globular cluster stars. T h is is not as sa tisfa c to ry  as a  ded icated  study, but 
enough m easurem ents w ere m ade over 5 n igh ts in  M ay 1988 for som e useful s ta tis t ic s  to  
be obta ined  on the ph otom etric  perform ance o f  IR C A M . A s exp la in ed  below  th e  prim ary  
aim s o f th is work did not include d eterm in ation  o f colour tran sform ation  for the IR C A M
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filters. O nly J (1 .25  p m  ) and K (2 .2  p m  ) filters w ere used . In sectio n  2 d eta ils  o f  the  
standards m easured and th e  properties o f  the filters used are d iscussed  briefly. T h e raw  
data  are presented in section  3 and d a ta  reduction  techn iques are d iscussed  in  section  4. 
T he reduced d a ta  are presented  in  section  5 and the su ita b ility  o f  the in stru m en t for very  
accurate IR p h otom etry  is addressed in  section  6.
It should  be borne in m ind th a t th is in v estig a tio n  co n cen tra tes on th e  m easurem ent o f  
bright stars as ind icators o f  p h otom etric  perform ance (a lth o u g h  som e re la tive ly  fa int 
standards w ere also observed , provid ing som e in form ation  on lin ea r ity ). O p tim iza tion  o f  
the sign a l-to -n o ise  ra tio  on fa in t sources w as not one o f  the goa ls. C on seq u en tly  th is top ic  
is touched on on ly  in cidenta lly .
2 Filters and Standards
It is o ften  assum ed th a t th e  sp ectra l response o f  a  p h o to m etr ic  sy stem  is defined solely  
by the filter. O f course th is is n ot true. O ther factors affecting  the response in clu d e the 
transm ission  o f lenses and w in d ow s, th e  reflectance o f  m irrors (prim ary, secondary and  
other external mirrors peculiar to  an in stru m en t), th e  reflectance o f th e  dichroic m irror if  
used, the quantum  efficiency o f the detector  and th e  tran sm ission  o f the atm osphere. M ir­
rors (w ith  the possib le  excep tion  o f a  near-IR  reflectin g d ichroic m irror near 1 p m  ) have  
a relatively  flat spectra l characteristic  and th e  o th er factors (d etecto r  response, w indow s  
and lenses) are often  sim ilar from  one sy stem  to  another (a lth o u g h  different anti-reflection  
(A R ) coatings on any o f  the la st three item s can seriously  com prom ise th is  s ta tem en t). 
N ot all IR photom eters em p loy  a  dichroic m irror and atm osp h eric  tran sm ission  can be 
very site-dependent at som e w avelen gth s. It appears from  th e  tran sform ation s g iven  by  
B essell & B rett (1988 , hereinafter B B ) th at at 2 .2 p m  (K ) the differences betw een  the var­
ious system s (S ou th  A frican A stron om ica l O bservatory, E uropean Southern  O bservatory, 
M ount Strom olo O bservatory, A n glo-A u stra lian  O bservatory (A A O ), C aliforn ia  In stitu te  
o f Technology (C IT ), Joh n son ) are very sm all, a lw ays less th an  2% and u su a lly  zero w ith in  
m easurem ent errors. T h e J filter system s (u su a lly  referred to  as centred  at 1.25 p m )  are 
m uch less uniform , as seen from  the range o f  effective w avelen gth  (1 .198  - 1.246 p m )  found  
by B B . T he transm ission  through the J a tm osp h eric  w in d ow s is w orse than  th a t through  
the H and K bands. V ariab ility  o f  OH airglow  in th e  J w in d ow  could  also  con trib u te to
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ph otom etric  errors in  the J band. T he U K IR T  J and Iv sp ectra l tran sm ission  profiles are 
given in  figure 1.
In th is paper there are insufficient d a ta  to  a llow  m ore th an  a cursory in v estig a tio n  o f colour  
effects, and so on ly  a brief descrip tion  is g iven  here o f  the p h o to m etr ic  sy stem . IR C A M  is 
m ounted  at U K IR T ’s C assegrain  focu s, w ith  IR  ligh t reflected  in to  the c.ryostat v ia  a gold- 
coated  dichroic mirror. A fter tw o further reflections by g o ld -co a ted  o p tica l surfaces the IR 
ligh t enters the cryostat through a  C aF2 w indow  and is im aged  w ith  an A R -coated  ZnSe 
lens on to  the A R -coated  InSb d etector. Spectral r e flec ta n ces/tra n sm iss io n s/resp o n ses  o f  
these com ponents are g iven  in  M cC aughrean (1 9 8 8 ). T h e  JH K  filters are a standard  
OCLI (O p tica l C oating  L aboratory Inc.) set id en tica l to  th ose  o f  th e  A A O  system .
A selection  o f bright near-IR  standards from  th e (u n p u b lish ed ) U K IR T  stan d ard s list was 
m easured. M ost o f these are stars taken  from  the lis t  o f  E lias et al. (1 9 8 2 ) and converted  
em pirically  to  the natural U K IR T  system  based  on m easu rem en ts u sin g  the p h otom eter  
U K T 9 (an  InSb system  w ith  tw o  ZnSe len ses, C a F2 w in d ow  and JH K  filters, w ith  an 
additional b locking filter o f  O W l to  rem ove a lon g-w avelen gtli leak for the J filter, as in  
the A A O  sy stem ). A t 2 .2  p m  no sy stem ic  difference w as found  in  th e  unpub lished  U K IR T  
study betw een  the m agn itu d es o f  E lias and th e  n atu ra l U K IR T  sy stem . T h is is con sisten t  
w ith  the findings o f BB w ith  respect to  the A A O  and C IT  sy stem s. T herefore through  
the K filters the IR C A M , A A O  and the U K IR T  sy stem s shou ld  be very sim ilar. IR C A M  
lacked a long-w avelength  b lock ing filter at J w hen th ese  ob servation s w ere m ade w hich  
could lead to  a  non-neglig ib le colour term  in  (J -K ).
T hree ad d ition al fa inter standards w ere observed  to  check for n on -lin ear ity  effects; m ag­
nitudes for these were from  very prelim inary resu lts by Z uckerm an & B ecklin  (private  
com m unication , 1989) based on m easurem ents u sin g  th e  Infra-R ed T elescope F acility  
(IR T F ) and U K IR T single-channel p h otom eter  sy stem s. T ab le  1 lis ts  all the standard  
stars’ nam es and the in itia lly  ad opted  m agn itu d es.
3 The Data-Set
T he observations were m ade on th e  n igh ts o f  1988 M ay 20 - 24 U T  on U K IR T  using  
IR C A M  in its  0.6" /p ix e l m ode. A s they  w ere m ade to  ca lib rate  m easu rem en ts o f  stars in
















Chapter 1: In fr a -R e d  A r r a y  P h o t o m e t r y
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M icrons
F ig u re  1: J and K spectral transm ission profiles.
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J m ag. K m ag. Source 
o f m ags.
Errors0 
J and K
G D 140 11 34 22.6 30 04 35 12.95 13.15 Z 0.03
H D 105601 12 06 56.1 38 54 39 6 .819 6.685 E 0.015
M 3*206 13 39 23 28 42 27 7.82 7.07 L 0.015
G D 153 12 54 35.1 22 18 08 14.02 14.28 Zb 0.03
H D 129653 14 40 38.2 36 58 07 6 .984 6.920 E 0.010
H D 129655 14 41 11.0 -02 17 38 6 .824 6.690 E 0.007
SR3 16 23 07.7 -24 27 26 7.788 6.520 E 0.015
H D 161903 17 45 43 .3 -01 47 34 7 .170 7.020 U 0.007
GL748 19 09 38.0 02 48 36 7.095 6.305 U 0.015
E G 141 20 39 41.9 -20 15 21 12.82 12.99 z6 0.03
H D 203856 21 21 37.1 39 48 12 6 .925 6.860 E 0.010
a Errors for G D 140 , G D 153 and E G 141 are 0 .06  at J and 0 .03  at K. 
b T he J m agnitude for E G 141 and J and K for G D 153 have been  sligh tly
w eighted  w ith  new  single channel p h o to m etry  by Longm ore &: D ixon .
Key t o  s o u r c e s :  E -  E l i a s  e t  a l  ( 1 9 8 2 ) ,  U -  UKIRT s t a n d a r d s ,
Z -  Zuckerm an & B e c k l in  ( P r i v a t e  com m ., 1 9 8 9 ) ,
L -  Longmore e t  a l  ( i n  p r e p . ) .
globular clusters, large fractions o f  each  n ight w ere sp en t look in g  at th e  sam e c luster. T he  
calibration  stra tegy  w as to  m ake frequent m easu rem en ts o f  a  lo ca l stan d ard  close to  the  
cluster and com pare th is against at least tw o o th er stan d ard s over th e  period  o f tim e for 
w hich the cluster w as observed. If a g lobal red u ction  o f a  w h ole n ig h t ’s d a ta  is in ten d ed , 
this is clearly not as sa tisfactory  as h av in g  pairs o f  b lue and red stars m easured  at h igh and  
low  air m ass at regular in tervals throu gh ou t th e  n ig h t. H ow ever a t infrared w avelen gth s  
the set o f standards o f  appropriate colour and w ith  uniform  h igh  accuracy  is sm all and  
m akes such an approach difficult. E xperience w ith  th e  sin g le  channel sy stem s lias show n  
that the adopted  approach resu lts in  p h otom etry  rep eatab le  to  <  2%, co n sisten t w ith  
uncertainties in m agnitudes and colour eq u ation s for the IR  stan d ard s used.
T he bright standards all lie  in the range 6T5 - sT o  at J and K and can be m easured  w ith  0.5  
sec on-chip in tegration  w ith ou t sa tu ra tion . T h e  d a ta  co llection  procedure w ith  IR C A M  
is to co-add a  num ber o f fram es in  the A rray D a ta  P rocessor (A D P ) before transferring  
the sum m ed fram e to  disk. T herefore the in form ation  on  th e  in d iv id u a l fram es is lo st. 
T yp ically  50 0.5 sec fram es are co-added for a  sin g le  stan d ard  m easu rem en t (exposure  
tim ings are found to b e accurate to  ±  1 m sec .). B ecause w e w ere ou rselves uncerta in  o f the  
photom etric properties o f  the array, each  filter m easu rem en t con sisted  o f  tw o  ob servation s, 
one at each o f tw o p osition s on the array. T h e  tw o  p o sitio n s w ere u su a lly  offset by 5" 
N,5" E and 5" S,5" W  from  the centre o f  the array, a lth o u g h  o th er  offsets w ere tried as 
additional con sisten cy  checks (e .g . 7" N,6" W  w ith  7" S,6" E ). T able 2 lis ts  the num ber o f  
pairs o f observations o f  each star at J and K for each  o f  th e  5 n igh ts o f  ob servation . T he  
colour range o f  the standards observed  ( -0 .3 < (J -K )< 1 .3 )  en com p assed  th e  colour range  
of the vast m ajority  o f  stars w e exp ected  to  find in  th e  g lobu lar clu sters.
T he problem s associa ted  w ith  flat-field ing bright stan d ard s are d iscu ssed  in section  4. Sky 
fram es w ith  long on-chip  exposures (7  sec on-ch ip  x  15 co-adds up to  50 sec x  4 co-adds) 
were used to  flat-field  th e  standard  fram es (on e o f  the a im s o f th is  in v estig a tio n  w as to  
determ ine w hether or not th is is a v iab le  m eth od  o f  fla t-fie ld ing  short exp osu res). T h ese  
were either single im ages o f  blank sky or the resu lt o f  m edian  filtering  a series o f  ‘j it te r e d ’ 
fram es. (In our case, jitter in g  con sists o f  tak in g  a set o f  fram es w ith  o ffsets o f  10-30% of  
the fram e size about the central fram e. T h is procedure is used in  regions w here fa in t stars 
contam inate th e  sky area to  such an ex ten t th a t m edian  filtering  is necessary  to  o b ta in  a  
flat-field). B ias fram es o f 129.6 m illisec  on-ch ip  exposure and 100 co-adds w ere taken  at
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Table 2: Numbers of Observations of Standards
31
#  o f pairs o f  ob servation s ( #  o f  d ifferent stan d ard s)
F ilter 5 /2 0 /8 9 5 /2 1 /8 9 5 /2 2 /8 9 5 /2 3 /8 9 5 /2 4 /8 9
J 0 ( 0 ) 0 (0 ) 7 ( 3 ) 17 (6 ) 8 (5 )
K 10 (7) 1 8 ( 7 ) 15 (7 ) 7 ( 4 ) 13 (8 )
the beginning, m iddle and end o f the n igh t. S im ilarly  dark fram es w ere taken  covering  
the range o f on-chip exposures.
4 D ata Reduction
T he requirem ents for reducing IR  array d a ta  are sim ilar to  th ose  w hich  are w ell-estab lish ed  
for the reduction  o f op tica l C C D  d ata . B o th  procedures in v o lv e  su b tractin g  bias and dark 
current fram es and ratio in g  w ith  an ap p rop riate  flat-field  fram e, as w ell as rem oving or 
allow ing for bad pixels w here possib le . Im p ortan t ch aracteristics o f  a  flat-field  fram e are 
that the illu m in atin g  source has a very sim ilar colour to  th a t d o m in atin g  th e  cou n ts in the  
ob ject fram e and that the in ten sity  o f  the flat-field  source is  sim ilar to  th e  in ten sity  o f  the  
source being flat-fielded. A t near IR  w avelen gth s the b righ tn ess o f  th e  n ight-sky , w hich  
is such a handicap in  lim itin g  the on-ch ip  in tegra tion  tim es o f  broad-band m easurem ents, 
becom es an advantage in  flat-field ing. B lan k -sk y  fram es are exce llen t as flat-fields because  
the dom inant source o f  photons in  any  deep exp osu re is a lso  th e  sky. A s exposures are 
also short com pared to  deep op tica l exp osu res, flat-fields can be tak en  frequently. T his  
has led to  flat-field noise being reduced to  < 0 .01%  o f  the sky  (e .g . C ow ie et al 1988). 
H owever for bright standards there are a  lo t m ore p h oton s from  the source than  from  the  
sky and it  is possib le  th a t sign ificant non -lin earities could  be in trod u ced  in  the flat-field  
procedure. (For a d eta iled  exp lan ation  o f  th ese  effects, see M cC aughrean  1988). W ith
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the very short on-chip exposures needed to  m easure bright stan d ard s it  is not p ossib le  to  
record a sufficient num ber o f photon s or e lectrons to  define an accu rate flat-field . T hus 
the question  alluded to  at the end o f section  3 arises - are lon g  on-ch ip  exp osu res su itab le  
for flat-field ing very short exposures at th e  sam e w avelength?
To answ er th is , all the standard  observations have been  reduced here using a  flat-field  
or m edian-filtered com binations o f  flat-fields taken during th e  sam e n igh t. 4 co-adds x  
50 sec (7 x  35) on-chip exposures w ere used for th e  Iv (J ) ob servation s resp ectively . In 
addition  som e fram es w ere reduced using  flat-fields con stru cted  from  co-adds o f  10 sec 
on-chip exposures (K ) or 7 sec on-chip  exposures (J ).
A t the tim e o f the 1988 M ay observations a  new  SB R C  d etecto r  chip had ju st been  
in sta lled  in  IRC A M . It w as pressed in to  use before a ll th e  op era tin g  p aram eters had  
been fu lly  op tim ised  and w as found to  be m ore non-linear th an  ex p ec ted 2 . A  lin earity  
correction w as therefore determ ined  by careful lab oratory  m easu rem en ts and has been  
applied to  all the M ay ob servation s. It w as o f  th e  form
x' = x ( l  -  2 .308 * 10_ 9 x +  8.689 * 10_11x 2 +  2.281 * 10“ 14x 3 -  1 .687 * 10_18x 4 +  4 .287  * 1 0 _23x 5)
where x is the count (in  p lio to -e le c tr o n s /24) after su b tra ctio n  o f a  b ias fram e and x' 
is the linearity-corrected  count. F ortu n ately  th is  correction  appeared  to  be con stan t  
w ith  tim e and the sam e for each  p ixel w ith in  exp er im en ta l error. T herefore the present 
stu d y  au tom atica lly  te sts  the success o f  th e  lin ear ity  correction  procedure as part o f  the  
assessm ent o f  the overall p h otom etric  p roperties.
T he full data-reduction  procedure w as as fo llow s.
1. N orm alise all fram es to  1 co-add
2. Subtract a bias fram e from  all fram es
3. A pply  the appropriate lin earity  correction  to  all fram es.
4. Prepare flat-field  fram es from  the lon g  on-ch ip  sky exp osu res, u su a lly  by m edian- 
filtering 3-6 fram es, includ ing  a n orm alization  step . O n th e  rare occasion s when  
only 3 sky fram es w ere app licab le th is approach s till provides b e tter  bad p ixel d is­
crim ination  than  averaging.
2 A n o n -lin e a r ity  o f u p  to  4%  is e x p e c te d  in  th is  ty p e  o f  D R O  d e te c to r  (M c L ea n  1989); th e  la rg e r  effect
n o ted  h ere  w as tra c e d  to  an  in c o rre c t  v a lu e  o f  a  v o lta g e  (V r i t r u c ) a t  th e  o p e ra t in g  t e m p e ra tu r e  o f 35K .
5. Subtract a dark fram e o f the relevant exposure tim e from  th e flat-field  and standard  
fram es.
6. R atio  the stan d ard s’ fram es w ith  se lected  flat-field  fram es.
7. In terpolate over bad p ixel p osition s.
T he candidate sta rs’ m agnitudes w ere m easured on th e  fu lly  reduced fram es using the  
recently released Starlink package P H O T O M  (vl.O  - th is package is described  in  the Star- 
link User N ote S U N /4 5 .2 ) . A n aperture is defined (in  p ixe ls) in  w hich  the m easurem ent  
is to be m ade. T w o further apertures are th en  defined in  term s o f  th e  size o f  the first one. 
T hese ad d itional apertures are used to  d eterm ine a  sky  leve l as th e  m od e o f th e  p ixels in 
the area. W e adopted  an aperture size o f  5 p ixels radius ( 6" d iam eter) and concentric  
apertures 1.3 and 2.1 tim es th is size to  d eterm ine sky leve ls . T h ese  w ere chosen on the 
basis o f  brief tria l and error tests  in vo lv in g  th e  com parison  o f  ratios o f  m agn itu d es pro­
duced using different aperture sizes from  4 to  8 arcsec., to  g ive  a good  S /N  ratio  even  for 
the fainter stars w hile leav in g  the p h o to m etry  in sen sitiv e  to  sm all changes in  th e  seeing. 
T he sam e param eters w ere used for every  m easu rem en t. N o sign ificant gh o sts  w ere seen  
in the im ages and no a ttem p t w as m ade to  correct for th em . T h e b righ test gh osts in  
previous d ata-sets have been observed to  be d iagon a lly  o p p o site  th e  parent star im age, 
across the centre o f  the fram e. T h is m eans th a t th ey  w ill n o t in fluence th e  sky m easured  
in an annulus around th e  star. S im ilarly  no correction s w ere m ade for seeing profile vari­
a tion s, w hich w ere judged  to  be sm all on  th e  n igh ts concerned . T h e  value o f the sky flux  
was found to  vary slow ly  over th e  course o f  a. n ig h t, ch an gin g  by up to  10% at K on an  
average n ight.
Raw zero-points w ere ca lcu lated  from  each  in d iv id u a l m easu rem en t, and th en  each  pair 
of m easurem ents (see section  3) w as averaged . E xcep t for th e  section  on a n a ly tica l com ­
parison betw een  com p on en ts o f  each pair, all references to  an ‘o b serv a tio n ’ from  now  on  
apply to th is average.
5 Results
T he d ata  set w as very inhom ogeneous. On each  n igh t it  com prised  m u ltip le  m easurem ents  
of a few  stars and one or tw o observations o f  a few  others. T here w ere not enough
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m easurem ents on a single n ight to  allow  a u to m a tic  so lu tio n s for linearity , ex tin c tio n , 
colour term s and the variation  o f zero-poin t w ith  tim e. A n ad d itio n a l com p lication  w as 
in troduced  because not all the sta n d a rd s’ m agn itu d es w ere know n to  th e  sam e level o f  
accuracy. T herefore the resu lts w ere reduced by hand. W h en ever p ossib le  ex tin c tio n  
coefficients w ere determ ined from  the d a ta , but i f  in co n sisten t num bers w ere ob ta in ed  
a value w as adopted  w hich w as con sisten t w ith  th e  m ean values o f  th e  s ite  (O 'f l l /a ir -  
m ass at J, O'fOG/air-mass at K ). T here w as no stron g  ev id en ce for a  sy stem a tic  change o f  
zero-point w ith  tim e.
A ll the observations were corrected to  an ex tin c tio n  o f 1.0 a ir-m ass and th e  m ean zero- 
p oin t for the n ight w as ca lcu lated  (an  air-m ass o f  1.0 w as u sed , rather th an  0 .0 , since th is 
involves less ex trap o la tion  and no g lob al so lu tion s for a ir-m ass correctioxr w ere ob ta in ed  
because o f  the observing procedure described a b o v e). T h e  residuals from  th is m ean  
w ere found for each observation  and th e  m ean residual for every  star  w as ca lcu la ted , 
for the w hole n ight and also for the com p lete  set o f o b serva tion s. W e have selected  the  
observations from  the n ight o f  1988 M ay 22 to  illu stra te  th e  resu lts ob ta in ed . T hese  
are given in tab les 3 (K ) and 4 (J ). T h e standard  d ev ia tio n s o f  th e  zero-p o in ts and the  
standard error o f  the m ean zero-poin t are g iven  at th e  b o tto m  o f  each  tab le . E xam in ation  
o f the residuals over th e  fu ll d a ta  set show ed th a t SR3 appeared  co n sisten tly  to o  fa int 
by 0T 015 at 2.2  p m  com pared w ith  the value in  tab le  1. T h e  ad op ted  m agn itu d es w ere 
corrected by these am ou n ts and the m ean zero p o in ts  and residuals re-ca lcu lated . T he  
corrected values appear in  the final colum n o f  tab le  3. T h e  correction s are d iscussed  
further in  section  6. A t 1.25 p m  there w as an in d ica tio n  th a t SR3 w as to o  bright by  
~0T ()25  com pared w ith  tab le  1, but not enough o th er stan d ard s w ere m easured  for this 
to  be estab lish ed  unam biguously .
A  sum m ary o f the final m ean residuals for each  n igh t appears in  tab le  5. T h e m ean zero- 
poin ts at the b o tto m  o f tab le  5 have been ca lcu la ted  ex c lu d in g  the fa in ter stars, G D 140, 
G D 153 and E G 141, w hich have large in d iv id u al errors.
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T able 3: K Observations fo r M ay 22nd 1988











H D 105601 1.10 -20 .0 8 6 -2 0 .0 8 5 -20 .0 9 0 -20 .0 9 0
H D 105601 1.10 -20 .0 98
H D 105601 1.10 -20 .071
G D 1 4 0 1.02 -20 .1 2 9 -2 0 .1 1 4 -2 0 .1 1 5 -20 .1 1 5
G D 1 4 0 1.02 -20 .1 0 0
G D 1 5 3 1.02 -20 .1 8 7 -2 0 .1 6 2 -20 .1 6 3 -20 .1 6 3
G D 1 5 3 1.02 -20 .13 8
M 3*206 1.14 -20 .1 3 0 -2 0 .1 2 9 -20 .1 3 6 -20 .1 3 6
M 3*206 1.14 -20 .129
M 3*206 1.05 -2 0 .11 0 -2 0 .1 1 7 -20 .1 2 0 -2 0 .1 20
M 3*206 1.05 -20 .1 25
M 3*206 1.02 -20 .1 1 5 -2 0 .1 1 4 -2 0 .1 1 5 -2 0 .1 15
M 3*206 1.02 -2 0 .1 1 4
M 3*206 1.01 -20 .1 2 9 -20 .1 31 -20 .1 3 2 -2 0 .1 32
M 3*206 1.01 -2 0 .1 3 4
M 3*206 1.07 -2 0 .1 1 4 -2 0 .1 1 7 -2 0 .1 2 1 -2 0 .12 1
M 3*206 1.07 -2 0 .1 2 0
G D 1 4 0 1.54 -20 .1 0 6 -2 0 .0 9 0 -2 0 .1 1 7 -2 0 .1 1 7
G D 1 4 0 1.57 -2 0 .0 7 5
G D 1 5 3 1.21 -2 0 .1 8 6 -2 0 .1 6 2 -2 0 .1 7 3 -2 0 .1 73
G D 1 5 3 1.23 -2 0 .13 9
S R 3 1.44 -2 0 .0 5 0 -2 0 .0 6 4 -2 0 .0 8 6 -20 .1 0 1
SR 3 1.44 -2 0 .0 7 9
SR 3 1.42 -2 0 .09 0 -2 0 .0 8 4 -2 0 .1 0 5 -2 0 .1 2 0
SR 3 1.42 -20 .0 78
SR 3 1.95 -20 .0 69 -2 0 .0 5 8 -2 0 .1 0 6 -20 .1 2 1
SR 3 1.96 -20 .0 48
EG 141 1.38 -20 .143 -2 0 .1 4 7 -20 .1 6 6 -20 .1 6 6
EG 141 1.37 -20 .151
G L 748 1.05 -2 0 .1 0 5 -20 .11 1 -2 0 .1 1 4 -2 0 .1 1 4
G L 748 1.05 -2 0 .11 8
M ean  -2 0 .1 1 2  -2 0 .1 1 2  -2 0 .1 2 4  -2 0 .1 2 7
S td .d ev .  0 .033  0 .0 32  0 .0 26  0 .024
Std.err. 0 .006  0 .00 8  0 .0 0 7  0 .0 04
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E x tin c tio n  
cor r. Zpt
SR3 1.42 -21 .170 -21 .170 -21 .215
SR3 1.42 -21 .170
SR3 1.66 -21 .118 -21 .121 -21 .191
SR3 1.66 -21 .124
SR3 1.94 -21 .116 -21 .114 -21 .214
SR3 1.94 -21 .112
E G 141 1.40 -21 .229 -21 .229 -21 .271
EG 141 1.40 -21 .219
EG 141 1.39 -21 .238
G L748 1.06 -21 .162 -21 .168 -21 .174
G L748 1.06 -21 .175
G L748 1.16 -21 .152 -21 .149 -21 .166
G L748 1.16 -21 .153
G L748 1.16 -21 .143
M ean -21 .163 -21 .159 -21 .205
S td .dev . 0.041 0.042 0.038
Std.err. 0.010 0.017 0.016
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T able 5: Residuals fo r all n ights
Star
5 /2 0 5 /2 1
D a te
5 /2 2 5 /2 3 5 /2 4
M ean
R es.
G D 140 -0.027 -0 .005 -0 .051 -0 .028
H D 105601 0.014 0.010 0.021 -0 .006 0.010
(0 .0 5 1 ) (0 .0 5 1 )
M 3*206a -0.040 0.008 -0 .014 0.003 -0 .011
(-0 .0 1 6 ) (0 .0 0 0 ) (-0 .0 0 8 )
G D 153 0.002 0.086 0.048 0.051 0.037
(0 .0 0 9 ) (0 .0 1 0 ) (0 .0 1 0 )
H D 129653 0.005 0.005
SR3 0.007 0.003 -0 .003 0.000 0.000 0.001
(-0 .0 1 8 ) (-0 .0 3 2 ) (-0 .0 2 8 ) (-0 .026 )
H D 161903 -0 .022 -0 .022
GL74S 0.000 -0 .003 -0 .014 -0 .002 0.005
(0 .0 1 9 ) (0 .0 0 1 ) (0 .0 2 8 ) (0 .0 1 6 )
EG 141 -0.035 0.038 -0 .055 -0 .048 -0 .043 -0.041
(-0 .0 8 2 ) (-0 .1 2 6 ) (-0 .104 )
H D 203856 -0.002 0 .014 0.006
M n Z pth
J —  -21 .189 -21 .154 -21 .215
K -20.102  -20 .123  -20 .111 -20 .093 -20 .105
NB: B racketted  num bers are for J.
“T he pair o f  observations o f M 3*206 on th e  2 0 /5  w ere sign ifican tly
different so the m ean w as used  at h a lf w eigh t in  ca lcu la tin g  th e  n igh tly  
zero-point and the residuals. 
bM ean zero-points exclude G D 140 , G D 153  and E G 141 .
6 Discussion
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6.1 Flat Fields
T he count variation  as a  fraction  o f the signal w as exam in ed  in  tw o  areas on each  o f 5 
flat fields. It w as found to  be very con sisten t for each  area, in d ep en d en t o f the on-chip  
in tegration  tim e, num ber o f co-adds or the num ber o f fram es in vo lved  in  the m edian  
filtering exercise. B oth  areas w ere centred  on the m idd le o f  th e  62 x  58 array; the first 
was a 56 x  52 p ixel b ox , the second 28 x  26. In the larger area th e  stan d ard  d ev ia tion  o f a 
pixel w as 6 .55 ±  0.15%  o f the signal w hile in  the sm aller area th is figure w as 4 .4  ±  0.1%. 
T hese num bers are due to  the in trinsic  shape o f  the fla t-fie ld , com in g from  th e large scale  
variations due to  varying d etector  e lem ent sen sit iv it ie s  across th e  ch ip . In the unlikely  
situ a tion  th at the shape o f  the flat-field  changes sign ifican tly  w ith  exp osu re, errors o f  up 
to  about the size o f the sen sitiv ity  varia tion s, i.e . ~ 6 % , could  be in trod u ced  in the derived  
photom etry. H ow ever, in  the sliort-exp osu re, stan d ard  star  fram es th e  signal from  the  
sky is very sm all, so th a t the in trinsic  sh ap e o f th e  fla t-fie ld  is lo st in  th e  read-out noise  
and in noise in troduced  by sm all changes in  the dark and b ias cou n ts. (W e have found  
th at variations o f 10% can occur in the b ias cou n t during th e  course o f  the n ig h t, w ith  
the count generally  being  higher at the end o f  the n ig h t. T h ese  flu ctu a tio n s in trod u ce a 
zero p oin t shift in  the dark-subtracted  im age w hich  a lso  g iv e  th e  appearance o f enhanced  
noise in the short exposure sky p ixels after fla t-fie ld in g ). T h u s th e  p ix e l-to -p ix e l noise  
actu ally  m easured in  the ‘sk y ’ for short exp osu res w as 13.5%  o f  th e  sky signal. It m ust 
be em phasized  th at th is does not reflect on the p h o to m etr ic  accuracy  o f  bright sources 
w ith in  such an im age, since th ese con ta in  sufficient cou n ts to  flat-field  correctly.
6.2 T he P h o to m etry
6.2.1 Expected Performance
W hat ph otom etric  perform ance is to  be exp ected  from  IR C A M ? In his th esis M cC augh- 
rean (1988) concludes ‘T he flat fielding process used seem s h igh ly  sa tisfactory , reducing  
all sy stem atic  errors w ell below  noise levels  from  read noise and sh ot n o ise ’. H ow ever th is  
sta tem en t applies to  fram es ratioed  w ith  flat-fields o f  the sam e on-ch ip  exposure; it  does 
not necessarily  follow  th a t the sam e success w ill be ach ieved  on  bright stan d ard s. T he
well size o f the SB R C  InSb +  D R O  arrays is ~ 1 0 6 electron s. For in teg ra tio n s in  w hich  
the sky is allow ed to  h a lf fill the w ells, the P o isson  noise  ex p ected  is ~ 7 0 0  e lectron s. T he  
read-out noise is ~ 4 5 0  electrons. E xpressed  as a. fraction  o f the ‘s ig n a l’ such a m easure­
m ent should allow  flat field ing to  0.17%  w ith  a single fram e if  the sy stem  is stab le . A fter  
co-adding and m edian filtering the error in trod u ced  by sh ot n o ise  in th e  flat-field  should  
be <0.1%  . If the w ells are on ly  10% filled , th is lim it b ecom es <0.2%  .
M cC aughrean in vestiga ted  the effect o f  the ~90%  filling factor  o f  th e  InSb array on  
p h otom etry  perform ed w ith  0" .6 p ixels. In 1" seeing th e  m ax im u m  error in trod u ced  (th e  
difference betw een  a  star centred on a p ixel and centred  at the corners o f  4 p ixels) is 
<0.1%  . C om bining th ese u n certa in ties, w e conclude th a t , for the ty p e  o f  observation  
we have m ade, IR C A M  should  be capab le in tr in sica lly  o f  a  p h o to m etr ic  perform ance o f  
b etter than  0.3% accuracy.
6.2.2 Achieved Ph otom etric  Perform ance
T his can be assessed  by exam in in g  the residuals and their  d ev ia tio n s in  tab les 3-5. In 
tab le  3 the extin ction -corrected  zero-poin t (for the paired o b servation s) has a  standard  
deviation  (e) o f  0 II‘026 w ith  a  range o f  0T 083 before any a llow ance is m ade for errors 
(or colour term s) in the standards. If the correction  o f section  5 is app lied  to  SR 3, the  
standard d ev ia tion  becom es 0 If0 2 4 . In tab le  4 , th e  corresponding figures are e =  0T 04  
w ith  a 0 T l0 5  range. F igure 2 com pares the raw zero-p o in ts for one n ig h t’s d a ta , w ith  
the final zero-points after ex tin c tio n  correction  and th e  SR 3 a d ju stm en t. Such figures are 
typ ica l o f all the n igh ts in M ay. T h e m ean ab so lu te  value o f  the residuals and the range 
of the n igh tly  zero-poin ts at 2 .2  p m  are 0T 038 and 0"'03 resp ectively , and at 1.25 pm  
0T061 and 0T()6 (ta b le  5 ). T h is is ab ou t the error one w ou ld  ex p ect from  the lim ited  
accuracy o f the standards a lone, w ith o u t tak ing  in to  accou n t any n o ise  in troduced  by  
seeing and atm ospheric transm ission  changes. M ost o f  th ese ob servation s com prise pairs 
of m easurem ents at tw o p osition s on the array. W e h ave ca lcu la ted  th e  m ean difference  
betw een all the fram e pairs taken  at p ositio n s 5" N,5" E and 5" S,5" W  (or w ith in  2^ 
of these p osition s) to  look  for sy stem a tic  errors. A  difference o f  1% ±  0.3 w as found. 
C om parisons b etw een  (th e  sm all num ber o f)  o ther areas on the array w hich  were also  
used show ed sim ilar or sm aller differences.
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The final residuals for the three fa in t stars G D 153 , G D 140 and E G 141 are con sisten t w ith  
the lower precision o f the present m easu rem en ts and the larger u n certa in ty  o f the standard  
m agnitudes. T hese are also th e  three b luest stars in  the sam p le, a llow in g ad d ition a l errors 
to be in troduced  if  the colour term  in (J -K ) is sign ificant.
An o u tstan d in g  qu estion  from  th e early te sts  w as the in cid en ce o f fram es on w hich the  
photom etry  had in exp licab ly  large errors. In the current d a ta  set on ly  one fram e w as 
om itted  from  the a n a lysis , on th e  basis o f  a p h otom etr ic  residual m ore than  5 s igm a  from  
the exp ected  value. C lose exam in ation  o f th is  im age show ed  th a t a  ‘g litc h ’ had occurred  
in  the te lescope tracking during th e  exp osu re, so th a t a  fa in t ex ten sion  to  the im age of 
~10"  in  an E W  direction  w as v isib le .
B rief tests  using flat fields taken  on different n ig h ts , for exam p le  M ay 22nd star fram es 
flat-fielded w ith  M ay 21st sky fram es, show ed zero-poin t changes o f  less th an  1% for the  
bright stars and up to  7% for the fa in ter stars.
F inally  the effects o f  ra tio in g  different flat-fields (in clu d in g  fram es w ith  sim ilar and w ith  
different on-chip in tegration  tim es) w ith  the standard  im ages w as in v estig a ted . T h e m ean  
o f the ab so lu te  difference w as 0 nl0 0 6  for b oth  J and K filters, w ith  no sy stem a tic  effect.
7 Conclusions
The techniques described here are capab le o f  p h otom etry  w hich  is lim ited  a lm ost en tirely  
by the observing con d ition s and th e  accuracy o f  th e  stan d ard s. A n y  sy stem a tic  error 
introduced by fiat-field ing short exposures w ith  lon g  on-ch ip  in tegra tion s are at or below  
the 1% level. H ow ever such a  procedure works on ly  for the m easurem ent o f bright sources 
as variations o f  the d a rk /b ia s  levels reduce the s ig n a l-to -n o ise  in  the final d a ta , because  
of the rela tively  sm all num ber o f cou n ts in  the sky. If necessary  th is problem  could be 
sign ificantly  reduced by tak ing dark and b ias fram es on a  m uch m ore frequent basis. T he  
effects o f gh osts and seeing variations are at the less th an  1% level. L inearity  corrections  
based on laboratory  m easurem ents and applied  to  all p ixels appear to  rem ove successfu lly  
all non-linearity  effects larger than  2% over the m agn itu d e range observed (K  =  6'"5 - 
13Tq).
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2 .  O b s e r v a t i o n s  a n d  D a t a  R e d u c t i o n
1 In troduction
Perform ing im agin g  observations in  a g lobu lar cluster field requires a  com prom ise to  be  
m ade betw een  signal to  noise and areal coverage, p articu larly  w hen u sin g  a d etector  w ith  
as sm all a field as IR C A M . O bserving a large area w ill a llow  a large num ber o f stars to  
be m easured, so sam p lin g  the less com m on stars in  the cluster such as the R G B  stars. 
H owever, in a g iven  a lloca tion  o f te lescop e tim e observing  a. sm all area w ill a llow  the fa inter  
ob jects to  be m easured , and o f course im prove the accuracy o f the o th er m easurem ents. 
T he p osition  o f  th e  observed  field is a lso  im p ortan t:
- to o  close to  the centre o f the cluster and the stars w ill be so crow ded th a t th ey  w ill 
be m easurable on ly  at low  precision ,
- too  far ou t and m ore field stars th an  m em bers w ill be found , a n d /o r  each fram e w ill 
conta in  few  stars, thus w astin g  the d etector ,
- too  near bright stars m eans gh o sts  and sa tu ra ted  im ages w ill degrade th e  p h o to ­
m etric  m easurem ents.
T his thesis d iscusses observations o f  tw o clusters and the approach ad op ted  w as to  observe  
both  large area strips and sm all area ‘d eep ’ fram es. T h e  large areas con sist o f  three strips  
of 11 fram es each . T h e strips run E W  w ith  ab ou t 50% overlap b etw een  adjacent fram es 
and the three strips overlap by ab ou t 10% vertica lly  so th a t the final m osaics are about 
300 x  150 p ixels or 180" x  90". T h e deep ob servation s are m ade up o f  ten  fram es each  
taken in a. ‘j it te r ’ p a ttern , th at is , w ith  fram es at offsets o f  + 5 ,  0 and -5" in each axis 
from  a central fram e. T he first and la st fram es are taken  at th e  central p o sitio n . T his  
procedure builds up high sign a l-to -n o ise  in  th e  central region w h ilst m ovin g  th e  im ages  
around the im age p lane to  avoid dead array p ixels a lw ays fa lling  in  th e  sam e place w ith in  
an im age. T hese tw o observing p attern s are show n sch em atica lly  in  figure 1.
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Figure 1: ‘J it te r ’ pattern  fo r deep fram e observations and pattern  fo r single strip . Numbers 
are sequential fram e numbers and are placed in the b o ttom  rig h t corner o f the frames they 
refer to . A lte rna te  frames in the strip  have been displaced ve rtica lly  to  show the pattern more 
clearly.
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Figure 2: (a ) Map o f M71 (a fte r A rp and H artw ick, 1971). The present areas o f observation 
are labelled w ith  the names used in table  1.
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Figure 2: (b ) Map o f M4 (a fte r A lca ino and Liller, 1984). The Richer and Fahlman (1984) 
and Penny, Lubenow and Dickens (1987 ) areas are shown.
Areas were chosen  to  be w ith in  fields for w hich recent C C D  p h o to m etry  ex ists  so that  
the IR p h otom etry  could be m atch ed  up, prim arily  to  a llow  lon g  b aselin e ind ices such as 
(V -K ) to  be ca lcu la ted . W ith in  the C C D  areas the IR C A M  area w as chosen  to  be clear 
of very bright stars and not to o  crow ded. T h e deep fram es w ere ad d itio n a lly  chosen to  
be centred on groups o f fa int stars to  m ax im ise  th e  num ber o f stars observed at good  
signal-to-noise . F igure 2 (a ) and 2 (b ) show  the areas chosen in  the tw o  clusters as w ell as 
the regions covered by op tica l work.
Clearly the b rightest stars w ill be sa tu ra ted  if  exposures are o p tim ised  for the fa inter  
sources. F ortu n ately  IR  and op tica l p h otom etry  ex ists  for m any o f the b righ test stars in  
both  M 71 and M 4, so the present w ork can con cen trate  on th e  fa in ter stars.
T his chapter describes the reduction  and an a lysis  o f  the observed  fram es, in clu d in g  the 
use o f the profile fittin g  package D A O P H O T , and d iscusses th e  zero-p oin t ca libration  o f  
these d a ta  and the associa ted  op tica l d ata .
2 Observations
T he infra-red cam era IR C A M  w as used  on th e  3 .8m  U K  Infra-R ed T elescope (U K IR T ) 
during the sum m er o f 1988 to  tak e fram es o f  several regions o f  M 71 and M 4 at b oth  J 
(1 .2 /xm ) and K (2 .2 p m ). T he c a m e r a /filter /te le sc o p e  sy stem  has been  d iscussed  in the  
previous chapter (see th a t d iscussion  for m ore d eta iled  references).
T hree sets o f strips w ere taken  w hich  com bine to  produce a  33 fram e m osa ic  o f the central 
southern h a lf o f  M 71 and in M 4 a 33 fram e m osaic  w as lo ca ted  at ~ 5 '  ou t to  the E ast 
o f the cluster centre. ‘J itte r ’ observations w ere m ade in  tw o areas in  M 71 and three areas 
in M4 to  provided deep exposures, ach iev ing  high sign a l-to -n o ise  ra tios for stars on the  
m ain sequences o f b oth  clusters.
Tables 1 and 2 list all the Iv-band observations m ade in  M 71 and M 4 resp ectively . A lso  
listed  are any p ertin en t com m ents from  the observing  log , such  as w eather or instru m en t  
conditions.
T he areas listed  in  the tab les correspond to  th ose  show n in  figure 2 and can be sum m arized  
as follows:
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T able 1: IR C A M  M71 images from 1988 M ay  and Ju ly
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Table 2: I R C A M  M 4  im a g e s  fr o m  19 8 8  M a y  a n d  J u ly
S equence  n a m e C o n ta in e r  file fram es ex p o su re c o m m e n ts
M 4 _ l_ O F F 2 0 M A Y 8 8 J 56-67 2x50 # 5 7  no goo d
sky 54,55 4x50
sky 68-72 2x50 s ta r s  !
M 4N 2 20M A Y 88_2 4-13 2x50
M 4N 3 18-28
sky 2 ,3 ,14 ,15 ,29-31




sky 93-95 ,97 ,1 0 9 -1 1 1 ,1 2 5 -1 2 7 ,1 4 4 2x50
M4S1 2 1 M A Y 8 8 J 5-15 2x50
M 4S2 21-31
M4S5 37-47
sky 1 ,2 ,1 6 -18 ,32 -34 ,48 ,49 ,51
M4S1 22M A Y88_1 130-140 5x10
M 4S2 141-151
M 4S5 152-162
M 4S5 # 1 1 163 1x50
sky 125-128 ,165-168 10x10
sky 164 1x50
M 4 D E E P 24M A Y88_1 84-93 4x50
M 4 D E E P M 1 07JU L88_1 17-26 4x50
M 4 D E E P M 1 61-70
sky 27-29
M 4 D E E P M 2 08JU L88_1 10-20 4x50 g u s ty  w ind
M 4 D P F IE L D 2 23-34 see in g  v a r ia b le
M 4 D P F IE L D 2 37-46
- M 71N 1: a test strip  to  the sou th  o f  the m ain  strip .
- M 71S1,2,3: prim ary strips taken  for large m osaic  at deep and shallow  exposures.
T hese strips m ake up the M 71D K  area, and th is area lies w ith in  the R icher &:
F ahlm an (1988 , R F 88) o p tica l C C D  stu d y  area.
- M 71D E E P M 1,2 jittered  fram es w ith in  large M 71 area.
- M 4D E E P , M 4D E E P M 1, M 4 D E E P M l_ 2  - jittered  fram es w ith in  th e  large M 4 area.
- M 4D E E P M 2, M 4D P F IE L D 2, M 4D P F IE L D 2_2 - jittered  fram es ly in g  w ith in  the 
Penny, Lubenow  and D ickens (19 8 7 ) area,.
- M 4S1, M 4S2, M 4S5 (x 2 ) - strips th a t m ake up the M 4S large m osaic.
Som e o f the brighter stars in  the te st strip  M 71N 1 w ere found to  be sa tu ra ted  in the 50 
second on-chip  exposure tim e so the shorter in teg ra tio n  tim e o f  35sec w as chosen for the  
m ain m osaic in M 71. 50 seconds w as found to  be u sab le  for the M 4 m ain  m osaic.
Sky fram es w ere taken  at various (sm a ll) o ffsets from  a central sky p o sitio n , so that the  
effects o f any stars in ad verten tly  included  could  be m in im ised  by m edian  filtering.
3 Reduction
T he prelim inary im age reduction  w as perform ed using  th e  ST A R L IN K  com puter system  
w ith  the IR C A M  reduction  softw are w ritten  by C olin  A sp in  and M ark M cC aughrean  
(see A spin  (1 9 9 0 )) , w ith  add ition a l routines (su m m arized  in  ap p en d ix  B ) w ritten  by the  
author.
3.1 C ounts on IR C A M  frames
The reduction p h ilosophy is based on a  know ledge o f th e  various con trib u tion s to  the count 
in each p ixel th at com e from  the source, th e  sky, ‘dark cu rren t’ and th e  bias structure of 
the detector.
In a fram e w ith  an exposure tim e o f n seconds and co n sistin g  o f  p coadds the counts in 
a pixel are m ade up o f the bias cou n t, th e  cou n t due to  th e  dark current, the count from
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the sky and the count from  th e source. For a sky fram e, an im age fram e and a dark fram e  
these look  like this:
Fsky =  pfb  +  n p fd +  n p fs
Fstar =  pfb  +  npfd +  n p f s +  n p f ,
Fdark =  pfb  +  npfd
where fb is the bias count in  1 coadd, fd  is the dark count rate, f s is the sky count rate
and /» is the source count rate. N orm alizing  to  1 second 1 coadd:
F'slcy =  f b / n +  fd  +  fs 
Fstar =  f b / n +  fd  +  fs  +  /*
Fdark =  f b / n  +  fd 
Clearly a  reduced (dark su b tracted  and flat-fielded) p ixel contains:
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Fstar -  F'dark fs +  /*
if  the exposure tim es are the sam e for the source fram e and its  dark fram e, and for the  
sky fram e and its  dark fram e. If the exposure tim es w ere to  be different for the source  
and dark fram es (or sky and dark) an odd fraction  o f th e  bias count w ould be left in  the  
final fram es. T h is is w hy it  is essen tia l to  take dark fram es o f  the sam e exposure tim e as 
the source and sky fram es throu gh ou t th e  n igh t. If th e  exposure tim e is the sam e for the  
sky and source fram es th e  sam e dark fram e m ay be su b tracted  from  b oth .
Aperture p h otom etry  is perform ed by m easuring the cou n ts in  a source aperture, C*, and  
in a sky aperture, C s , o f  the sam e size. T h e m easured m agn itu d e is:
m , =  —2.5/ogio(C » -  Cs ) +  zp
where zp is the zero-poin t o f  the p h otom etry . T h is is correct on th e  reduced fram es 
because:
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^  f* d- / s ^  f  s 
* “  5 “  "  fs ~ ^ T s '
where S  is the sum  o f the cou n ts in the p ixels in an aperture. In other w ords, the difference 
betw een  the to ta l counts in  the source aperture and in  the sky aperture is ju st the to ta l 
norm alized counts due to  the source, w hich  is w hat is w an ted .
3.2 Strip observations
T he reduction  procedure used for the large m osaics w as sim ilar to  th a t d eta iled  in the  
last chapter for the bright standards fram es. It can be sum m arized  as follow s:
- L inearity correction
- Dark su b traction
- F lat-field ing
- In terp o late  over bad pixels
- N orm alize sky cou n ts to  th ose  o f  first fram es
- F ind fram e offsets
- Shift by fractions (and  set edges to  zero)
- M osaic together
T hese are d iscussed  in  the n ext section s.
3.2.1 Linearity correction
A nearby-in-tim e bias fram e w as su b tracted  from  each  im age to  g ive  a b ias-free count in  
each p ixel. T he fram e w as norm alized to  1 coadd and the appropriate lin earity  correction  
was applied to  each p ixel. A rray param eters w ere changed  at th e  start o f  1988 Ju ly  so that  
the present d a ta  spans tw o  different form s o f the lin ea r ity  correction . E xam in ation  finds
no sign ificant difference b etw een  fu lly-reduced  final im ages o f  the sam e o b jec ts  taken in  
1988 M ay and th ose  tak en  in  1988 July, confirm ing the success o f  the lin ear ity  correction . 
F in ally  the fram e w as norm alized  to  an exposure tim e o f  1 second.
3.2.2 Dark subtraction
T he nearest good  dark fram e o f the sam e exposure tim e (a lso  lin ea r ity  corrected and  
norm alized to  Is lc o a d d ) w as su b tracted  from  the im age fram e.
3.2.3 Flat-fielding
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Figure 3: Sim ulated comparison o f the mean and median as estimates o f the true  sky /fla t-fie ld  
level in a fram e.
A flat-field  fram e w as con stru cted  by tak ing  the m ed ian  filter o f  all the nearby dark- 
subtracted  sky fram es. M edian filtering m in im ises th e  effect o f  an y  stars in  the sky  
fram es a lth ou gh  it  does y ield  higher flat-field  noise  th an  tak in g  a m ean fram e in  the case  
were there are no stars in  the fram es.
Figure 3 show s the resu lts o f  tests  w ere 1000 sets o f  10 artificia l p ixel values w ere created
from a. G aussian  d istr ib u tion . Larger values w ere included  to  represent con tam in atin g  
stars and the m ean and m edian  values, a long w ith  their standard  d ev ia tio n s, w ere ca l­
culated for each  set o f  values. G roup m eans w ere ca lcu la ted  for each  o f  the se ts  o f  1000 
values. T he values o f  sky level and con tam in ation  w ere chosen to  be typ ica l o f real fram es. 
T he p lots show  the difference b etw een  the m ean and the m ed ian , and the m edian  as a 
function  o f the b rightness chosen  for the co n ta m in a tin g  star and o f th e  num ber o f stars, 
or bad fram es, chosen. O f course, w hen 50% o f the p ixels con ta in  stars the m edian  is 
as bad an estim a to r  o f  the true sk y /fla t-h e ld  leve l as th e  m ean , but for <50%  stars the  
m edian g ives a  m uch b etter  estim a te .
If few  sky fram es w ere availab le the least crow ded im age fram es w ere included  in  the  
m edian filtering process. A fter flat field ing the im age w as m u ltip lied  by the m edian  value  
of the flat field fram e, to  restore real count values. (U sin g  a flat field w hich has been  
previously norm alised  to  a  m edian o f u n ity  is ex a c tly  eq u iva len t).
3.2.4 Bad pixel replacem ent
For each p ixel o f  the array th a t w as know n to  be p erm an en tly  ‘d ea d ’ (i.e . unresponsive to  
im age flux) an in terp o la tion  w as carried ou t to  replace the ‘b a d ’ va lue w ith  one ca lcu la ted  
from the 8 adjacent p ixels . T here w ere 21 o f th ese p ixels. W here th ese fell w ith in  a 
stellar im age th ey  w ere in stead  set to  a  ‘b a d ’ value a llow ing them  to  be disregarded at 
the m osaicing stage . A lth ou gh  m arking p ixels as bad in th is w ay is the b est w ay to  
deal w ith  th em , since it  is then  alw ays clear w hich  p ixels do n ot con ta in  real sk y /so u rce  
flux, th is w as not done for all the ‘b a d ’ p ixels becau se o f  the effect th a t the bad  values  
have on the centroid ing  o f  nearby stellar im ages and the estim a tio n  o f sky sta tis t ic s . 
More sop h istica ted  centroid ing  and s ta tis t ic a l rou tin es than  th ose  used w ould  be able to  
disregard the p ixels m arked w ith  the bad value. A ll bad p ixels could  then  be d ealt w ith  
in  th is way, and in terp o la tion  w ould  be necessary on ly  for cosm etic  reasons.
Each im age w as in sp ected  and any ex tra  ‘b a d ’ p ixels (due to  cosm ic ray h its , e lectron ic  
glitches or sim ilar) w ere m arked up and sim ilarly  in terp o la ted  over or set to  the ‘b a d ’ value. 
B ad-pixel se lection  is a  fa irly  su b jectiv e  p rocess, but once a user is fam iliar w ith  IR C A M  
frames it  is fairly easy  to  pick ou t p ixels th at are higher or low er th an  exp ected  from  the  
noise in  the sky areas o f  th e  fram es, but a lso  to o  sharp to  be a ste llar  profile. In the 0.6
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" /p ixel m ode d ifferentiating betw een  stars and bad p ixels is s im p le since the stellar profile 
is v isib le over several p ixels (in  average seeing con d ition s and w ith  th e  te le sco p e /ca m era  
system  perform ing as it  did in  1988). A  se lection  effect w as in  op era tion  during th is  
process because o f  the w ay th at the im ages w ere d isp layed: bad p ixels th at w ere too  
bright sto o d  ou t in a bright colour, w h ilst bad p ixels th at w ere too  fa in t w ere dark. T he  
dark pixels had less con trast from  the sky and covered a sm aller range o f  colours than  
the bright p ixels. T his under-selection  o f dark bad p ixels is not sign ificant since (a ) the  
D A O P H O T  param eters are set to  treat as bad any p ixel 10 sigm a fa in ter than  the sky, 
(b ) on ly  the least d ev ian t p ixels w ill have escaped  d etectio n  so their con trib u tion  to  the  
sky sta tis tic s  w ill be in sign ifican t, and (c ) dark bad p ixels w ith in  ste llar  im ages show  up 
w ith  excellen t con trast and w ere therefore all sp o tted  and d ealt w ith .
3.2.5 Sky normalization
Each fram e w as now  ‘sk y-n orm alized ’: the m edian  sky value o f  the fram e w as com pared  
w ith  th at for the first fram e in  the sequence and the difference w as added to  the fram e. 
T he different values o f  sky p ixels b etw een  fram es are due to  th e  changing  brightness o f  
the sky at K , so a  sim ple ad d itive  tran sform ation  is appropriate. H ad th e  differences been  
due to  changing gain  w ith in  th e  ca m era /te le sco p e  sy stem  a m u ltip lica tiv e  transform ation  
would have been necessary. If the differences had been due to  changes in  the atm ospheric  
transm ission  (i.e . the n igh t w as n ot p h otom etr ic ) a m u ltip lica tiv e  transform ation  w ould  
have been necessary based on the brightness o f  a. set o f  bright non-variab le stars w ith in  the  
fram e. T his ty p e  o f p h otom etry  on n on -p lio tom etric  n igh ts is p ossib le , if  d ifficult, w ith  a 
cam era system  (provided  ca librating  p h otom etry  can be ob ta in  in  good  con d ition s). For 
exam ple, for Sim on et al (19 9 0 ) the present author reduced a  series o f  350 short exposures  
taken during a lunar occu lta tio n  o f the G alactic  Centre; a lth ou gh  th e  observations were 
taken through drifting cloud , it  proved p ossib le  to  fla tten  th e  im age backgrounds and  
norm alize each fram e to  th e  brightness o f  the bright source IR S7, so th at em ergence  
light-curves could be m easured for the other sources in  th e  region. D uring the sam e even t  
other telescopes perform ing single-channel p h otom etry  in  th e  sam e con d ition s produced  
noth ing useful.
W here a very bright (u su a lly  sa tu ra ted ) star appears on a fram e the m edian  o f the counts  
in the fram e is biased upw ards. T h is m eans th a t to o  m uch is su b tracted  from  the fram e
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in the sk y-norm alization  process and th e  sky in  th a t fram e appears to o  dark re la tive  to  
the other fram es in  th e  final m osa ic . A perture p h otom etry  on an area o f em p ty  sky in  
these fram es and in the reference fram e allow s the bright star fram e to  be norm alized  
correctly.
3.2.6 D eterm in ing  offsets
W hen the fram es had reached th is s ta g e  the p o sitio n a l o ffsets betw een  each fram e and  
the first (cen tra l) fram e in  the sequence w as found by using  a cursor to  select five stars  
com m on to  b oth  fram es. T h e IR C A M  p ack age’s C E N T R O ID  rou tin e finds the centre  
o f the stellar im ages and th e  m ean co-ord in ate differences g ive  the offsets betw een  the  
fram es. T y p ica lly  the standard  d ev ia tio n  o f the m ean offset w as 0.25 p ixels, a lth ou gh  
it could be as good  as 0.05 p ixel (w hich  is the lim it o f  th e  accuracy o f the centro id ing  
routine) or as bad as 0.8 pixel. Care m u st be exercised  since the centroid ing  routine can  
be confused b o th  by bad p ixels and by other nearby stars.
T he IR C A M  routine SH IF T  w as used  to  sh ift each fram e by the appropriate fraction  o f  
a pixel to  m ake it  an in teger  num ber o f p ixels in  offset from  the central fram e. T his  
routine sim ply  perform s tw o-p o in t linear in terp o la tio n  in  each ax is , thus preserving the  
to ta l flux. Since the sh iftin g  process in volved  an in terp o la tion  the resu ltan t fram es were 
sligh tly  sm ooth ed  w hen com pared w ith  the pre-shift orig inals. To ensure th at th is effect 
was uniform  the central fram e w as also  sh ifted  w ith  the sam e routine. T h e sh ifting process 
left an edge o f unused p ixels on each  fram e, on the s id e (s) from  w hich the shift w as m ade. 
These p ixels w ere set to  zero so th a t the m osa icin g  rou tin e w ould  recognise them  as ‘bad  
p ixels’ and discard them .
T he vertica l overlap betw een  strips w as so sm all th at there w ere not enough stars in  m ost 
fram es to allow  the offset to  be determ ined . T h e offsets w ere taken  as the m ean o f the  
offsets for th ose few  (a t least five) stars th a t could be m easured . A ll the strips run ex a ctly  
parallel to  each other to  w ith in  the errors o f  m easurem ent.
F inally  all 33 fram es w ere m osaiced  togeth er  to  form  th e large area im ages, tak ing the  
value zero as a m arker o f  bad p ixels.
A lthough tw o com p lete  sets  o f  fram es w ere available to  m ake the M 4 m osaic these were 
not com bined in to  one single im age but m ade in to  tw o sep arate M 4 m osaics. T his was
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thought best since the fram es w ere taken in different ob serv in g  con d ition s. T h e profile  
fitting m easurem ents o f  the tw o separate fram es w ere la ter  com bined  to  g ive one set of  
d ata  for the region.
3.3 J itter  frames
The reduction  procedure for the jittered  ob servation s is the sam e as th a t for the large  
area m osaics except th a t the flat-held  w as form ed from  the m edian  filter o f all the im age  
fram es and w hatever sky fram es were availab le. In p ractise  it w as found th at since the  
deep areas had been selected  to  con ta in  no bright stars the m edian  filtered im ages were 
sufficiently clear o f residual ste llar cou n ts to  be used  as the flat-field  in  all cases.
T he fact th at the fram es con ta in  m ain ly  the sam e stars grea tly  speeds up the d eterm in a­
tion  o f the fractional offsets.
3.4 Final frames
T he final large m osaics for b o th  clusters are show n in figures 4 (a ) and 4 (b ). F igure 4 (c )  
show s m aps o f the stars found by D A O P H O T  in th ese tw o  m osa ics. F igure 5 show s one  
of the deep fram es from  M 71, together w ith  a m ap o f the stars found.
4 Using D A O PH O T on IR C A M  frames
D A O P H O T  (S te tso n , 1987) is a w idely  used crow ded-field  p h o to m etry  package w ritten  
at the D om in ion  A strop h ysica l O bservatory. It w as designed  to  be used on C C D  d ata  
where p ixels scales are typ ica lly  o f  the order o f 0 .2 " /p ix e l (a lth o u g h  H esser et a l’s 1987  
observations o f 47  Tuc w ere taken at 0 .5 8 " /p ix e l, com parable w ith  th ose o f  IRC A M ). 
D A O P H O T  w orks by a ttem p tin g  to  fit a  profile, con stru cted  from  b right, iso la ted  stars, 
to the stars on the fram e. T h e fittin g  takes p lace s im u ltan eou sly  for each  group o f up to  
60 stars.
W hilst D A O P H O T  w as used fairly m uch as recom m ended to  find stars and create the  
point spread fu n ction  for each im age, th e  advanced program  A L L ST A R  w as used in  
preference to  D A O P H O T ’s N S T A R  op tion  to  a c tu a lly  do the profile fittin g . A L L ST A R
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Figure 4: (a) The M 7 1 D K  mosaic.
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Figure 4: (b) The M 4 S  mosaic.
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Figure 4: (c) The stars found in M71DK and M4S.
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Figure 5: The M 71D E E P 1J. image and the stars found therein.
was w ritten  by P eter S tetson  as a sim plified  and im proved , stan d -a lon e  version  o f N ST A R  
and SU B ST A R , the profile fittin g  and star su b traction  rou tin es in  D A O P H O T . Its m ajor  
advantages are convenience and speed . W ith  N S T A R  the stars in the lis t  to  be fitted  
have to  be grouped in to  co llection s sm all enough for N S T A R  to  work 011 before the m ain  
program  does the fittin g . W ith  A L L ST A R  the chosen fittin g  radius is su ccessively  reduced  
(if  necessary) u n til each group is sm all enough , w hen the group is fitted  w ith  the m odified  
radius. T h is m eans th at the fittin g  radius is o p tim ised  for each  group. A L L ST A R  com es  
w ith  a w arning th at it is a prelim inary version  and th a t it should  be used  w ith  care. T ests  
quickly show ed th at the o u tp u t from  the IR  fram es w as ju st  as good  from  A L L ST A R  as 
from N ST A R . In add ition  A L L ST A R  w as faster and easier to  use. A ll the D A O P H O T  
m agnitudes derived from  the IR data, have been ob ta in ed  using A L L ST A R .
D A O P H O T  m easurem ents o f  IR C A M  fram es are exp ected  to  be less accurate than  com ­
parable op tica l fram es because:
- fram es are taken  at different tim es and thus m ay have different in trin sic  profiles;
- the poorer sam pling o f  the stellar profile by the sm all IR C A M  pixels m eans that  
D A O P H O T  lias m uch less to  m ake a. profile from  and to  fit a profile to;
- the sm all size o f the IR C A M  fram es m ean th at there is less sky area to  estim a te  
sta tis t ic s  from;
- there are fewer iso la ted , bright stars from  w hich to  m ake the p o in t spread function  
(P S F );
- m ore stars are w asted  by being  to o  close to  the edge o f the fram e to  be m easured;
- the m osaicing  process can degrade the stellar profiles, in trod u cin g  random  errors in 
the photom etry.
Even the large m osaics o f  33 fram es cover on ly  a. quarter o f  the area o f  a typ ica l, single  
CCD fram e. For these reasons it is harder to  use a profile fittin g  package on IR C A M  
frames than  on op tica l C C D  fram es. T h e use o f D A O P H O T  w ill be d iscussed  in  som e  
detail in th is section , together w ith  the resu lts o f  som e te sts  o f  D A O P H O T ’s and IR C A M ’s 
perform ance.
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Chapter 2: Observations and D ata R eduction  
4.1 U se  of D A O P H O T  and optim al param eter  se lection
63
Various param eters m u st be provided for D A O P H O T  to  handle the im age d a ta  and  
perform its  fittin g  op eration s.
The ‘m axim um  good  d a ta  va lu e’ param eter determ ines at w h at level bright p ixels are 
determ ined to  be too bright. T h is param eter is set som ew h at below  sa tu ra tion  so th at  
D A O P H O T  and A L L ST A R  w ill not try  to  fit the sa tu ra ted  cores o f  very bright stars, 
which it w ould oth erw ise m easure as being too  fa in t. T h is w ould  lead  to  the fittin g  o f  
a profile th at w as too  sm all and leave a large residual w ing  around the star th at w ould  
confuse the fits o f  any nearby stars. T h e m axim um  good  d a ta  value is determ ined  to  be 
the above-b ias sa tu ra tion  level thus:
65000 -  37000  M G D  =  -----------------------
texp
T his is the difference b etw een  the m axim u m  p ossib le  value o f th e  d a ta  (2 16) and the  
average bias level in  a  fram e d iv ided  by th e  exposure tim e o f the fram e. Since all the  
fram es are dark-subtracted  and reduced to  1 second 1 co-add th is ca lcu la tion  g ives (a  b it 
less than) the m axim u m  value it  is p ossib le  to  find in a  fram e. For a 35 second fram e M G D  
is set to  800 cou n ts and for a  50 second fram e M G D  is set to  560 cou n ts. Since the sky  
at K takes up b etw een  200 and 300 o f these counts it can be seen th a t the d yn am ic range  
of a 50 second fram e is rather sm all, perhaps 6 m agn itu d es from  th e sky to  sa tu ra tion .
Other param eters th a t are set a t the sta rt o f  a D A O P H O T  session  are: F W H M , the  
fitting radius and the P S F  radius. T h e Full W id th  H alf M axim um  is used as a startin g  
estim ate  o f the w idth  o f the profiles for w hich the F IN D  routine searches. T he se ttin g  
of th is param eter is n ot critica l and th e  value F W H M = 2  w as used th rou gh ou t, being  
estim ated  by exam in in g  the profiles o f  bright stars on several fram es. T his agrees w ell 
w ith  the value found from  the w id th s o f  the G aussian  com p on en t o f  th e  P S F  created  on  
the fram es.
The fittin g  radius is o f  course the d istan ce  ou t to  w hich  the fit is to  be m ade. T he larger  
the fittin g  radius the m ore o f  the stellar profile is used and so th e  b etter  the fit, but 
also the longer it  takes and th e  m ore stars get included  in  each group. If any group has  
more than 60 m em bers the fittin g  radius has to  be reduced. T here is som e ev idence that 
ALLSTA R  tends to  reject a large num ber o f stars if  the fittin g  radius is set large. F igure 6
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Figure 6: The effect o f vary ing  the PSF f it t in g  radius.
shows the RM S p lo ts for the sam e fram e reduced w ith  different fittin g  radii, togeth er  w ith  
a figure w hich sum m arises th ese variations by p lo ttin g  th e  m ean D A O P H O T  errors at 
various instru m en ta l m agn itu d es as a fu n ction  o f fittin g  radius and figures show ing the  
C PU  tim e used and the num ber o f stars fitted . T h e m agn itu d es p lo tted  are in stru m en ta l 
K m agnitudes from  D A O P H O T  w hich  are ~ 5  m agn itu d es larger (m ore p ositive) than  
true m agn itu d es. T hus k = 2 3  corresponds to  K ~ 1 8 . A fittin g  radius o f  2.5 p ixels w as 
chosen as a good  com prom ise betw een  speed , accuracy and com p leten ess.
T he P S F  radius is the d istan ce  ou t to  w hich the profile is defined and is set to  6 p ixels  
based on tria l and error tests . If th is w ere set to o  sm all bright stars w ould  be seen to  
have residual haloes in the su b tracted  fram es, to o  large and the fittin g  w ould take an 
excessively  long tim e.
T he routine SK Y  estim a tes the m od e and standard  d ev ia tion  o f the m ean o f the sky in  
a fram e. T he value for rejecting low  bad p ixels is set to  ten  standard  d ev ia tion s below  
the m ean. T h is m ay  seem  a w ide m argin , but the standard  d ev ia tion  o f the sky is over­
estim ated  because o f  con trib u tion s from  the w ings o f  stars, even  th ou gh  SK Y  attem p ts  
to  correct for th is . If 3<rsfcy is used as the threshold  for ob jects for F IN D  to  record, a 
large num ber o f  stars are m issed  ou t w hich , a lth ou gh  fa in t, are certa in ly  m easurable by  
A LLSTA R . Trail and error exp erim en ts found the o p tim u m  value o f the F IN D  threshold  
to be about 1 <Jsk y  T h e value o f crsky from  th e final star-su b tracted  fram es is som ew hat 
unreliable because is can easily  be b iased  by residuals left w hen a bright stars has not 
subtracted  properly. H ow ever, for th e  larger im ages, w here th is  effect is m in im ised , the  
star-subtracted  o ^ y  is som ew hat low er than  th a t on th e  orig inal fram e, confirm ing the  
choice o f  a  1 o  threshold .
RMS p lots (D A O P H O T  m agn itu d e aga in st D A O P H O T  estim a ted  fittin g  error) can be 
used to  assess the success o f  successive itera tiv e  fittin g  procedures, a lth ou gh  care m ust be 
exercised in  th ese com parisons since it  is com m on for there to  be a change in  zero-point  
betw een different P S F s. T h is difference is m ost pronounced at the start o f  the itera tive  
process, when the P S F  is changing rapid ly  (h op efu lly  for the b etter) b etw een  successive  
versions.
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Chapter 2: Observations and D ata  R eduction  
4.1.1 D A O P H O T  sequence.
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A lthough the basic procedure is sim ilar to  th a t recom m en ded  by S te tso n  and other users 
o f D A O P H O T  it is w orth  se ttin g  dow n th e  exact step s in volved  in  using  D A O P H O T  on 
an IR C A M  fram e. (S K Y , F IN D , P H O T O , etc  are routines w ith in  D A O P H O T ).
- SKY: estim a tes  the sky value and noise (a ) in  the sky over the w hole fram e
- FIN D : searches the fram e for peaks ab ove th e  g iven  threshold  value, discarding  
pixels below  the given  bad p ixel threshold
- P H O T O : perform s aperture p h otom etry  on the stars found
- PSF: construct a P S F  from  bright iso la ted  stars on the fram e
loop:
- fit (N S T A R /A L L S T A R ) the orig inal fram e w ith  new  P S F  (o u tp u t to  A L S /N S T  file)
- SU B ST A R : subtract all the fitted  stars from  th e original fram e
- D A O C U R S: m ark up any ex tra  stars th a t are found in the su b tracted  fram e
- edit out P S F  stars from  A L S /N S T  file.
- SU B ST A R : subtract ou t all but the P S F  stars
- PSF: construct a new  P S F  from  th is su b tracted  fram e
end loop
C aution m ust be exercised  w hen adding ex tra  stars in to  the co-ord in ate lis t  file as trying  
to fit som eth in g  w hich is actu a lly  a residual m ay cause A L L ST A R  to  fa il to  fit b oth  it  
and the star o f  w hich it  is a residual. T here w ere u su a lly  8-15 stars m aking up a final 
P S F , and as m any as 8 itera tion s w ere necessary  for th e  P S F s to  stop  changing betw een  
iterations.
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4.2 A ccu ra cy ,  r e p e a ta b i l i ty  and c o m p le te n e s s
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There are a num ber o f qu estion s th a t need to  be answ ered regarding the b est w ay to  
get the m ost ou t o f IR C A M  m osa ics. For in sta n ce , does m osa ic in g  w ith  fractional p ixels  
represent any gain over in teger sh ifts w hen the resu ltan t sm o o th in g  is taken in to  account ? 
W hat in ternal accuracy can be exp ected  from  the D A O P H O T  fittin g  procedure ?
4.2.1 Comparison o f  2 independent data sets: part I
Frames 95 and 104 from  the set IRCAM _7JUL88_2 are th e  start and end fram es o f  the  
first M 71D E E P 1 m osaic . T h ey  are thus n om in ally  centred  on th e  sam e p osition  and can  
therefore be com pared easily . F igure 7 show s the m atch  in p o sitio n  and m agn itu d e o f  the  
two fram es and the RM S p lo t for one o f the fram es. T he RM S plot for the other fram e is 
alm ost ex a ctly  the sam e. T here is a sligh t zero-poin t sh ift in b oth  p ositio n  and m agn itu d e  
betw een the fram es. T h is is qu ite  norm al for fram es reduced w ith  different P S F s. T he  
fram es m atch  in m agn itu d e as w ell as can be exp ected , th a t is , the sca tter  b etw een  the  
tw o sets o f m easurem ents is the sam e as the D A O P H O T  errors for th o se  m easurem ents. 
T he envelope p lo tted  in  figure 7 (b ) is sim ply  the m ean curve through the R M S p lo t in  
7(c).
4.2.2 Comparison o f  2 independent data sets: part II
M 71D E E P 1J. and M 71D E E P 1-2  are m osaics o f  th e  sam e sm all area o f  M 71 m ade up 
from tw o different sets o f  fram es. T h ese provide the id ea l o p p o rtu n ity  to  exam in e the  
repeatab ility  o f  D A O P H O T  m easurem ents on IR C A M  fram es.
For M 7 1 D E E P l_ l D A O P H O T ’s SK Y  rou tin e found a  m ean value o f  293 and a  standard  
deviation  o f 0.8 for the sky p ixels on the fram e. FIN D  (w ith  a threshold  o f  2 above the  
sky and a m in im um  good  d a ta  value o f 280) listed  99 stars. For M 7 1 D E E P 1 .2  SK Y  found  
304 ±  0.7 and F IN D  (th res lio ld = 2 , m in im um  good  d a ta  v a lu e= 2 9 0 ) listed  101 stars. B oth  
frames were m easured w ith  A L L ST A R .
The m atch  in figure 8 show s th a t again  the stars m atch  to  w ith in  their error estim a tes . 
The m ean difference b etw een  the tw o sets is 0 ^ 1 7  ±  0 .04  from  all p o in ts m atch ed  up w ith  
a separation o f less than  2 p ixels. For on ly  the b righ test stars (K ~ 1 5 -1 6 .5 )  th is is reduced
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F ig u re  8: The match between M71DEEP1_1 and M 71D E EP 1.2 . 
to  0.028 ±  0.008.
4.2.3 Self m easurem ent
One test involved m aking an artificial copy o f one o f the m osa ics, using  th e  m easured  
profiles to  construct the stars, then  re-m easuring it  to  see how  w ell the profiles fitted  
them selves. Fram e M 71 D E E P 1 J . w as used , on w hich  99 stars had  been found. T he  
artificial fram e w as con stru cted  thus:
- divide M 71DEEP1_L by itse lf  —» fram e o f l ’s
- x  293.5  (m ed ian  o f M 7 1 D E E P 1 J .) —> blank fram e a t sky leve l o f  original (th is  is 
necessary lest S U B S T A R  treat all the p ixels as bad)
- SU B ST A R  .ALS list —► fram e fu ll o f  n eg a tiv e  stars
- - 293.5
- x  -1
- +  293.5  —► artificial fram e w ith  these stars
and then m easured to  see how  w ell th e  profiles fitted  th em selves.
- D A O P H O T
- SK Y  —> 293 w ith  a standard  d ev ia tion  to o  sm all to  be m easurab le
- FIN D  threshold  =  2, m in good  d a ta  =  280 (sam e as for M 7 1 D E E P 1 J . fit)
—> 92 stars.
- PH O T O
- A L L ST A R
T he derived m agn itu d es can now  be com pared to  th ose  m easured  on th e  original im age  
frame. If a fittin g  radius o f  5 p ixels is used a non -lin earity  is apparent: the stars appear  
too faint in one fram e as a fu n ction  o f m agn itu d e, so th at th e  artificia l stars w ith  k = 2 4  
are 0"'4 brighter. T he RM S d ev ia tion  from  the m ean lin e , i.e . th e  in tern al sca tter , at 
k = 2 4  is A k ~  0.1 . If a fittin g  radius o f  2 .5  p ixels is used th e  difference betw een  th e  tw o  
fits becom es flat w ith  k and A k = 0 .2 5  at k = 2 4 . T h is is ea sily  explained: th e  P S F  was 
constructed  on the original im age fram e w ith  the fittin g  radius set to  2.5  p ixels so the  
m agnitude scale w ill not be linearly  related  to  one m easured w ith  tw ice  the fittin g  radius 
if  a significant in ten sity -p rop ortion a l, non -G au ssian , w ing  is present in  th e  real stellar  
profiles. Such a w ing is on ly  p artly  dealt w ith  by the scaled  residuals com p on en t o f  
the D A O P H O T  P S F . Som e other profile fittin g  packages m ake m ore allow ance for th is , 
ST A R M A N  for in stan ce, fits b o th  L orentzian and w ide G aussian  com p on en ts, as w ell as 
an em pirical residual tab le  (see  S tetso n , D a v is and C rabtree (1 9 9 0 ) for further d iscussion  
and references). A lso , the fittin g  radius o f  5 provides m ore p ixels to  fit to  and so the  
estim ated  errors on the fits are sm aller. For com parison , on the orig inal M 71 D E E P 1 J . 
frame the average error estim a ted , w ith  a  fittin g  radius o f  2 .5 , for a star  w ith  k = 2 4  w as 
A k ~ 1 .5 . A s exp ected  the error in troduced  in the fittin g  procedure is m uch less than  the  
random  errors caused by the noise in  the d ata .
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4.2.4 Internal errors and com pleteness
Follow ing on from  the la st section , the in tern a l errors and com p leten ess o f  th e  D A O P H O T  
reduction can be assessed  by adding artificial stars to  a fram e w ith  the A D D S T A R S  
routine w ith in  D A O P H O T . T h is allow s a  num ber o f artificia l stars, based on  a  given  
P SF , to  be created  over a  g iven  m agn itu d e range and added  in to  one o f  the m osaics at 
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K m a g n itu d e
K m a g n i tu d e  in M71DK
Figure 9: The completeness and internal error curves fo r M 71D K . The dashed line is a model 
prediction.
T able 3: The internal errors and completeness fractions fo r M71DK
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K Fraction Internal K Fraction  Internal
R ecovered Error R ecovered  Error
11.0 1.00 < 0 .0 1 15.0 0.86 0.03
11.5 1.00 < 0 .0 1 15.5 0.73  0 .06
12.0 1.00 0.01 16.0 0 .54  0.13
12.5 1.00 0.0 16.5 0.34  0 .22
13.0 1.00 0.02 17.0 0 .18  0 .38
13.5 1.00 0.0 17.5 0 .07  0 .55
14.0 0.98 0.02 18.0 0.00 0 .75
14.5 0.94 0.0
w ith the in p u t stars. F iv e  versions o f  M 71D K  w ere created w ith  100 ex tra  stars in  each. 
The stars covered the range 1 1 < K < 2 2  and represent a 10% increase in  th e  num ber o f stars  
in the fram e, as recom m ended by S tetso n  (1 9 8 7 ). D A O P H O T  m anaged  to  find and fit 
about h a lf o f  these stars. F igure 9 show s the resu ltin g  com p leten ess curve and the in ternal 
error curve, e stim a ted  from  the differences betw een  the D A O P H O T  m easurem ents and  
the input param eters o f  the stars. T h ese d a ta  are sum m arized  in  tab le  3. Show n in  the  
internal error p lo t is a. representative m odel pred iction  o f  the errors. T h is is based  on a 
sim ple m odel o f  the flux d istrib u tion  o f a p o in t source on the array and considers the sam e  
number o f p ixels as the A L L ST A R  fits. T his s im p listic  m odel considers on ly  the P oisson  
\ /n  noise on the dark, sky and star counts and th e  read-noise o f ~ 4 5 0  electrons in  each  
co-add and is thus very m uch a lower lim it o f  th e  p ossib le  error. E xam p le sy n th etic  star  
im ages w ere considered for pairs o f  fram es con sistin g  o f  50 co-adds o f  0 .5s each. T he count 
rates com e from  scaled counts m easured for an exam p le star o f  know n m agn itu d e, w ith  all
the counts converted  in to  num bers o f  e lectrons (1 D N  (IR C A M  D a ta  N um ber) ~  24 e ~ ) .  
For the brighter m agnitudes the agreem ent b etw een  m od el and theory is exce llen t. T he  
bump in the observed error curve b etw een  12th  and 14th  m agn itu d es is a lm ost certa in ly  
not real, being an artefact o f  the sm all num ber o f stars sam pled  in  th is region. For 
the fainter m agnitudes the errors are observed  to  be larger for a g iven  m agn itu d e than  is 
predicted by the sim ple m odel. T h is is to  be exp ected  since, for th e  fa in ter m agn itu d es, the  
om issions from  the m odel are m ost sign ificant. T h ese  in clu d e the seein g  and transm ission  
variations th at in trod u ce ex tra  noise in to  th e  sky, the broadening o f the stellar profile 
by m osaicing errors, sky noise caused by the background o f u n reso lved , fa int sources and  
the in trinsic variations o f the bias and dark cou n ts. E ither m aking the fu n ction  m ore  
sharply peaked than  observed , or using a larger num ber o f p ixe ls , b o th  o f w hich  increase  
the num ber o f low -level p ixels and hence degrade th e  s ign a l-to -n o ise , can m ake the tw o  
curves agree very w ell at all m agn itu d es. C onsidering th e  s im p listic  n ature o f  th e  m odel 
the present agreem ent is excellen t.
4.2.5 Fractional pixel mosaics - are th ey  worth it ?
W hen using a. program  such as D A O P H O T  it is im p o rta n t to  preserve as m uch in form ation  
as possib le about the shape o f  each star throu gh ou t the red u ction  procedure. For in stan ce, 
sm ooth ing  the im ages to  m ake them  look  nicer w ould  change th e  sh ap e o f  the profiles. 
The m osaicing routine in  the IR C A M  reduction  package on ly  w orks w ith  in teger p ixels, 
in th is case th at m eans th at it can on ly  overlap  im ages to  the nearest 0.3" (h a lf a p ixel). 
D A O P H O T  and A L L ST A R  are capable o f  fittin g  a profile to  m uch greater accuracy  
than th is, so it  seem s th at in form ation  is being lo st as the im ages are m osaiced  together  
and any offset sm aller than  h a lf a p ixel con trib u tes to  sm earing  out th e  profiles. W orse  
still, th is residual offset w ill be different for different fram e com b in ation s so th at stars 
in different parts o f  a m osa ic  w ill have different profiles. T h is produces random  errors 
in the photom etry . T he SH IF T  routine allow s an im age to  be m oved  by a fraction  o f a 
pixel by re-sam pling th e  im age by in terp o la tion . Som e te s ts  w ere perform ed to  see i f  it 
was possib le to  m easure the fractional sh ift b etw een  fram e su ffic ien tly  accurately  to  m ake 
precise fractional m osaicing  possib le.
The set o f fram es th a t go to  m ake up the M 71D E E P 1  area w ere reduced norm ally  and  
also w ith  fractional p ixel sh ifts. A  P S F  w as con stru cted  on each  o f th ese tw o  m osaics,
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since the fractionally  sh ifted  im age conta ined  sm ooth ed  profiles and w ould  not be fitted  
properly by the orig inal P S F . B oth  fram es w ere m easured  and the resu lts com pared. 
No zero-point shift w as ev id en t b etw een  the tw o d a ta -sets  but the RM S plot for the  
‘fractional’ fram e appears sign ifican tly  b etter  w ith  A k ~ 0 .3  at k = 2 3  as com pared to  0.6  
for the ‘norm al’ fram e. T h e p o sitio n s o f  m ost stars m atch  to  w ith in  0 .2  p ixels b etw een  the  
fram es, a lthough ~15%  are betw een  0 .2  and 0.5 p ixels different. In th e  (V -K )-K  C M D  
several (5 out o f  ~ 1 0 0 )  anom alous stars com e back in  to  agreem ent w ith  the m ajority  of  
the d ata  if  the fraction al-sh ift d a ta  is used in stead  o f  the in teger-sh ift d ata . C learly, in 
this case, fractional sh iftin g  has been  w orthw hile.
A nother test involved  the M 4 d ata . T he im age-set M 4D E E P  w as reduced as norm al 
and also w ith  all the fraction a l offsets set to  0.5 in  b o th  co-ord in ates. T h is w as to  
investigate w hether the fraction a l offsets w ere really  w orth  the effort by com paring tw o  
fram es that had both  received th e  sam e sm o o th in g  through in terp o la tion . T h e m ean  
difference betw een  the tw o sets  o f  m easurem ents is -0 .002  ±  0 .003  and all the stars are 
the sam e on b oth  fram es to  very m uch less th a t their D A O P H O T  error estim a tes .
T he conclusion m ust be th a t fraction a l p ixel sh ifts are alw ays w orth  doing, since it  does 
no harm to  a ttem p t them  even  w hen the d a ta  are n ot good  enough for sh ifts o f  less than  
half a. pixel to  be m ean ingfu l. A ll th e  final d a ta  have been reduced using fractional sh ifts.
4.2.6 R eduction artefacts and crowding problems.
One possib le cause o f  sy stem a tic  or random  errors in the final m easured num bers from  
the IRCAM  m osaics is broadening o f stellar profiles due to  incorrect m osaicing . For 
tw o frames w here incorrect offsets have been used a. star m ay seem  to o  faint because its  
profile lias been broadened, or the tw in  peaks m ay be id entified  as tw o different stars. 
The problem  is w orst for the strip  m osaics w here each  stellar im age in the final m osaic  
contains on ly  tw o to  four im ages. To exam in e th is problem  th e M 71D K  m osaic  w as 
divided vertica lly  in to  five bands, bands 2 and 4 covering the regions o f  overlap betw een  
the three strips th at m ake up M 71D K , so th a t m ost star  im ages con ta in  con trib u tion s  
from 4 ind iv idual fram es, and bands 1, 3 and 5 covering areas free o f  th ese overlaps, where 
there are on ly  2 im ages in each star. E ach band con ta in s b etw een  160 and 220 stars. T he  
resulting C M D s are show n in figure 10.
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E xam ination  o f the C M D s for th ese five bands show s th a t there is no apparent difference 
betw een the bands w ith  and w ith o u t the overlap region. T h is confirm s th e  success o f the  
m osaicing process. T h e tw o bands nearest the cluster centre (4  and 5) show  considerable  
scatter because o f  crow ding and the presence o f  sa tu rated  im ages.
4.2.7 Final adjustm ents to the data
The first ‘qu ality  filter ’ applied  to  the d a ta  w as to  look  a t th e  RM S p lot and define a 
curve by hand, sim ilar in shape to  the low er en velop e o f  the d a ta , ab ove w hich  all data  
would be rejected . T h is is sim p ly  an ap p lication  o f the correlation  o f error w ith  brightness  
expected  in any photom etry .
The raw fram es for each final im age w ere exam ined  to  look for sa tu rated  p ixels th at lay  
w ith in  stellar im ages. A n y  such stars w ere discarded from  final d a ta -sets .
It w as found th a t stars on the edge o f  a fram e can appear to  be m easured w ell by  
D A O P H O T , som etim es even  w hen on ly  h a lf o f  the star is recorded ! D A O P H O T  m akes 
som e a ttem p t to  m easure th ese stars correctly  but in  general th ey  w ere found to  be de­
viant in various co lour-m agnitude p lo ts. A ll stars w ith in  one fittin g  radius o f  th e  edge of 
the fram e w ere rem oved from  the final ALS files. A s exp ected , th is w as found to  reduce  
the scatter in  the C M D s. T h e procedure rem oved ~ 1 5  stars from  the larger m osaics and  
~7%  of all stars in  the deeper fram es.
The pairs o f  m easurem ents for the tw o deep areas in  M 71, tw o  o f  the deep areas in  M4 
and the large m osaic  in M 4 w ere com bined  to  g ive  a single  data, set for each area. For 
stars w hich w ere identified  in  b oth  fram es a w eighted  m ean w as taken , for p osition  and  
m agnitude.
The final d a ta -sets  are listed  in  ap p en d ix  A .
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5 Constructing CMDs and fiducials
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5.1 M a tc h in g  I R  and o p t ica l  d a ta
A ll d a ta  were put in to  a standard  file form at (D A O P H O T  A L S /N S T ) con ta in in g  star  
num ber, x , y  p o sitio n , m agn itu d e and error estim a te .
A STARLINIv routine, X Y F IT , to  find a lea.st-squa.res’ s ix  param eter transform ation  
betw een tw o sets  o f stars, w as m odified  to  work w ith  D A O P H O T  A L S /N S T  files. T his  
fit allow s reflection , ro ta tion , stretch  and shear betw een  the coord inates. O ther routines  
were w ritten  to  d isp lay  the ALS data  as m ap s, and to  m atch  up different ALS files to  a 
given p osition a l to lerance once th ey  had been sh ifted .
T he procedure to  m atch  tw o d a ta  sets  is as follow s:
- U se D A O JM A P to  p lot stars then cross-id en tify  at least 6 bright ones;
- for th ese stars change id en tifica tion  num bers o f  1st d a ta -set to  th ose  o f the other;
- run D A O _X Y F IT  to  find the tran sform ation  co-efficients;
- use D A O .X Y T R A N  w ith  these co-efficien ts to  convert 1st set co-ords to  2nd set 
ones;
- use D A O -C O M B IN E  to  m atch  th e  tw o sets  to  a. g iven  p ixel tolerance;
- p lot m agn itu d e and d istan ce  residuals and se lect g o o d  stars.
H aving been through th is procedure once it is p ossib le  to  itera te  by choosing  all the stars  
that fit to , say, 1 p ixel and using  X Y F IT  again  w ith  th ose  stars. T he procedure converges  
rapidly, a lthough  for sm all data, sets  6 itera tio n s w ere o ften  required to  ach ieve the desired  
level o f constancy.
For the final m atch in g  o f  tw o  d ata -sets a m axim u m  good  separation  w as found from  the  
distance residual p lo t o f  the m atch  (as in  figure 7). In all cases a value w as apparent 
below  w hich m ost separations clum ped. T h is va lue w as betw een  1.5 and 2.0 p ixels in  
all cases (i.e . ~ l iT). T he d a ta  w ere a lso  exam in ed  for m u ltip le  m atches. A  routine  
(D A O JD O U B L E S) a u tom atica lly  d isp layed  the regions from  b oth  im ages around any
stars th at w ere m atch ed  w ith  m ore than  one star in  th e  o th er d a ta -se t. T h e user could  
then decide w hich star w as the correct m atch , or sim p ly  to  reject b o th  m atch es. It w as 
found to be qu ite com m on for tw o close stars in  one d a ta  set to  be identified  as one star  
in the other d ata , w ith  a  p ositio n  ap p roxim ately  determ ined  by the in ten sity -w eigh ted  
m ean o f the tw o s ta r s’ p ositio n s. N atu rally  th is w as m ost com m on ly  a  pair in  the op tica l 
data m atch in g  w ith  a single star in the IR d ata , since the sm aller p ixels in the op tica l 
data allow  b etter  source separation . In these cases the m atch es w ere b oth  rejected.
5.2 F id u c ia ls
F iducial sequences for the m ain sequences w ere ca lcu lated  in th e  m anner a d voca ted  by  
Hesser et al (19 8 9 ) in  their op tica l work on 47 Tuc. T aking a set m agn itu d e increm ent 
the m ean and standard  d ev ia tion  o f the colour o f all the stars in  each  m agn itu d e interval 
was calcu lated  all the w ay dow n the m ain sequence. A n y  star  greater than  a g iven  colour  
difference from  the m ean w as rejected as a. field star. A fter reca lcu la tion  o f  the m ean and  
standard d ev ia tion  any star m ore than  the given  num ber o f standard  d ev ia tion s from  the  
m ean was rejected . T h e m ean m agn itu d e o f  the rem ain ing stars w as ca lcu la ted  and the  
resulting fiducial poin t recorded as the m ean colour and m agn itu d e, b o th  w ith  standard  
deviations. T h e stars not rejected  w ere also recorded. F igure 11 show s an original C M D , 
the fiducial p o in ts derived from  it and the stars th at m ake up the fiducial sequence. T his  
sequence has been con stru cted  by considering the d a ta  in  0'b25 b ins, rejecting field stars 
at 0^6 from  the m ean colour and cu ttin g  the d a ta  at 2.5<r. Som e m agn itu d e bins conta in  
very few  stars and are discarded for isochrone fittin g  purposes. T here is a sm all bias 
in operation  in  th at if  the d istr ib u tion  o f stars is such th at there are m any m ore near 
either the top  or the b o tto m  o f a m agn itu d e in terval, and th e  real sequence is a  curve, 
the fiducial p o in t w ill be biased aw ay from  the correct line. If the real sequence is a 
straight line the bias takes p lace a long th is lin e  so the so lu tion  is to  chose the m agn itu d e  
increm ent to  be sm all enough th at the fiducial is ap p rox im ately  stra igh t through each  
interval. It is ironic but perhaps the u ltim a te  test o f  th is fittin g  procedure is th at the  
derived fiducials agree w ith  the best fit line drawn by eye through th e  d ata . T h e reader 
m ay w ish to  perform  th is exp erim en t w ith  the d a ta  in  figure 11.
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Having reduced the d a ta  to  final fram es and m easured th em  using D A O P H O T  it is tim e  
to  calibrate the derived K m agn itu d es. It w as show n in th e  la st chapter th at IR C A M  
photom etry is free o f  n on -lin earity  over a w ide m agn itu d e range. T he ca lib ratin g  data, for 
the tw o clusters are insufficient to  test th is further. T h e ca libration  o f b oth  the present 
K p h otom etry  and past stu d ies at K and V  is d iscussed  for b oth  M 71 and M 4 in the 
follow ing section s.
C alibration o f near-IR  p h otom etry  is generally  m ore difficult than  is the case for op tica l 
data, since the standards are m uch m ore sparsely  d istr ib u ted  around the sky and are 
often on ly  accurate to  1% th em selves (see  chapter 1). For cluster work there is very  
little  previous K -band p h otom etry  availab le, and certa in ly  no reliable sequences covering  
a wide range in m agn itu d e, as is the case at V  in m an y  clusters. T h e sm all size o f the 
IR fram es m eans th at there are likely  to  be few  stars w ith  ex istin g  p h otom etry  included , 
whereas a  C C D  fram e m ay allow  in clusion  o f  a cluster p h otom etric  sequence in  the area  
of in terest.
6.1 M71: K Zero-points
There are tw o w ays to  tack le  the problem  o f  finding the zero-poin t o f  the D A O P H O T  
m agnitudes found for the stars on the m osa ic  M 71D K . F irstly  the previous infra-red  
observations o f stars w ith in  the field can be used. T h is includes sp ecia lly -tak en  sin g le­
channel ph otom etry  from  U K IR T  for b o th  clusters. Secondly  the zero-poin t found from  
the standards th at w ere observed  at the sam e tim e as the cluster fram es can be used.
No attem p t has been m ade to  correct the IR C A M  observations for a ir-m ass. Since M 71 is 
very w ell p laced from  U K IR T  the observations th a t m ake up the m osa ic  cover an air-m ass 
range o f on ly  1.00 - 1.10. A p p ly in g  the typ ica l ex tin c tio n  coefficient found at U K IR T for 
K observations (0 T 0 6 /a irm a ss) th is leads to  a  difference o f less than  1% betw een  fram es. 
The 6-7% to ta l ex tin c tio n  correction  (i.e . to  zero air-m ass) th at applies to  th ese d a ta  is 
left as a com ponent o f  the zero-poin ts derived below .
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Frogel, Persson  and C ohen (1 9 7 9 , F P C 7 9 ) presented  JHK p h otom etry  for 25 g ian t in  the  
region o f M 71. T h ese stars can be used to  ca librate the IRC A M  K p h otom etry  through  
aperture p h otom etry  on the M 71D K  m osa ic . T h e relations presented  by B essell and  
Brett (1988) show  th a t there is no practical difference betw een  their CTIO  system  and  
the present U K IR T  system  (see  chapter 1 for further d iscu ssion ).
6.1.1.1 FC P 79 stars N  and C
F PC 79 stars N and C are ju st  to  th e  sou th  o f the large m osaic M 71D K  but lie  on the  
M 71N1 test str ip , 7 2x50s fram es in  an E W  m osaic . E xam in ation  o f  the raw fram es o f  
this strip show ed th at 3 central p ixels o f star N wrere sa tu ra ted  in fram e 41 o f  th e  second  
container file o f  the n igh t o f  1988 M ay 20 and th a t there w ere no sa tu rated  p ixels in  or 
near star C w hich appears in  fram es 42 and 43. T w elve  bright stars w ere selected  in  
the overlap region b etw een  M 71D K  and M 71N 1. T h e STA R LIN Iv aperture p h otom etry  
package P H O T O M  (see chapter 1) w as used w ith  a 12 p ixel (~ 7 " )  aperture to  m easure  
these stars in  b o th  fram es. T h e sky w as taken  as the average o f th e  sam e 5 areas on  b oth  
frames. T he tw o sets w ere found to  be the sam e w ith in  the P H O T O M  error estim a tes  
for all but one star , w hich on ly  ju st exceeds th is m atch . T h e resu lts, listed  in  tab le  4 and  
illustrated in  figure 1 2 (i)-( iii) , w ere also com pared to  the m easurem ents o f  the sam e stars  
m ade using D A O P H O T  on M 71D K .
The correlation betw een  the tw o  sets o f  P H O T O M  num bers is g ood , but in  the p lo ts o f  
D A O PH O T  m agn itu d es aga in st P H O T O M  stars Iv and L lie  off the relation . B o th  these  
stars have nearby com panions w hich h ave caused  the cen troid in g  procedure in  P H O T O M  
to m iss the centre o f  the star. D A O P H O T  has not had any problem s since the com panion  
stars are fitted  at the sam e tim e. A lso  crow ding con tam in ation  is becom ing im p ortan t  
at these fainter m agn itu d es. T h e re la tive  zero-p o in ts in  tab le  4 have a w eighted  m ean o f  
24.77 ±  0.02 w hen stars K and L are excluded .
FPC 79 used apertures o f  7.5" and 10" for their  m easurem ents and selected  the reference 
beam  location  to  be as free o f  stars are p ossib le . T h ese m easures should  be d irectly  
com parable to  th e  P H O T O M  m easurem ents m ade here. U sing  the correlation o f M 71N 1  
PH O TO M  k w ith  M 71D K  D A O P H O T  k, k for F P C 7 9 ’s stars N and C can be found and
exai/Jt'ioHdova.»
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Table 4: M atch o f P H O T O M  in M 71D K  and M 71N1 and D A O P H O T  in M 71D K
Star PH O T O M  M71N1 PH O T O M  M 71D K  D A O P H O T  Relative zero-point
k err k err no. k err M 71DK (PH-
A 41.67 0.02 41.66 0.02 37 16.90 0.03 24.76 0.04
B ( 41.13 0.02 41.08 0.02 ) 84 17.15 0.04 — -
C ( ) 109 16.82 0.05 — -
D 41.23 0.01 41.22 0.02 45 16.46 0.02 24.76 0.03
E 41.83 0.03 41.82 0.03 105 17.04 0.04 24.78 0.05
F — — 41.74 0.03 121 16.90 0.02 24.84 0.04
G 43.24 0.05 43.18 0.05 34 18.40 0.02 24.78 0.05
H — — 43.77 0.07 116 18.98 0.04 24.79 0.08
I 43.27 0.05 43.20 0.05 42 18.48 0.04 24.72 0.06
J 44.94 0.14 44.69 0.12 48 20.05 0.06 24.64 0.13
K 44.10 0.08 43.87 0.07 83 19.78 0.05 24.09 0.09





i) the errors quoted are those given by PH O T O M  or D A O P H O T  as appropriate;
ii) stars B and C were so close together that P H O T O M ’s centroiding procedure put them both in 
the same aperture;
iii) stars F and H were too close to the edge of  M71N1 to be measured.
Table 5: Zero-poin ts from  FPC photom etry, part 1
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Star F P C 79 Iv k( D A O PH O T,M 71D K ) Zero-point
C 11.58 0.03 16.51 0.02 4.93 0.03
N 10.51 0.03 15.49 0.02 4.98 0.03
hence zero-points for k. The FPC 79 and present m agnitudes of the tw o stars are given in 
table 5, along w ith the resultant zero-point estim ates.
The errors in the derived M 71DK m agnitudes of the two stars are estim ated from the 
goodness of fit in the bright region of the correlation (k < 17 .5 ).
Knowing that the im age of star N is saturated it is expected to appear fainter than it 
should, which means the zero-point will be larger. Fortunately, this is what is found !
This is not the com plete story however; star C has a nearby com panion that is included  
in the larger aperture and on the edge of the smaller one. Using D A O PH O T to do a 
preliminary fit to the stars in this frame it is possible to subtract out all the stars around 
star C. Simple aperture photom etry on the original frame and on the cleaned frame give 
a contam ination correction for the FPC 79 m agnitude. (PH O TO M  cannot be used since 
it finds a sky estim ator from the mode of the pixels in the sky aperture, thus elim inating  
all but the worst contam ination).
The results of the photom etry are given in table 6. The PSF from the M 71DK frame 
was used to fit these stars and the RMS plot and the final subtractions were judged to 
be adequate in the region of interest. The agreement of the photom etry from the cleaned  
frame to 1% and 2% for the two sky apertures shows this to be reasonable. The increase 
of 2-3% seen between the aperture sizes m ay have som e contribution from the wings of 
the stellar profile of star C, but is m ainly due to the residual of the com panion star.
Table 6: Establishing contam ination  corrections in M 71N1
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normal frame subtracted frame
6 pixel 8 pixel 6 pixel 8 pixel
sky #1 41.29 40.95 41.37 41.36
sky #2 41.40 41.05 41.38 41.34
Note: sky #1 was chosen as the best nearby sky area and sky #2 as the worst, with two faint stars visible 
in it.
Unfortunately, Frogel (private com m unication, 1991) no longer has a record of the aper­
ture sizes, or chop am plitude or direction used for his photom etry in 1977. This leaves a 
range of possibilities. The best possible case is where they used the 7.5 11 aperture for 
all the stars and were able to select the cleanest pieces of sky for the reference beams. 
In the worst case they would have used the 10" aperture, including com panion stars, or 
selected a contam inated sky. Of course contam ination in both main and reference beams 
could lead to partial cancellation of these errors.
In the best case contam ination corrections are 0.08 and 0.41 for the small and large 
apertures respectively. From table 6 it can be seen that choosing the wrong sky could 
lead to an error of up to 0 .10, choosing the wrong aperture to an error of 0.35. This is 
a rather sad state of affairs, which means that for the worst case of sky contam ination  
FPC79 may have measured a m agnitude 0.02 too faint and for the worst case of main beam  
contamination they m ay have been 0.41 too bright. In the best case their K m agnitude 
for star C would have been 0.08 too bright due to the companion star on the edge of the 
main beam. The PH O TO M  result and zero-point in table 5 are for this ‘best case’, but 
if FPC79 were unlucky in their choices the zero-point could be as low as 4.59 or as high 
as 5.04. To summarize, the contam ination-corrected zero-point for FPC 79 star C is 4.85, 
but a large error estim ate of ±  0.25 m ust be assigned to cover all likely possibilities.
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6 .1 .1 .2  F P C 7 9  s t a r s  1 8 ,  19  a n d  21
8 6
FPC79 stars # 1 8 , 19 and 21 are w ithin the M 71DK m osaic. Unfortunately analysis of 
the original raw frames shows that #21  is saturated on the two frames that it appears 
on. During the same observing run that produced M 71DK the sam e area was observed at 
a shallower exposure (8 co-adds o f 7s) and these frames have been combined to produce 
the mosaic M71SK. On these frames # 2 1  is not saturated. Thus, in order to use # 2 1  as 
a calibrator for M 71DK it is necessary to relate the m agnitude scales of the two mosaics.
DAOPHOT was run on the shallow m osaic, in itially  using the PSF found on M 71DK, 
and then with a PSF derived from stars on the frame. The D A O PH O T photom etry is 
a poor match to M71DK at faint m agnitudes but has measured the brighter stars well. 
The measured m agnitudes m atch well for the m agnitude range of interest, and a simple 
straight line regression was fitted (see figure 13). The measured value o f 1cm7isk  for # 2 1  
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Figure 13: M agnitude m atch between M 71D K  and M 71SK.
Again contam ination corrections were calculated by performing sim ple aperture photom ­
etry on the stars in the original frames and in frames w ith all the nearby stars removed. 
These results are given in table 7.
The errors are estim ates com ing from measurem ents made w ith PHO TO M  on the clean 
frame. This tim e the contam ination corrections m ust be applied to the FPC79 m agnitudes 
before the zero-point is calculated since a. comparison is being attem pted between aperture 
photometry and profile fitting photom etry. The results are in table 8 .
T ab le  7: C ontam ination  corrections fo r FPC stars on M 71D K
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star sky k k
X y x  y  M 71DK c l e a n Diff err
12” pixel diam eter aperture
18 273 116 284 102 41.39 41.60 0.21 0.04
19 257 125 252 138 41.66 41.66 0.00 0.03
21 174 134 158 121 39.52 39.55 0.03 0.01
16" pixel diam eter aperture
18 273 116 283 103 41.16 41.64 0.48 0.03
19 257 125 251 137 41.79 41.77 -0.02 0.03
21 175 134 155 118 39.50 39.52 0.02 0.01
T h e  erro rs o n  k' a re  e s t im a t e d  fr o m  th e  RMS d e v ia t io n  o f  th e  s t r a ig h t  l in e  f it  t o  th e  
b r ig h t s ta r  d ata .. T h e  d e r iv e d  k 'D K -m a g n itu d e s  o f  s ta r s  18 a n d  19 c a n  b e  c o m p a r e d  w ith  
th e  m a g n itu d e s  a c t u a l ly  m e a s u r e d  in  M 71DK. T h e  k' a n d  k fo r  th e s e  s ta r s  a g r e e  w ith in  
th e ir  erro rs {2 a) .
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Table 8: C alibra tion o f star 21 on M71DK
F P C 7 9 # D K #  S K # a.'DA’ y  DA- DA- err k .S  A" err y^  DA- err
18 551 551 273 116 16.93 0.03 16.86 0.02 16.80 0.08
19 591 591 257 125 16.98 0.03 16.91 0.03 16.85 0.08
21 628 175 134 ---- --- * 14.57 0.14 14.62 0.08
Table 9 lists the k m agnitudes of the three stars on the M 71DK scale and the zero-pi
derived from the M71SK and M71DK frames.
Table 9: Corrected m agnitudes and zero-points fo r FPC stars
F P C 7 9 # K fp c t9 err IV corr i v 7.8 err T/ ’co rr  10 err Z-.s err Zio err
18 11.55 0.03 11.76 0.05 12.03 0.04 5.17 0.06 4.90 0.05
19 11.94 0.03 11.94 0.04 11.92 0.04 5.04 0.05 5.06 0.05
21 9.54 0.03 9.57 0.03 9.56 0.03 5.05 0.09 5.06 0.09
Stars 19 and 21 give very consistent results, albeit w ith  rather large errors.
The measurements o f star 18 obviously contain som e unaccounted error, although the 
weighted mean of the results for the two apertures is 5.01. The errors quoted for the con­
tamination corrections in table 7 are formal errors and do not take into account the large 
variations that can arise from a small positional offset of the aperture if a contam inating 
source lies on the edge of the photom etric aperture. From the measurem ents in table 7
it can be seen that one likely possibility is that a contam inating source is partly within  
the 7.8" aperture and fully included in the 10" aperture. Thus the likely errors for the 
photometry of star 18 are larger than those quoted.
6.1.1.3 UKT9 Calibration Observations
Two bright stars that lie within the M 71DK mosaic were observed with the single channel 
bolometer system  UKT9 on UKIRT in 1989 June. Observations were made through the 
7.8" and 12.4" apertures. The reduced, air-ma.ss-corrected m agnitudes are shown in 
table 10.
Tab le  10: U K T9 Observations
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Star xrU A"T9 1V12.-1 k K T” M 71D K 8# k (M 7lD K 8)
A 14.239 0.03 14.20 0.08 227 19.02 0.03
B 11.832 0.03 11.88 0.04 231 17.00 0.01
Again cleaned im ages were made with all but these two stars subtracted and photom etry  
was performed on M 71DK and the cleaned im ages to work out contam ination corrections 
using the appropriate aperture sizes and good skies. These results are summarized in 
table 11.
6.1.2 Zero-point from standards observed with IRCAM.
In chapter 1 the standard stars observed during the 1988 May observing run were used to 
investigate the photom etric accuracy and repeatability of IRCAM . PHOTOM  was used 
to measure the bright standards from the UKIRT standards list and three additional faint 
standards. To use the zero-points derived there, PHOTOM  must be calibrated against
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Table 11: Zero-points from  U K T 9  observations
Star Corr( 12.4") O o 0̂ .8") K(12.4' ',cor) w GO = >(cor) Zpt( 12.4") Zpt(7..8")
A 0.35 0.10 -0.03 0.11 14.59 0.10 14.17 0.11 4.43 0.10 4.85 0.11
B 0.13 0.04 0.07 0.04 11.96 0.04 11.95 0.04 5.04 0.04 5.05 0.04
DAOPHOT m agnitudes for stars on M 71DK. Using SUBSTA R all but 12 bright, isolated  
stars were subtracted from the M71DK frame and PHOTOM  was performed on these 
stars using the same parameters of aperture size and sky area as in chapter 1. (N .B . 
PHOTOM m agnitudes differ by 50.0 between chapter 1 and this chapter (for consistency  
with Guarnieri, Dixon and Longmore, 1991). For convenience, 50.0 has been added to 
all chapter 1 PH O TO M  zero-points and m agnitudes quoted here). Table 12 contains the 
comparison between the PHO TO M  and DAO PH O T m easurements.
The relative zero-points are shown in figure 14, p lotted against m agnitude in M 71DK. 
There is no evidence that the residuals from the mean relative zero-point are correlated  
with position, colour, crowding of the im ages or position on or off a strip boundary.
A brief consistency check was made by reducing from scratch two frames of the bright 
standard GL748 taken on the 1988 M ay 22 and using PHO TO M  to measure the stars. 
The zero-points for these frames came out to within better than 1% of those quoted in 
chapter 1. Since the bias, dark and sky frames used were not necessarily the same for the 
two independent reductions this is a. encouraging result.
The results for table 4 give a. mean relative zero-point which is 0.03 ±  0.02 smaller. This 
is in the sense that for a given D A O PH O T m agnitude the PHO TO M  m agnitude for the 
same star will be brighter. This is expected since the PH O TO M  m agnitudes in table 4 
were taken using a 7" aperture, which includes more of any residual wing com ponent of the 
stellar profiles. This difference is comparable to that between single-channel photom etry 
with these two aperture sizes.
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Table 12: O utpu t o f m atch o f P H O TO M  and ALS files
Star M 71DK8 PHO TO M  Ak
no. k err k err err
A 496 16.96 0.04 41.73 0.02 -24.78 0.04
B 480 17.28 0.02 42.00 0.03 -24.72 0.03
C 405 16.75 0.03 41.59 0.02 -24.84 0.03
D 433 18.37 0.02 43.21 0.05 -24.83 0.05
E 121 16.90 0.02 41.75 0.03 -24.85 0.03
F 219 16.92 0.01 41.69 0.02 -24.77 0.03
G 243 16.90 0.02 41.68 0.02 -24.79 0.03
H 448 16.94 0.02 41.72 0.02 -24.78 0.03
I 591 16.98 0.03 41.76 0.03 -24.78 0.04
J 409 17.20 0.04 42.06 0.03 -24.86 0.05
K 231 17.00 0.01 41.82 0.03 -24.82 0.03
L 212 18.25 0.05 43.17 0.05 -24.92 0.07
W eighted mean -24.80  
Standard error of mean 0.01
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F ig u re  14: M atch ing  D A O P H O T  and P H O TO M  in M 71D K .
The frames that make up M 71DK were taken on the nights o f 1988 M ay 20 /21  and 
22/23. The frames of M71 were taken towards the end of the n ight, so the residuals from  
the zero-points given in chapter 1 were exam ined to see if there was a trend w ith tim e of 
observation. No clear evidence was found for such a trend, so the mean zero-points for the 
whole night were used, chapter 1 gives zero-points of 29.877 and 29.907 respectively for 
these nights so the zero-point for the mosaic as a whole is 29.892 ±  0.015. The chapter 1 
magnitudes have been reduced to an air-mass of 1.0, whereas the FPC 79 stars used above 
have been reduced to the more normal 0.0 air-mass. Using the mean air-mass coefficient 
of chapter 1 of OToo/air-mass the zero-point applicable to the m osaic becomes 29.83 ±  
0.02.
Thus the zero-air-mass zero-point for DA O PH O T m agnitudes in M 71DK8 derived from 
PHOTOM m easurem ents of standard star frames and bright stars on M 71DK is (29.83  
±  0.02) +  (-24.80 ±  0.01) =  5.03 ±  0.02.
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Figure 15: Zero-po in t estimates fo r M71.
6.1.3 Final Zero-point
A l l  the zero-points derived above are shown in figure 15. UK T9 star A was excluded from  
determining the mean. The weighted mean of the points is 5.04 ±  0.02. (Since there 
are two estim ates for som e stars, because of the possibility of different apertures being 
used, these m easurem ents were used at half weight). This is the final zero-point for the 
M71DK frame and agrees well w ith the quoted U K IRT/IRC AM  zero-point at the tim e of 
the observations.
6.1.4 Matching the Deep Images to M71DK
Both the DEEP1 and D E E P2 regions are contained within the M71DK region so it is a 
simple m atter to calculate the relative zero-points o f the K data. For each of the four 
DEEP mosaics a. co-ordinate transformation is derived which allows the D EEP and DK  
magnitudes to be m atched up. A l l  the sets m atch well and the mean zero-points are:






K  =  kDii - (5.16 ±0.03) n —  55
K  =  kDl2 -  (5.02 ±  0.02) n =  86
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I i  =  &D21 — (5.33 ±  0.02) n =  83
I i  =  k p 22 — (5.65 ±  0.03) n =  44
These were found in the range 19 <  k q <  22, as errors begin to dom inate at fainter 
magnitudes.
6.2 M71: V  Zero-points
Arp and Hartwick (1971, AH 71) performed photo-electric and photographic photom etry  
for most of the southern half of the cluster down to V ~  18.5. Cuffey (1973) observed a se­
quence of standard stars in 1964 as part of a study of the cluster. Cudwortli (1985, Cud85) 
re-observed som e of the photo-electric standards from both these studies to characterize 
the zero-point discrepancy between the two. He also performed photographic photom etry  
from a collection of 25 plates covering m ost of the cluster. Cudw orth’s careful analysis of 
the previous work and his m eticulous work on his own data lead to great confidence that
his photom etry is very close to standard B and V. For this reason all V m agnitudes used
in this study have been reduced to the Cudworth zero-point. Zdanavicius (1986) took  
BVRI observations of six giants in M 71, finding V m agnitudes the sam e as AH71.
The AH71 data were m atched up w ith the IR im ages by hand: the IR im age was displayed, 
an AH71 star identified from their finding chart and the cursor used to find its co-ordinates 
on the IR frame.
6.2.1 Comparing Cudworth and Arp Hartwick
Cud85 presented BV photom etry and membership probabilities from radial velocity and 
proper m otion studies for over 350 stars in M71. The M71DK field was found to lie 
in the range 100 <  x  <  -100, 0 <  y <  -120 in Cudw orth’s cluster-centric co-ordinates. 
All Cudworth’s stars in this range were extracted from his Table IV and converted into  
DAOPHOT ALS format so that they could be m atched up to the IR and R F88 data. 
The following notation was used to preserve Cudworth’s naming scheme: stars of the
form KC-n becam e 3n (e.g. KC-321 is 3321), stars com mon to AH71 Cudwortli called  
1-n and 2-n which becam e In and 2n respectively. Stars which did not fit in were I, Y, 
A3, C and Z which becam e 4000 - 4005.
Cud85 found a zero-point difference of A V  (AH -Cud) =  0.057 ±  0.007 from his photo­
electric photom etry. M atching up those stars common to both AH71 and Cud85 that lie 
within the M71DK area produces the correlation in figure 16. The mean zero-point of 
these data, is -0.051 ±  0.006. The slight slope gives a relation:
Vcud =  1.03V a h -•§■?&#9 O. o S oc-j
There is no evidence for a colour term.
It is interesting to note that FPC 79 used A H 71’s V m agnitudes in their study of the M71 
giants, so that this work m ay be re-interpreted using the re-calibrated V data.
6.2.2 Comparing AH71 and RF88 data
Matching the AH71 stars with those in the R F88 data gives the correlation seen in fig­
ure 17. Since the AH71 data cuts off at V ~  18.8 the turn-down in the plot is expected, 
since only those stars which are scattered brighter are detected at the plate lim it. The 
dotted line shows the mean value of A V  for all the stars w ith V <  18.0. All of the AH71 
data with V > 18 .2  have been discarded in subsequent discussion since they are unreliable 
and mainly duplicated in the R F88 data. No convincing evidence was found for a colour 
term in the relation between the two data sets. Unfortunately the Cud85 and R F88 data  
sets only overlap for 12 stars at the faint end of the Cud85 data. Considering the small 
number and poor quality o f these data, it was decided to use the calibration derived via  
the AH71 data., which overlaps both Cud85 and R F88 well. Since the Cud85 stars were 
so sparse they were m atched to the R F88 and AH71 data, through their common identifi­
cations with the IR data.. The mean zero-point correction of 1.314 ±  0.006, shown in the 
figure, was applied to the R F88 data, to bring it on to the AH71 scale. The correction of 
-0.057 derived above was then applied to bring this data on to the Cudworth scale.
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Figure 16: Matching Cud85 and AH71 V and B magnitudes.
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Figure 17: M atch ing  AH71 and RF88 V magnitudes.
6.3 M4: K zero-points
As with the M71 data the UKIRT standards observations and UK T9 photom etry of two 
stars in the large m osaic area can be used to calibrate the M4 photom etry.
6.3.1 UKT9 calibration observations
Two bright, fairly isolated stars, which will be sim ply designated B and C, lying in the 
M4 large area were observed w ith the UK T9 photom eter at K through the 12.4" and 7.8 
" apertures respectively in 1989 June. The observations w ith the 7.8" aperture have 
been zero-pointed using only a single observation of SR-3, after applying the correction to  
this star’s K -m agnitude noted in the last chapter. An appropriately large error estim ate  
has been assigned to the resulting zero-point. As w ith the similar calibration observations 
for M71 a contam ination correction m ust be calculated from aperture photom etry on the 
M4S frame. Fortunately the chop direction was known for these observations. Two frames 
were constructed w ith all stars but B subtracted from one and all but C from the other. 
The results are shown in table 13.
6.3.2 IRCAM standards
As before all but a number of bright isolated stars were subtracted from the M4S frame 
and aperture photom etry was performed using PH O TO M . The resulting mean difference
Table 13: Zero-poin ts from  U K T 9  observations
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K u K T 9 L e o n ­ Zero-point
B 13.11 ± 0.02 id .13 ±  0.06 5.12 ±  0.06
C 15.32 ± 0.09 15.23 ±  0.17 4.99 ±  0.18
between DAO PH O T and PH O TO M  for 20 stars was -24.84 ±  0.01, leading to an air-mass 
corrected zero-point of 4.97 ±  0.02.
The three D A O PH O T zero-point results are shown in figure 18 together with the mean 
value, 4.99 ±  0.02. The value derived from the aperture photom etry of star B is 2cr from  
the mean. This highlights the difficulty of aperture photom etry in crowded fields, even  
when contam ination corrections are possible. It is also possible that the star is variable.
6.4 M4: V  Zero-points
Fortunately Cudworth lias also studied M4 (Cudworth and Rees 1990, CR90). Clem entini
(1987) found that the BV photom etry of Lee (1977), Cacciari (1979) and Alcaino and 
Liller (1984, AL84) all agreed well (although she only measured three stars in common  
with AL84). The Alcaino, Liller and Alvarado (1988, A LA88) and CR90 studies also 
appear to agree well. The discrepancy in Lloyd-Evans’ 1977 photom etry is discussed  
in the M4 chapter. Richer and Fahlman (1984, RF84) do not provide a listing of their 
photometry but their main-sequence fiducial curve m atches that of ALA88 (figure 19; 
see also VandenBerg and Bell 1985). The IR photom etry of Frogel, Persson and Cohen 
(1983) uses UBV m ainly from Lee. Using the values of B and V from CR90 makes little  
difference.
The present K photom etry is matched to the stars in AL84, which were not listed with
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Final zero-points for M4
1 . J .1 i---- L-----L---- 1-----1-----1----- 1----- 1----- 1----- 1-----1----- 1----- I
Figure 18: Z ero -po in t estimates fo r M4.
positions and so were identified on their finding chart and m atched to the IR im ages, w ith  
the co-ordinates being taken from the IR data. It is possible that a zero-point problem  
exists with the AL84 data for the fainter stars. Figure 19 shows the main-sequence 
fiducials of AL84, RF84 and ALA88, both as published and with an 18% decrease in V 
in the AL84 data. Clearly the fiducials m atch better in the region of the turn-off with  
this shift included. This will be discussed further in chapter 4 where these V m agnitudes 
are used. The colour of the turn-off agrees, within the errors, between the studies, which 
implies that the AL84 B m agnitudes contain a similar zero-point error.
7 C o n c l u d i n g  r e m a r k s
This chapter has discussed the optim um  data reduction of IRCAM m osaic frames, their 
analysis w ith D A O PH O T and the calibration of the K data and the previous optical work. 
Having thus set the scene, the results arising from these frames are discussed in the next 
two chapters.
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The constellation of Sagitta from  B o d e’s ‘Uranographia’ (1801).
3 . The Globular Cluster M71 Sagittae
1 I n t r o d u c t i o n
M71 Sge =  NG C6838 = C1951 +  186
a  =  19fc51m.5 6 =  + 18°39' (1950.0)
i 11 =  57° b11 =  -4 .6 °
Located in the small summer constellation of Sagitta, the Arrow, M71 is a diffuse cluster- 
lying in the Milky W ay about 10° North of A ltair. The first noted observation was 
by Koehler at Dresden in 1775 who recorded: ‘A very pale nebulous patch in Sagitta  
(Jones, 1991). It was subsequently included as the 71st object in M essier’s famous 
catalogue of 1781 (see Burnham 1977).
The available photom etric data for M71 are summarized in table 1.
The first CMD study of M71 was presented by Cuffey in 1959. Because of its sparseness 
many believed that M71 was an open cluster rather than a globular cluster. Guffey’s 
CMD only went down to the HB and did little  to end the debate. In 1971 Arp and 
Hartwick (hereafter AH 71) published their photographic and photo-electric observations 
of the cluster. Their BV data showed the short red horizontal branch and gently sloping 
RGB of a. m etal-rich globular cluster and the brightest m agnitude or so of the main  
sequence. They identified what they thought were blue stragglers and AGB stars in the 
CMD.
Cuffey (1973) took UBV  measurem ents of 13 stars in the vicinity of M71, as a precursor 
to a further CMD study that has never been published.
Frogel, Persson and Cohen (1979, F P C 79) performed single-channel photo-electric pho­
tometry on the brightest cluster stars at J, H and K. Combining these with the AH71 V 
magnitudes they derived physical parameters for the cluster giants.
Cudwortli (1985, Cud85) exam ined the cluster on a collection of p lates, primarily to find 
proper m otions for the stars to derive kinem atic membership probabilities. In addition  
he discussed the earlier studies and their zero-point errors.
Table 1: M71 available data
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W avelength Max* Min* Number 
of stars
Source
U 17 25 11000 R F88
U 9.5 22 48 AH71
U 9.5 16.5 13 Cuffey 1973
B 13 19.5 330 AH71
B 10 15.5 13 Cuffey 1973
B 12 18 350 Cud85
V 12 18.5 330 AH71
V 10 14 13 Cuffey 1973
V 12 17 350 Cud85
V 16 24 11000 R F88
J 8 13 25 FPC79
H 7 12 25 FPC 79
K 11 18 1000 this study
K 7 12 25 FPC 79
* The m agnitude ranges are approxim ate.
Richer and Fahlman (1988, R F88) presented (U -V )-U  CMDs from their UBV  CCD ob­
servations in a search for w hite dwarfs.
Together with 47 Tuc, M71 has been one o f the crucial calibrators of the high end of the 
naetallicity scale. It is therefore strange that this cluster has been studied so infrequently
and that even the value of its reddening is still poorly determ ined. M71 is often linked 
with 47 Tuc since the two have very similar optical CMD m orphologies (see, for exam ple, 
Heasley and Christian 1991), w ith many authors suggesting that the two clusters have 
almost identical m etallicities, and possibly ages.
In section 2 the standard parameters of reddening, m etallicity, distance modulus and age 
are reviewed from the previous work in the literature. A brief discussion is also made 
of differential reddening and the value of R, the ratio of total-to-selective absorption. 
In section 3 the best available photom etric data are collected together to form colour- 
magnitude and two-colour diagrams. Section 4 contains a discussion of IR isochrones and 
attem pts to fit these to the present data. In section 5 a detailed comparison is made with  
similar optical-IR  data for the m etal-rich cluster 47 Tuc. This is followed by a very brief 
discussion of the prospects of fitting a sequence of sub-dwarfs to the main sequence data  
to obtain a distance estim ate. Finally the two-colour diagrams are compared with model 
predictions.
2 S t a n d a r d  p a r a m e t e r s  f o r  M 7 1
The next sections summarize the major previous works on M71, w ith re-interpretations 
of their results where appropriate. The zero-point problems of previous studies were 
discussed in chapter 2.
2.1 Reddening
AH71 addressed the problem of deriving the reddening to M71 in two ways. First, they  
superposed T ifft’s 1963 CMD of 47 Tuc onto their M71 data and concluded that there 
was a (B -V ) differential reddening of 0.28 between the two clusters. Using a value of 
E(B-V) of 0.03 for 47 Tuc, they concluded that E (B -V )= 0 .31  ±  0.02. However, Dickens 
and Rolland (1972) note that T ifft’s sub-giant branch has been shown to be too blue. 
Both this and the 1% blueward zero-point shift in A H 71’s (B -V ) colour, found necessary 
by Cud85, reduce the derived E (B -V ).
AH71 also compared a nearby field star to standard Johnson colours to  derive a reddening 
of E (B -V )= 0.31 .
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Dickens and Rolland m atched A H 71’s CMD for M71 with their new CMD for M 107, also 
a very metal-rich cluster. They found a differential reddening of 0.07 leading to E(B- 
V) =  0.21 for M71 from their E (B -V )= 0 .2 8  for M 107. However, Longmore et al (1990, 
hereafter LDSJF90) find a ‘m id-range’ value of E(B-V )=;0.335 for M 107 from the litera­
ture. This is close to the E (B -V )= 0 .3 2  of Sandage and Roques (1984), who included a 
re-examination of the Dickens and Rolland data in their reddening determ ination. Us­
ing this, and applying the shift of 0.01 to the blue to the AH71 data, gives a value of 
E (B -V )=0.275 for M71.
It would be possible to follow the m ethod of Sandage and Roques and use the AH71 UBV  
data for the giant stars to find the reddening from the two-colour (B -V )-(U -B ) diagram  
by estim ating a value o f i(U -B )0.6, the UV excess at (B -V )o= 0 .6, appropriate to the 
chosen value of m etallicity. AH71 used this diagram in the opposite way: they assumed  
a reddening and measured the UV excess, deducing a relative m etallicity. However, given  
the zero-point, problem that exists w ith both B and V, it seems unwise to put much faith  
in U, which Cud85 unfortunately did not re-examine.
Burstein and M cD onald’s 1975 com pilation of cluster parameters took a simple average 
of the Dickens and Rolland and AH71 results, giving a fortuitous value of 0.27 ±  0.03, 
which was used by m any authors in subsequent m ulti-cluster studies.
Kron and Guetter (1976) used six-colour photom etry of integrated light to derive various 
parameters for a number of clusters, including E (B -V )= 0 .20  for M71. In an attem pt 
to assess their consistency, their reddenings can be compared to those of Zinn (1980a) 
which are also derived from integrated-light measurem ents and find E (B -V )= 0 .26  for M71. 
Reddenings for 37 clusters were compared but, although the Kron and Guetter values were 
on average 0.039 ±  0.007 higher than Zinn’s, no other significant correlation of A E (B -V ) 
was found with reddening, m etallicity  (from Zinn) or horizontal branch morphology, as 
represented by Zinn’s (1980b) B /(B + R ) parameter. A correlation w ith HB morphology  
might be expected if the changing ratio of red to blue HB stars was affecting the two filter 
systems differently. It would seem that the Kron and G uetter reddenings are as good as 
those found by Zinn. W hilst their value for M71 represents one extrem e of the differences 
between the two data sets it cannot be seen as anomalous.
FPC79 used Cuffey’s 1973 photom etry of three stars that they believed to be bright main-
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sequence stars (blue stragglers) to find a reddening correction of E (B -V )= 0 .3  from the 
standard (B -V )-(U -B ) diagram for main sequence stars. Cud85 found that one of these 
stars (C uffey’s star 6) was not a member and that Cuffey’s (B -V ) colours were all 0.02 
too blue. After this correction, the two cluster stars best fit the two-colour diagram at 
E (B -V )= 0.34 . This seems a very unreliable number, derived as it is from only two stars 
and using unchecked U photom etry. Also no allowance has been m ade for a UV excess in 
the fitting procedure. If the stars really are blue stragglers they m ay be expected to have 
anomalous colours, particularly if they consist of close binaries.
Janulis and Straizys (1984) used Vilnius photom etry to determine reddenings and dis­
tances for 96 stars in the direction of M 71, concluding that galactic extinction  ranges 
from E (B -V )= 0 .12  to 0.32 along this line of sight. Tabulating previous integrated-light 
reddening estim ates for M71, they found a.11 average of E (B -V )= 0 .29  ±  0.05.
Cud85 superimposed a 47 Tuc CM D, m atching the two clusters at the horizontal branch 
and RGB to derive a differential reddening of 0.23 ±  0.02. Using Hesser et a l’s (1987, 
hereafter HHVASS87) reddening of 0.04 ±  0.01 for 47 Tuc, this gives E (B -V )= 0 .2 7  ±  0.02 
for M71.
RF88 found E (B -V )—0.28 from their two-colour (B -V )-(U -B ) diagram. A lthough there 
may be som e calibration problems with their m agnitudes, the value o f <5(U-B)o.6=0.11 
that they found from the sam e diagram corresponds to [Fe/H]=-1 using B utler’s (1975) 
calibration. This is consistent with the value that will be found in section 2.4.
Clearly, a re-examina.tion of the older results shows them to be consistent w ith the more 
recent estim ates of E (B -V ). Taking a. mean weighted by the quoted error estim ates of 
the results of Cud85, R F88, Janulis and Straizys, Kron and G uetter and the revised 
Dickens and Rolland value leads to E (B -V )= 0 .27  ±  0.02. If the Kron & Guetter estim ate  
is discounted, the value becomes E (B -V )=  0.274 ±  0.005. The adopted value for the 
reddening to M71 is therefore taken to be E (B -V )= 0 .2 7  ±  0.02.
2.2 The value of R
In the next chapter it is shown that there is a convincing body of evidence that points 
to the value of R, the ratio of total-to-selective absorption, being ~  4 along the line of
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sight to M4. A high value of R has been suggested before and is not unexpected, since 
the cluster lies behind the Sco-Oph dark cloud com plex. However, no-one has suggested  
that the value of R towards M71 is anom alous. In this chapter both the fits of isochrones 
and the comparison of the IR-optical data with that for another cluster suggest that a 
value of R lower than standard, between 2 and 2.5, m ight be appropriate. The case for 
M4 is fairly clear, w ith a good body of data that can be re-interpreted in the light of the 
revised value of R, but for M71 the data, are of lesser quantity and quality.
Is a value of R = 2 .5  possible ? Certainly the ice-grain models of W h ittet and van Breda 
(1978) extend down to R = 2  and fit the data they have for higher R well. However, there 
are few stars observed to have R less than 3.
One study that may support a lowered value of R is that of R F88. They plotted  field DA  
white dwarf sequences in their (U -V )-V  CMD and found that the w hite dwarf candidates 
in the cluster lay ~0"'5 fainter. Changing to R ~ 2 .4  makes all of the candidates lie within  
their errors of the field lines. There is, however, no theoretical evidence to say that the 
cluster white dwarfs should be the sam e as the field ones.
Putting R to a lower value in the m ulti-cluster study o f Frogel, Persson and Cohen (1983) 
moves M71 away from the regressions in m ost of their p lots, making M71 an anomalous 
cluster when before it appeared quite normal. The improvem ent in the position of M4 in  
these same plots is an im portant piece of evidence in the argument in favour of R ~ 4  for 
that cluster (see next chapter).
In summary it seems unlikely that the value o f R is significantly lower than normal in the 
direction of M71.
2.3 Differential reddening
In any highly reddened cluster there is the possibility that the extinction  across the 
face of the cluster is non-uniform, due to patchiness in the distribution o f absorbing 
material along the lines of sight. It was probably Cuffey in 1959 who first suggested that 
the photom etry of the M71 giant stars contained more scatter than was expected from  
the internal errors of measurement. Janulis and Straizys (1984) discussed differential 
reddening, concluding that, if  it existed, it am ounted to less than A E (B -V )= 0 .1 . Cud85
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examined the observed width o f the RGB and placed an upper lim it on any differential 
reddening present of 0^05 in (B -V ).
2.4 M etallicity
Table 2 contains a summary of the determ inations of [Fe/H] that have appeared in the 
literature. The following sections discuss those results that m ay be in error or are changed  
by using the adopted value of E (B -V ).
AH71 used the UV excess, from the Hyades fiducial sequence, of four main sequence stars 
with photo-electric photom etry to derive [F e/H ]=  -0.35 ±  0.20. The UV excess o f sub­
giants and giants gave [F e/H ]= -0.23 ±  0.22. Correcting the photom etry as per Cud85 
and using the reddening adopted above, these stars can be re-fitted to the Hyades locus. 
This reduces tf(U-B) by 0.01 for the main-sequence points and increases it to 0.04 ±  0.04 
for the giants. Using the same relations as AH71, these correspond to [F e/H ]=-0.30 ±  
0.20 and -0.27 ±  0.20. However, see, for exam ple, Ryan (1989) for com m ents on the 
accuracy, or rather lack of it, of ¿ (U -B )0.6 as a m etallicity indicator. A lso the zero-point 
of the U observations must be regarded as suspect.
Butler (1975) measured Preston’s AS parameter for A H 71’s star Z to find [Fe/H ]=-0.04. 
Unfortunately, Cud85 found a membership probability of 0% for this star.
Canterna (1975) does not list which stars were measured, nor the individual measure­
ments, so no correction can be made in the light of Cud85’s membership probabilities.
Bell and Gusta.fsson (1983) revised their zero-point to agree better w ith the Searle and 
Zinn scale, quoting [F e/H ]=-0.5  ±  0.25 for M71. However, they note that the abundance 
could have been over-estim ated by 0.5 dex, due to an opacity source m issing from the 
models, making [F e/H ]=-1.0 .
Frogel, Cohen and Persson (1983 FC P83) assumed [F e/H ]=-0.75 for M71 and used it as a 
calibrating cluster for their [F e/H ]-(V -K )0iGB relation, where (V -K )0iGB is the de-reddened  
(V-K) colour of the giant branch at M k ,0=-5.5. P utting their measured (V -K )0>Gb back 
into their derived relationship produced [F e/H ]=-0.60. A revised (V -K )QtGB of 3.81 ±  0.06 
may be found from the best fit E(V -K ) reddening and distance m odulus found later in 
this chapter, which produce [F e/H ]=-0.77 ±  0.09 from the sam e relationship, consistent
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Table 2: Metallicity estimates for M71
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Study [Fe/H] error m ethod
Arp & Hartwick 1971 -0.35 0.20
// -0.23 0.22
Butler 1975 -0.04 —
Canterna 1975 -0.3 0.3
Searle Zinn 1978 -0.22 0.07
Cohen 1980 -1.38 —
Zinn 1980a -0.36 0.08
Bell & G ustafsson 1982 -0.6 —
ii -0.9 —
Bell & G ustafsson 1983 -0.5 0.25
Bessell 1983 -0.57 0.25
Cohen 1983 -0.81 0.1
Frogel, Persson Cohen 1983 -0.60
Pilachowski et al 1983a -1.07 0.25
// -0.7 0.2
Pilachowski et al 1983b -1.35 0.3
Geisler 1984 -1.04 —
Zinn 1985 -0.58 —
Bell 1987 -0.4 —
Zdanavicius 1987 -0.44 0.10
UV excess of ms stars
UV excess of giants
AS measurement of star Z
4-colour W ashington giant photom etry
spectral scans of giants
high dispersion spectroscopy
integrated light photom etry
re-working Searle & Zinn data
best estim ate from previous work
revised version of Searle & Zinn
high resolution spectroscopy
high resolution spectroscopy




4-colour W ashington photom etry
revision of earlier result
from (J-K)o
Vilnius photom etry of 6 giants
with their input assum ption.
Zdanavicius (1987) reported on Vilnius photom etry for six stars. These were the same six  
stars observed in the UBVRI system  by the same author (Zdanavicius (1986 and 1991, 
private com m unication)) so three of them are not cluster members. Both papers used 
E(B-V) =  0.30, but this only makes a few hundredths difference to the derived [Fe/H].
Faced with such a. range of m etallicity estim ates it is hard to give even a mean value. 
As Bell (1987) discusses, it seems that part of the reason that there is such large range 
of estim ates available for the m ost metal-rich clusters is the presence of unsuspected  
TiO absorption in their spectra. In high-dispersion spectroscopic analyses the resulting 
depression of the continuum is not m odelled by spectral synthesis programs, w ith the 
result that the equivalent widths of lines are under-estim ated, leading to too low a value 
of [Fe/H]. It is also possible for the TiO bands to blend w ith the lines being measured, 
leading to too high a value of [Fe/H].
A simple mean of all the values in Bell (1987) gives a value for [Fe/H] o f -0.73. A simple 
mean of the values listed here (except for B utler’s and taking the revised value for FC P83) 
comes to [Fe/H ]=-0.66 ±  0.35. If the high dispersion spectroscopic results were regarded 
as suspect the mean of the other results would be 0.51 ±  0.26. A value of [F e/H ]=-0.7  ±  
0.4 is adopted here.
(Amusing aside: a plot of publication date against [Fe/H] shows that the m etallicity  of 
M71 has decreased by ~ 0 .7  dex over the past two decades. E xtrapolation shows that it 
should presently stand at -1.0 . No weight whatsoever is given to this result ! )
2.5 Distance modulus
Table 3 contains a list o f previous determ inations of the distance modulus o f M71, together 
with a revised estim ate using the adopted E (B -V ) where appropriate.
VandenBerg (1983, V B 83) used (m -M )v =  13.40 and E (B -V )= 0 .2 7  to overlay isochrones 
onto the AH71 data. VandenBerg and Bell (1985, hereafter V B B 85) sta te that these 
isochrones are 0"'l too faint in M y. This means that (m -M )0= 12.68 would produce a 
match similar to that found by VB83. Since (m -M )0 was not a free parameter in the 
isochrone fitting, this value is not included in the table.
Chapter 3: T h e  G l o b u l a r  C l u s t e r  M 7 1  S a g i t t a e  111
Chapter 3: T h e  G l o b u l a r  C l u s t e r  M 7 1  S a g i t t a e  112
Table 3: D istance modulus estimates fo r M71
Study (m -M )0 error (m-M)'o error m ethod
AH71 13.07 0.21 12.88 0.25 UV excess of ms stars
FPC79 13.0 0.2 — — UV excess of ms stars
// 12.9 — — — assum ing M v,o,HB=0-8
Cud85 12.8 0.3 — — assum ing M v,o,HB=0-8 ±  0.2
RF88 12.86 — 12.89 — fitting sub-dwarfs
LDSJF90 --- --- 12.8 0.2 log P - M[<l0 relation
Although M71 is too m etal rich to contain any RR Lyrae variables, the M v,o(HR-)-0.3 - 
[Fe/H] relation from LDSJF90 can be used to determine M v , h b  and hence the distance  
modulus from C udw orth’s mv,HB =  14.42. Using a revised version of the relation with  
R =3.8 for M107 and M4 gives M v i 0 ( F R ) _ o . 3 = 0 . 8  ±  0.1 and (m -M )0= 12.8 ±  0.2.
Apart from the VB83 result these values all agree surprisingly well. Assigning error 
estimates to those values that do not have them , a weighted mean of these (revised) 
results gives (m -M )0 =  12.88 ±  0.09 (formal error). This corresponds to a distance of 
3770 ±  120 pc.
2.6 Age
AH71 used a version of the Iben and Rood (1970) formula to get an age of 7 .6 3 t2 i  Gyr. 
VB83 fitted his new isochrones to the AH71 data to find an age of 15 Gyr, although  
VBB85 state that all ages derived from these isochrones should be extended by about 
10%, making ~ 1 7  Gyr. Another estim ate comes from H atzidim itriou’s (1991) work on 
the (B-R) colour difference between the mean RHB and the RGB at the HB level. Her 
calibration is based on G alactic and M agellanic Cloud open and globular clusters and her
result for M71 is an age of 12 ±  2 Gyr. Heasley and Christian (1991) found 16 Gyr from  
fitting the Hesser et al 1987 isochrones to their preliminary (B -V )-V  CM D, although this 
result awaits confirmation from the larger and better data set on which they are currently 
working (Heasley 1991, private com m unication).
Of these results only that of H atzidim itriou comes from a large, well-calibrated sample. 
It will be interesting to see H easley and C hristian’s final estim ate of the age of M71.
The simple mean of all these results (apart from that of AH 71) of 15 ±  2 Gyr is adopted.
2 .7  S u m m a r y
The adopted parameters for M 71, taken from the literature and made as consistent with  
each other as possible, are:
E (B -V )= 0 .2 7  ±  0.02 t= 1 5  ±  2 Gyr
(m -M )0= 12.88 ±  0.09 [F e/H ]=-0 .7  ±  0.4
The error estim ates are a reasonable reflection of the spread in the reported estim ates.
3 T h e  c o l o u r - m a g n i t u d e  a n d  t w o - c o l o u r  d i a g r a m s
The present data.
In this section the data are brought together to construct the colour-m agnitude and two- 
colour diagrams. In addition the observed width of the m ain-sequence is analyzed.
The data available for constructing CM Ds and 2CDs were summarized in table 1. The 
zero-point problems were discussed in the last chapter. M embership probabilities are 
available only for those stars in Cud85, which includes most of the FPC79 stars. A 
proper calibration was unavailable for the U data of R F88. A lthough R F88 do m ention  
B-band photom etry, this is believed to contain a linearity problem and so has proven 
impossible to calibrate properly. It is not listed  in table 1.
The IR data of FPC 79 were taken using the CTIO filter system , but Bessell and Brett
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(1988) show that there is no difference between this and the standard Johnson system  at 
the 2% level.
3.1 The colour-magnitude diagrams
Figure 1 shows the (B -V )-V , (V -K )-V  and (V-K )-K  CM Ds for M71, constructed from the 
data listed in table 1. T he diagrams containing (V-Iv) are the deepest IR-optical CMDs 
yet constructed, w ith an appreciable number of stars, for any globular cluster.
The (B -V )-V  CMD uses all the data of AH71 and Cud85 that lie in the M 71DK area, 
regardless of membership probability. One m agnitude o f the main sequence is visible, as 
are the bright giants and the horizontal branch. The large scatter in the m iddle section  
is due mainly to the large errors on the faintest Cud85 data.
The (V-Iv)-V CMD shows all the stars measured with D A O PH O T errors smaller than 0V5 
in the M71DK mosaic which have been m atched up w ith V m agnitudes from AH 71, Cud85 
or R F88. These data, stretch from the faintest stars to just above the horizontal branch. 
In addition, the FPC 79 giant observations are shown, using their K-band m agnitudes with  
the AH71 V m agnitudes, corrected to the Cud85 scale. The m orphology of the plot is 
very similar to that of the (B -V )-V  plot and bears a close resemblance to A H 71’s original 
CMD both in shape and photom etric depth.
In comparison w ith the (B -V )-V  diagram for the same region, it can be seen that the HB 
has become far more tightly  defined, the GB is som ewhat tighter and a clump in the GB 
half a m agnitude below the level of the HB has becom e apparent. All the points brighter 
than V ~ 1 5  use the sam e V m agnitudes in both p lots, so that the improved tightness of 
the various sequences is due purely to the change from (B -V ) to (V -K ). This is of course 
due to the expansion o f the colour axis - since (V -K ) is two or three times as sensitive 
to temperature as (B -V ) (see Fernley 1989), the errors of measurement in a range of (V- 
K) will be only half as dispersive as in (B -V ). The GB clump is very interesting and is 
similar to one seen in the 47 Tuc CMD of HHVASS87. This will be discussed further in 
the section comparing the two clusters. The diagonal cut-off due to the K data is obvious 
in the faint, blue corner o f the diagram.
The (V -K )-K  C M D , w h ils t conta in ing  the same in fo rm a tio n  as the (V -K ) -V  d iagram ,
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looks rather different. The RG stars cover a wider range in K, the HB is alm ost at the 
same level as the GB clump and the transition between the main sequence turn-off and 
the base of the GB lias becom e steeper. The clumps and upper GB appear even better 
defined. The cut-off in the present K data is obvious at K ~ 17 .5 .
Table 4: Measured CMD parameters
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Diagram MSTO HB GB clump
mag col mag col mag col
(V -K )-V 17.6 1.94 14.40 2.54 14.80 2.89
(V-K )-K 15.9 1.96 11.80 2.56 11.93 2.87
Fiducial 17.9 1.80 — — — —
Typical error 0.3 0.04 0.01 0.02 0.01 0.02
Table 4 gives the position of the m ain-sequence turn-off, the horizontal branch and the 
GB clump in colour and m agnitude, as estim ated  in the two (V-Iv) CM Ds (the turn-off 
position for the (V-Iv)-K CMD was found from the cleaner CMD shown in figure 6). 
The values found for the M STO, from the (V -K )-V  fiducial derived later, are also shown. 
The large errors estim ated for the vertical position of the turn-off show how hard it is to 
estim ate this parameter. A V to -H B = 3 .4  ±  0.2, which is consistent w ith  the large sample 
of clusters summarized in Peterson (1986).
Figure 2 shows the stars for which membership probabilities are available from Cud85. 
The first plot shows all these stars, the second shows them  coded by membership prob­
ability, with all stars with a probability less than 20% having been discarded. It can be 
seen that two highly probable members and one probable member lie well to the blue of 
the other stars. These stars lie in a similar position in C ud85’s (B -V )-V  CM D. They will 
be discussed in section 3.2 on the two-colour diagrams.
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Figure 2: The (V -K )-V  C M D  fo r stars w ith  membership probabilities from  Cud85. The upper 
plot shows all the stars w ith  an estim ate o f membership p robab ility ; the lower p lo t shows 
those stars w ith  p > 0 .2 .
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W liat interesting objects m ight be found in the CMD ? Due to M 71’s position near 
the plane of the Galaxy, m any field stars are expected to contam inate the CM Ds. The 
existence of m ain-sequence binary stars is discussed in section 3.1.1. R F88 discovered  
several cataclysm ic variable (C V ) candidates in M71. Driuker, Fahlman and Richer (1989) 
and Machin et al (1990) conducted follow-up studies, which concluded that at least the 
brightest candidates are single, field w hite dwarf stars. U nfortunately CVs would be too 
faint and too blue to be detected in the K im ages. A lso Machin et al concluded that, due 
to the cluster’s sparseness, there is only a 1 in 3 chance of any CVs forming in M71.
In addition to the large m osaic, pairs of deeper m osaics were taken in two areas of the 
cluster. Figure 3 shows the (V -K )-V  and (V-K )-K  diagrams for the combined pairs of deep 
frames, together w ith the FPC 79 data. Comparison w ith the large-area CMD in figure 1 
shows very similar structure, w ith the deep-frame CM Ds reaching a little  further down the 
main sequence before the K cut-off begins to dom inate. The ratio of the total exposure 
times for the central portion of the deep m osaics and the large-area data is 2000/ 210s. 
In addition the deep-frame sets have been paired up to give 19x more integration on 
each star. Naively this corresponds to a four-fold improvem ent in signal-to-noise: that 
is, for a given error the deep frames should be reaching 1.5 m agnitudes fainter. In fact 
the practical difference, judged from the RMS plots and final CM Ds of the data (see last 
chapter), is only about 1 m agnitude. This deficit of gain in accuracy is due to several 
effects: (i) in the deep frames it is much  harder to construct a good point spread function  
(see last chapter) since there are fewer bright stars, which are probably close to each 
other, in the area which is ~ 8x smaller than the large mosaic; (ii) each stellar im age 
is made up from 10 frames instead of just two, so that inaccurate m osaicing produces 
position dependent profile broadening, and thus random photom etric scatter; (iii) the 
observations are possibly approaching the confusion lim it, where the background of faint 
unresolved stars produces sky fluctuations com parable with the signal from the stars being 
measured, and (iv) only the stars in the central ~30%  of the deep frame are in all 10 
frames, receiving the full integration, the rest receiving successively less, lOx less for the 
small regions at the four corners. Thus, w hilst the deep mosaics do indeed go deeper than  
the large m osaics, the signal-to-noise improvem ent is not as great as m ight be predicted.
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W hen a fiducial sequence is constructed in the CMD (see the last chapter and section 4 
of this chapter), it is possible to exam ine the horizontal (colour) structure of the main- 
sequence stars. The solid line in figure 4 shows the histogram  of the residuals from the 
mean in each 0"'25 vertical (m agnitude) bin of all stars in the interval 1 7 .3 < V < 1 9 .6 . This 
interval covers the main sequence stars from the turn-off to the faintest data for which a 
fiducial can be constructed, w ith a dispersion in colour of less than 0™1.
In trin s ic  w idth o f Moin S e q u e n c e
C o lou r re s id u a l
Figure 4: Main sequence colour residuals fo r all stars in the m agnitude range 17.3<V <19.6 . 
The dot-dashed line is the result o f a num erical s im ulation conta in ing  lOx as many stars as 
the real data, but p lo tted  on the same scale.
In both Stetson and Harris’s (1988) M92 observations and P io tto  et a l’s (1990) M30 data  
an excess of stars is seen to the red o f the main-sequence fiducial line. Both studies con­
cluded that at least part of this excess was due to binaries. Stetson and Harris suggested  
that, because of the crowding and pixel scale of their observations, between 2 and 10% of
main sequence stars m ight be unresolved pairs (that is, visual rather than physical bina­
ries). However, they failed to show that this was the case from measured im age roundness 
parameters, which m ight be expected to give away close m ultiple im ages.
It was m entioned in the last chapter that in the reduction of the IR data, stars were 
sometimes identified as a single star whilst appearing as two im ages in the V data. Since 
these m ultiple cross-identifications were all rejected, there should be few, if any, such 
objects left in the present data. The stellar profiles are sufficiently well sampled in the 
optical data that, given the normal atm ospheric seeing, all pairs that can be separated  
will have been.
In figure 4 there is an excess of stars in the central 0T5, making the distribution appear 
rather flat topped. The (V -K )-V  CM Ds for the deep frames show the sam e broad shoulders 
and som ething of a. red excess, although there are less stars and so the data are less clear.
In their study of 47 Tuc, HHVASS87 performed a similar exam ination and concluded  
that a Gaussian distribution was a satisfactory fit to their histogram  of residuals. Using 
the standard procedures in Fisher (1963) shows that the present observed distribution is 
significantly different in shape from a Gaussian at the 99% confidence level.
Dividing the main sequence into sm aller m agnitude intervals should show that, for the 
fainter stars, there is a significant red excess, due to the increasing im portance of con­
tam ination by sources too faint to be detected. Unfortunately there are not enough stars 
in the sample to allow it to be further subdivided in m agnitude.
What residual distribution is to be expected ? If each star is subject only to Poissonian  
counting errors in its measured flux, a thin cross-section of the main sequence should 
resemble a Gaussian distribution. However, a cross-section over a range of m agnitude 
will be a sum of such Gaussians, w ith increasing width as the stars becom e fainter. This 
will produce a distribution that is more centrally peaked than a single Gaussian.
The dot-daslied line in figure 4 is a synthetic distribution of stars over the same range as 
the observations. This has been generated so that for each real star in the data there are 
10 synthetic stars drawn randomly from a Gaussian distribution, w ith a width appropriate 
to stars of that K m agnitude, as determined from the artificial star experim ents discussed  
in chapter 2. The standard deviation of the Gaussian, ct, is obtained from the deviation  
in these experim ents, 6, by assuming that 6 is the probable error so that a  =  <5/0.6745
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(as stated  in Stetson and Harris, 1988). The synthetic distribution is plotted so that 
it is directly comparable w ith the observations and is a good m atch to the observations 
except that the real data show broader ‘shoulders’ at -0.25 and 0.25 in colour. However, a 
Kolmogorov-Smirnov test shows that the two distributions cannot be said to be different 
at more than the 80% level of confidence. If the (sm all) errors in the V m agnitudes were 
also included, the synthetic distribution would be broadened and fit the observations 
even better. It must also be remembered that the (unknown) field star distribution is still 
affecting the observed colour residuals.
The sim plest hypothesis, that the stars in the main sequence form a simple, unique 
sequence in colour and m agnitude that is broadened by sim ple Poissonian counting errors, 
is therefore acceptable.
Were the observed shoulders to prove to be real, they could be due to the existence 
of a secondary sequence of stars, consisting of binaries and unresolved pairs of stars, 
running parallel to the main sequence, confusing the calculation of the mean in the fiducial 
calculations, and broadening and flattening the central region.
3.2 The two-colour diagram
Using the present K m agnitudes and the B and V m agnitudes of Cud85, and including 
stars from FPC 79, the (V -K ) - (B -V ) diagram shown in figure 5 was constructed for those 
stars with membership probabilities greater that 50%. The stars using the FPC 79 K 
magnitudes m atch up well to those using the present ones.
Three stars (C ud85’s KC-234, KC-268 and A H 71’s 1-255) are much bluer than the rest 
of the data (K C-234 is so blue that it is not plotted  in figure 5). These are the stars 
mentioned in section 3.1 and appearing as blue straggler candidates in figure 2. In the 
next chapter, the dereddened two-colour data for M4 and M71 are overlaid in figure 14. 
In that diagram the three very blue stars are p lotted  w ithout any de-reddening and are 
found to lie on the line defined by the tw o sets of cluster stars; indeed, if they were 
de-reddened by the sam e amount as the cluster data, they would all shift off the cluster 
relation. Star KC-234 lies above the cluster line (redder in (B -V )). A lthough this star 
has two close, bright com panions, and is therefore unlikely to be as precisely measured  
as other stars of similar brightness, it lies off the cluster locus in the correct sense and by
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( V - K )
Figure 5: The (V -K ) - (B -V )  d iagram  fo r M71 fo r stars w ith  more than 50% probab ility  o f 
being cluster members.
approximately the correct amount to be a field star of solar m etallicity.
The kinem atics o f M71 are not sufficiently different from the local disc galactic dynamics 
for the field star separation to be com pletely successful. (Thus M71 is a good exam ple 
of the m etallicity population separation of the globular clusters, with those clusters with  
[Fe/H ]>-0.8 being governed by thick-disc-like dynam ics (Zinn, 1985)). It is easily possible 
that these three stars are field stars whose peculiar velocities make them appear to be 
cluster members. If this is so and the stars suffer little  extinction , then KC-26S and 1-255 
have the same intrinsic colours as the RHB and MSTO stars in M71. In figure 1 they  
appear 2.5-4T0 brighter than the MSTO so that if they are sub-dwarfs this corresponds 
to a distance from us of 0.6-1.2kpc or 20-30% of the distance to M71 (thus the assum ption  
of small reddening could be true).
I t  seems h igh ly  p robab ly  th a t a ll three o f these ob jects are held stars.
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The colour-m agnitude and two-colour diagrams have been constructed from the available 
data. They can now be compared to the predictions of stellar m odels and to observations 
of other clusters. In addition, three blue-straggler candidates have been shown to be 
consistent with being field stars. No significant fraction of binary stars has been detected  
on the main sequence.
4 M a t c h i n g  w i t h  i s o c h r o n e s
Comparing CMD data to isochrones is now a. common-pla.ce procedure in optical studies. 
The isochrones are now so well developed that they can m atch very well the shape of 
the observed sequences and reliably predict m etallicity and age, and confirm the chosen  
reddening and distance m odulus. This is not to say that they are not mis-used also. Until 
recently no isochrones were available that included the K band in any detail.
The fitting procedure adopted here is sim ply to find the offsets in colour and m agnitude 
that allow a m etallicity-fam ily o f isochrones to fit to the shape of the observations. In this 
way E (B -V ) and (m -M )0 are found as part o f the fitting procedure. If the m odels provide 
accurate predictions, the best-fitting isochrone will produce values for the reddening and 
distance modulus that are consistent w ith the adopted values, lending greater weight to 
the derived m etallicity  and age. The reddening data, o f Martin and W lrittet (1990, M W 90) 
are used to derive colour excess ratios.
The only com prehensive set of isochrones covering the IR-optical passbands is that of Bell 
(1992) which is based on the calculations o f Bergbusch and VandenBerg (1991). (These  
IR isochrones will henceforth be referred to as the BBV B isochrones). Roger Bell has 
kindly provided m achine readable versions of these ahead of publication. The isochrones 
cover 10 met a.lli ci ties in the range -0.4S >  [Fe/H] >  -2.26, w ith ages of 8 , 10, 12, 14, 16 
and 18 Gyr and w ith [O/Fe] varying as a function of [Fe/H] (as listed in table 5).
These isochrones are still som ewhat preliminary. B ell’s com parison, in the T eff-(V-K) 
diagram, w ith the Saxner and Hammarback (1985, SH85) F dwarfs ((V -K ) coming from  
the observations of Johnson et al (1966)) and the stars com mon to the IR photom etry  
of Glass ( 1974a.,b), and the IR flux-m ethod work of Bell and Gustafsson (1983), suggests
that the calculated isochrones are ~ 0 n-'l2 too red. Since the major features in the (V- 
K)-V CMD agree very well in m agnitude w ith the com parable Straniero & Chieffi (1991, 
hereafter SC91) (B -V )-V  isochrones, this translates into  making the K m agnitude 0rl112 
fainter. The situation  is som ewhat more com plex, in that the colour-shift necessary to 
reconcile observations and theory is itself a. function of colour. Clearly this is rather 
disappointing and will be discussed a little  further in section 7.
In the following sections the isochrones have been used as supplied, w ith subsequent 
discussion of the effects of zero-point changes on the derived parameters. Since (m -M )0 
and reddening are left as free parameters in the adopted fitting procedure, changing 
the colour and m agnitude zero-points of the isochrones changes the derived (m -M )0 and 
reddening, but does not affect the best-fit m etallicity  and age.
The M71 data were m atched to these isochrones in both the (V -K )-V  and (V-K )-K  di­
agrams. Clearly these two diagrams contain the same inform ation, but their different 
morphologies m ay bring out features in one that are less easily seen in the other, so that 
the isochrones m ay be easier to fit in one than the other. A lso, sim ply having two goes at 
fitting the same data will hopefully reduce the random errors in the derived parameters.
First the best data were selected. The data for the deep and large areas that used the 
RF88 Vs were com bined, so that every star that was measured in more than one frame 
was taken as the weighted mean of the measurem ents. A fiducial sequence was then  
constructed as discussed in the last chapter. The data, were binned at 0T25 intervals 
in the m agnitude axis and any star was rejected as a field star if it lay more than 0T6 
from the mean point. The data, were then cut at 2 .5a  from the mean in each bin. This 
procedure reduced the data from over 600 stars down less than 200. The data at the 
bottom of the m agnitude range are not reliable since (a) they have large error estim ates, 
(b) they are so sparse that the fiducial means were not reliably determined and (c) they  
are biased towards the red in (V -K ) by the cut-off in the K observations.
The stars with Cud85 V m agnitudes for which he found a. membership probability greater 
than 50% make up the SGB and som e of the HB and GB. The remaining GB and HB 
data are those of FPC 79 for which p>50% .
This is the best IR-optical CMD data for use in isoclirone fitting that can be derived from 
the available observations. The (V -K )-V  and (V -K )-K  CM Ds are shown in figure 6.
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These data were fitted for every com bination of age and m etallicity, allowing (m -M )0 and 
E (B -V ) to vary freely. The fitting was done by eye. It m ight seem more appropriate to 
devise a statistical fitting technique based on the deviation of all the observed points from  
each isochrone. This would make the system atic fitting errors more uniform. However, 
exam ination o f the data shows that a sim ple fit of this kind would be inappropriate, since 
all the stars in the HB region would have to be removed lest they bias the fit. The GB is 
already sparse enough w ithout rem oving further stars. A lso, the small clump at the base 
of the giant branch ((V -K )~ 2 .5 ) would have to be given low weight because its fiducial 
position was calculated from a sm all number of stars. The errors on individual stars could 
be convolved in som e way with the errors in the calculation of each fiducial point, but 
there is still a. great deal of leew ay in the choice of ‘g o o d ’ and ‘bad’ stars and clumps and 
in the assigning of weights to these stars and clumps. This process is just as subjective as 
fitting the data by eye and so was not explored. No form of autom ated isochrone fitting 
has been reported in the literature and the results below entirely justify  the use of fitting  
by eye.
W hilst fitting, the clump at the base o f the giant branch was considered at low weight 
and the faintest and reddest stars were ignored. The observational data were shifted  
arbitrarily in both axes to get a best fit to each fam ily of isoclirones. It was found that 
there was a unique best fit to each m etallicity  set.
The isochrone fits are shown in figures 7(a) and 7(b). The fitting parameters are listed  
in tables 5 and 6. A lso listed is an estim ate of how well the isochrones fit the data on 
the scale A (very good) to F (very bad). These parameters are displayed in figures 8(a) 
and 8(b).
The small scatter about a straight line in the [Fe/H ]-E(V-Iv) plots in figures 8(a) and 8(b), 
and the close agreement of these two plots between the two CMDs shows how consistent 
the by-eye fitting procedure has been. The fact that these plots are fitted by a straight 
line confirms the small dependence of colour (and hence tem perature) on age in the region 
of the turn-off and the lower sub-giant branch.
It can be seen that the fits are in general better in the (V -K )-V  CMD and that the best 
fit of all is at [F e/H ]=-0.78 and 13 Gyr. In the (V -K )-V  diagram, discrimination between  
metallicities is rather easy w ith  the top of the giant branch m atching the theoretical
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: (a ) Isochrone fits  to  the (V -K )-V  C M D . The actual f it t in g  
re plots.
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Figure  8: (a)  Fitting parameters from (V-K)-V fits.
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Figure  8: (b) Fitting parameters from (V-K)-K fits.
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Tab le  5: Best-fit parameters fo r (V -K )-V  C M D
[Fe/H] [O/Fe] A(V-Iv) A V Age Q uality
-0.47 0.23 0.46 13.49 14 C
-0.65 0.30 0.54 13.58 13.5 C
-0.78 0.39 0.59 13.63 13 B
-1.03 0.50 0.68 13.84 11.5 C
-1.26 0.55 0.75 13.94 11 C
-1.48 0.60 0.78 14.05 11 D
-1.66 0.63 0.81 14.11 11 D
-1.78 0.66 0.85 14.20 10.5 D
-2.03 0.70 0.87 14.22 11 D
-2.26 0.75 0.94 14.27 11 D
curves well at high m etallicities whilst being too red by nearly a m agnitude at the lowest 
metallicity. This correlation is the basis of F P C 79’s (V-Iy)0igb m etallicity parameter. A 
similar effect is seen for the faint MS stars, although these data have very low weight. In 
the (V-Iv)-K CMD there is the sam e m ism atch of the brightest giants at low m etallicities, 
although for the highest m etallicities the clump at the base of the GB is too bright to fit 
on the same age isochrone as the MS turn-off data.
It appears that the best fit to the present data in both diagrams is at [F e/H ]=-0.78 and 
an age of 13 Gyr. The plots of [Fe/H] against derived distance modulus from the two 
diagrams are som ewhat different, although they just about agree when the RMS scatter 
in the m agnitude and colour fits are taken into account. It is interesting to note that 
the only point for which the two agree exactly  is at [F e/H ]=-0.78, when (m -M )o=13.00. 
Setting [Fe/H] to -0.78 gives a reddening to M71 of E (V -K )= 0 .59 , which corresponds to
Table 6: Best-fit parameters fo r (V -K )-K  C M D
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[Fe/H] [O/Fe] A (V -K ) AK Age Q uality
-0.47 0.23 0.47 12.99 14 C
-0.65 0.30 0.57 12.99 13.5 C
-0.78 0.39 0.59 13.07 13 C
-1.03 0.50 0.64 13.24 12 D
-1.26 0.55 0.69 13.26 12 D
-1.48 0.60 0.79 13.26 11.5 E
-1.66 0.63 0.80 13.28 11 E
-1.78 0.66 0.85 13.26 11 D
-2.03 0.70 0.90 13.28 11 E
-2.26 0.75 0.91 13.33 11 E
E (B -V )=0.21 if R =3 .05 .
To make E (V -K ) agree w ith the standard value of E (B -V ), either [Fe/H] would have to be 
much lower than the best-fit value of -0.78, R would have to be lowered, or the isochrones 
would have to be wrong. The K zero-points of the observations are fairly secure since the 
isochrones m atch up so well to both the FPC 79 and the present data, which are almost 
entirely independently calibrated. A  value of [Fe/H] as low as -1.45 (for which E(V-K ) 
comes out as expected) is rather im probable, being lower than any of the wide range of 
estimates in the literature.
To make the value o f E (V -K ) consistent w ith  E (B -V )= 0 .2 7 , R would have to be 2.4 
(extrapolating from the data of M W 90). The adopted distance modulus would then  
increase to (m -M )o=13 .06  and the value from the fits above would be 13.01. These two 
values could easily be made to agree exactly by increasing [Fe/H] to -0.85. However, it
lias already been shown that R is unlikely to be this low.
Introducing the isoclirone zero-point shifts m entioned at the start of this section increases 
all the reddenings by A (A (V -K ))= 0 .1 2  and makes the A K s OT12 smaller. This changes 
the values of derived distance modulus and reddening for the best-fit age and m etallicity  
to those listed in table 7. Clearly, these derived values of reddening and distance modulus 
are in excellent agreement w ith those derived from the literature in section 2. This 
confirms the zero-point calibration of the model Iv m agnitudes and gives added weight to 
the derived age and m etallicity.
Table 7: Revised best-fit parameters fo r t = 13 Gyr and [F e /H ]= -0 .7 8 .
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Diagram E (V -K ) E (B -V )equiv Am (m -M )0
(V -K )-V 0.71 0.26 13.63 12.84
(V-K )-K 0.71 0.26 12.95 12.86
The fina l best-fit param eters, together w ith  (somewhat sub jective) e rro r estimates, are:
(m -M )0= 12 .85  ±  0.15 t= 1 3  ±  1 Gyr
E (B -V )= 0 .26  ±  0.03 [Fe/H ]=-0.78 ±  0.3
The age and [Fe/H] derived are consistent with previous work. Both the VB83 and 
Heasley and Christian (1991) age determ inations use isochrones which do not include any 
oxygen enhancem ent and since the BBVB isochrones do include an [O/Fe] enhancement 
they are expected to predict younger ages. VandenBerg (1985) suggests that an oxygen  
enhancement of [O /F e]=0.5  will produce ages about 10% younger than a. similar solar- 
scaled model. The present result thus corresponds to ~ 1 4  Gyr for unenhanced isochrones 
and lies between H atzidim itriou’s (1991) 12 A 2 Gyr and the 16-17 Gyr of VB83 (revised) 
and Heasley and C hristian’s 16 Gyr.
A gratifying confirmation of the consistency of these results comes from the [Fe/H ]-(V- 
K ) o,g b  relation o f Frogel, Cohen and Persson (1983). As m entioned before, using their 
value of ( V - K ) Oig b = 4 . 0 0  from E (B -V )= 0 .25  and (m -M )o= 12 .90 , they found [F e/H ]=-0.60  
for M71 from the mean relation through their clusters, even though it was one o f their 
calibrating clusters w ith an assumed m etallicity of -0.75. Using the presently derived 
values of E (V -K ) and (m-M)j<, ( V -I v )0ig b  can be remeasured, w ith a small extrapolation, 
to be 3.81 ±  0.06, which puts M71 right onto the mean line with [F e/H ]=-0.77. The 
[Fe/H]-(V-Iv)0 relation is purely em pirical, so this ‘consistent’ agreement with the results 
of isochrone fitting is very pleasing.
The present results show:
- the 12% correction to the model K-fiuxes is appropriate;
- the present collection of data, is consistent with the adopted values of reddening, 
distance m odulus, age and m etallicity;
- the present procedure of fitting (by eye) the best-shaped isochrone to the data is 
successful.
In addition, the (V -K )0 g b  m etallicity calibration shows that the reddening, distance 
modulus and m etallicity  are m utually-consistent. The derived distance modulus is the 
most precise single estim ate of this parameter ever made for M71, although it m ay be in 
error because of system atic errors in the isochrones.
4.1 Differential reddening
Using one of the BBV B (V-Iv),V  isochrones it is possible to select a portion of the main  
sequence where the photom etric errors are relatively small and calculate a colour residual 
from the isochrone for each star. These residuals can be plotted against position in the 
frame as a reddening map of the area. This procedure finds no significant deviation, but 
the data are only sufficient to distinguish variations of 01-'3 from the mean. Any variation  
present is already known to be smaller than this.
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5 C o m p a r i n g  t h e  C M D s  w i t h  4 7  T u c
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The M i l  observations are compared with similar data in 47  Tuc.
Comparing the CMD m orphologies of two clusters is potentially  very useful because it 
allows parameters such as m etallicity  and age to be exam ined w ithout having to assume 
values of reddening and distance m odulus.
Buckley and Longm ore’s (1992) K data for 47 Tuc from the Anglo-Australian T elescope’s 
IR camera, IRIS, have been used to construct CM Ds to compare the two clusters and 
particularly to exam ine the values of reddening and distance modulus to M71. M71 and 
47 Tuc have similar m orphologies in their optical CM Ds, hence the use of the 47 Tuc 
optical CMD, by AH71 and Cud85, to derive differential reddening and distance modulus 
to M71. The data are used in the sam e way here but these parameters can be derived  
independently from the different CM diagrams that are possible with the BVK data  
available. For each cluster the sam e stars were used in all p lots, w ith the V data for 47 
Tuc coming from HHVASS87.
The reddening to 47 Tuc is small and fairly well determined: the values in the literature 
range from E (B -V )= 0 .0  to 0.08, w ith recent work favouring 0.04 (see discussion in HH- 
VASS87 and Straniero and Chieffi, 1991). A value of E (B -V )= 0 .04  ±  0.01 was used to 
de-redden the 47 Tuc data in all three diagrams. There is no evidence to suppose that R 
is not standard in 47 Tuc, since it lies well away from the galactic plane (b11 — —50) and 
its reddening is sm all.
As well as the shifts in  colour and m agnitude due to  the d iffe rent reddenings and distance 
m oduli o f the tw o clusters, sh ifts and shape changes w ill also be caused by age and 
abundance differences, so the question arises o f w hich features to  m atch up in  the CM Ds. 
Table 8 lis ts  the sh ifts in  colour and m agnitude and the im p lied  reddenings and distance 
m oduli, resu lting  from  various m atch ing  a ttem pts. The shifts are given re la tive  to  the 
de-reddened 47 Tuc data , so, fo r example, A V = 0 .5 2  means th a t the M71 po in ts  have 
been shifted 0^52 fa in te r to  m atch up w ith  the 47 Tuc po in ts. E (B -V )equiv and A (m -M )0 
have been calculated assuming R = 3.05  and E (V -K )/E (B -V )= 2 .7 7 . Also tabu la ted  is the 
distance m odulus derived under the assum ption o f a constant E (B -V )= 0 .27  fo r M71.
As a firs t a tte m p t the tw o  clusters were m atched-up a t the ho rizon ta l branches.
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Table 8: Parameters from  various matches between 47 Tuc and M71 CMDs.
A V  A (V -K ) E (B -V )equiv A (m -M )0 A V Hb AVflat (m -M )0 (m -M )0io,27
Nominal offsets 
0.42 0.75 0.27* 0.40 0.0 0.26 12.88* 12.88*
Matched at HB 
0.42 0.64 0.23 0.28 0.0 0.20 13.00 12.88
Matched at MSTO  
0.22 0.64 0.23 0.48 0.20 0.0 12.80 12.68
‘Self consistent’ m atch  
0.51 0.39 0.14 -0.08 -0.02 0.10 13.36 12.97
* by definition the same as the adopted value.
A  is in the sense 47 Tuc - M71.
5.1 Matching the horizontal branches
The dependence of the HB lum inosity on m etallicity is controversial (see, for exam ­
ple, Carney, Storm and Jones, 1991). If the full Sandage Period Shift Effect is valid 
<5Mv,HB/<5[Fe/H] m ay be as large as 0.4, whereas if some HB models are to be believed  
all horizontal branches have the same lum inosity (e.g. Sweigart, Renzini and Tornambe, 
1987). By first assum ing that the latter is true the two clusters’ horizontal branches are 
matched into coincidence (figure 9).
An HB fiducial was first drawn by eye for each cluster in the (B -V )-V , (V -K )-V  and 
(V-K)-K diagrams. The HB data for 47 Tuc are rather sparse, comprising only 10 stars.
The M71 data were arbitrarily shifted in colour and m agnitude until the two fiducials co­
incided. Trial and error determined the range of parameters that gave a sufficiently good  
match. The parameters that are directly measured from the various colour-m agnitude 
com binations are A (B -V ) and A K , and two values each of A (V -K ) and A V . The m ag­
nitude shift necessary to bring the two lines together is a com bination of the reddening 
of M71 and the difference in distance modulus between the two clusters, A (m -M )0. If 
values of R and E (V -K )/E (B -V ) are assum ed, the reddening in (V -K ) can be converted  
to a value of E (B -V ) and the measured A K  and A V  can be used to calculate a value 
for A (m -M )0 corrected for the derived reddening. O bviously the reddenings derived from  
different colours should be the sam e when correctly converted onto a com mon scale and 
the distance moduli derived at different wavelengths m ust also be the same.
Table 9: M atch ing  parameters between M71 and 47 Tuc
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-0.57 ±  0.13 
-0.28 ±  0.06 
-0.57 ±  0.11
-0.405 ±  0.065  
-0.50 ±  0.11 
0.18 ±  0.11
0.21 ±  0.05 
0.28 ±  0.06 
0.21 ±  0.04
0.63 ±  0.14 
0.86 ±  0.18 
0.07 ±  0.01
0.23 ±  0.15 
0.36 ±  0.21 
0.25 ±  0.11
A  is in th e  se n se : 47  T u c  - M 7 1 .
The results of the m atching process are given in table 9. The error estim ates in the table 
include the fitting m argin, the zero-point error estim ates in the colours and m agnitudes 
and the error in the distance modulus of 47 Tuc.
The E(B-V ) and A (m -M )0 values are all the same w ithin the errors and the weighted  
means are E(B — V )=  0.23 ±  0.02 and A (m  — M )o= 0 .26  ±  0.03. Taking HHVASS87’s 
value of (m -M )0= 13.28 for 47 Tuc leads to (m -M )0= 13.02 for M71.
The equivalent E (B -V ) colour excesses would agree if R =  2.25 ±  0.6 for M71. To rec­
oncile the differential distance moduli R would have to be 2.6 ±  0.9, which would make 
A(m -  M )0=  0.23 ±  0.11 (formal errors on graphical solution). HHVASS87 sta te that
their colours m ay be 0"101-0"102 too blue in (B -V ), which would reduce A (B -V ). If this 
were an error in V only, it would increase both values of A (V -K ) by 0.01-0.02 and make 
A (m -M )0 smaller (m ore positive) by the sam e am ount.
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( V - K )
Figure 9: (V-K)-V CMDs for M71 and 47 Tuc with HBs matched.
Clearly, these results are not consistent with the adopted E (B -V )= 0 .27  and (m -M )0=12.88 . 
That is to say ¿ M OiH B /< 5 [F e /H ]= 0  does not produce consistent results.
It is not possible to give a ‘best-fit’ solution w ithout assuming some functional dependence 
of the HB m agnitude and colour on m etallicity  and age. Considering only the (B -V )-V  
CMD, if <5Mv,HB/<5[Fe/H] =  0.20 (as in LDSJF90) and the HB lum inosity is largely 
independent of age, the distance modulus of M71 comes out to be 12.99 if  [Fe/H] is taken
as -0.78 for M71 and -0.65 for 47 Tuc. If the colours of the 47 Tuc data are in error 
by ~2%  and E (B -V )= 0 .2 7  for M 71, (m -M )0 becom es 12.92, which is very close to the 
expected value. The difference in m etallicity  is so sm all, and so m any ifs are involved, that 
no conclusion can be drawn as to the validity of the chosen gradient for the [Fe/H]-Mv,HB  
relation.
5.2 The giant branch clump
The aggregation of stars 0T5 in V below the HB in M71 was noted earlier. A similar clump  
is also seen in the 47 Tuc data, albeit only represented by five stars in the (V -K )-V  CMD. 
W hilst it is easy for the eye to be drawn by a chance grouping of stars, and thus to read 
too much significance into  clumps and groups of stars in a CM D, there is evidence that a 
clump in approxim ately this location is to be expected from theoretical calculations. As 
Fusi-Pecci et al (1990, FFC R B 90) say: ‘ ... the identification of the “bum p” in a number 
of clusters is not merely a piece of filigree in globular cluster arcana.’
This clum p/bum p is caused when the H-burning shell of the stars passes through the 
compositional discontinuity left behind by the earlier RGB phase, when the convective 
envelope reached so deeply into  the interior that it dredged up m aterial from the region 
where H abundances have been affected during the H-core burning phase. This is a pos­
sible cause of the anom alous and variable 12C /13C ratios found in globular cluster giants 
(see, for exam ple, Bell. Briley and Smith 1990). VandenBerg and Sm ith (1988) performed 
modelling where they allowed the envelope of the star to penetrate into the core-processed  
material. As well as predicting 12C /13C ratios, they also found a foldback in their evo­
lutionary tracks som e distance up the sub-giant branch, w ith another possible clump at 
the base of the sub-giant branch. They state that the clump should be overpopulated by 
a factor of 5 w ith respect to other regions of the giant branch. They also state that there 
is no evidence for such a clump in the HHVASS87 lum inosity function o f 47 Tuc, but this 
is because their predicted clump is two m agnitudes fainter than the real one. The SGB 
base clump is also interesting because there is a clump seen here, albeit represented by 
only a few stars, in the M71 CMD.
The SC91 (B -V )-V  isochrones also contain just such a clump, a foldback in the isochrones 
where stars briefly decrease in brightness 011 their way up the giant branch, close to the
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level of the HB. FFCRB90 modelled this clump and proposed the difference between its 
V magnitude and that of the HB, , as a metallicity indicator. They calibrated
this using 11 representative clusters including 47 Tuc and M107 at the metal-rich end. 
Measuring AM Vd,fnip for M71 gives 0.4, which corresponds to Z=0.0033 or [Fe/H]=- 
0.78. This result is in excellent agreement with tha t found from the isochrone fitting 
to the present data and with the literature values summarized in section 2. SC91 give 
an equation to find the absolute V magnitude of the clump as a function of age and 
metallicity. The FFCRB90 predictions of My,0,clump are very similar for their chosen age 
of 15 Gyr and Y=0.23.
Using Mv .c lu m p  as a standard candle, FFCRB90 find a slope in the [Fe/H]-My,HB relation 
between 0.0 and 0.2, depending upon their input conditions. Although they have made 
some assumptions, such as a common age for all the clusters, and their models are some­
what out of date, the agreement of this gradient with the revised LDSJF90 gradient gives 
confidence in the relative, if not absolute, accuracy of their models.
Another relative, rather than absolute, param eter can be derived by looking at the mag­
nitude difference between the clump and the mid-point of the flattish section joining the 
MSTO to the base of the GB. Measuring this difference in the SC91 Z=0.002, 0.004 
and 0.006 ([Fe/H]=-1.04, -0.74 and -0.56 respectively) families of isochrones produces the 
following approximate relation:
AVflat_cIump =  —0.0184[Fe/H]t + 0.0212t -  0.245[Fe/H] + 2.369
This means that, for example, the separation is ~3 magnitudes for Z=0.004 ([Fe/H]=- 
0.74) and t =12 Gyr.
Unfortunately, AVf_c is measured as 2.6 for 47 Tuc and 2.48 for M71. These cannot be 
reproduced with any reasonable choice of [Fe/H] or age. Also, using the HHVASS87 best- 
fit parameters from their isochrone fitting puts the clump at My = 1.15, whereas the SC91 
isochrones predict it to be at 0.77. Thus the clumps seen are not exactly those from the 
SC91 isochrones, or else the isochrones are wrong in that the real clump occurs somewhat 
fainter than predicted. FFCRB90 found their clump predictions to be ~0T4 too bright. 
This is just about the correct size to reconcile the observed values of AVf_c. Putting in 
this shift and t=13.5 Gyr and [Fe/H]=-0.78 for 47 Tuc (from HHVASS87) then predicts
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AVf_c=2.62. The measured values imply an age difference of ~6 Gyr between the two 
clusters, if the metallicities are the same, with M71 the younger. Conversely, if the clusters 
are both the same age their metallicities would have to be different by ~0.5 dex, with 47 
Tuc the more metal poor. The error on the difference between the two values of AVf_c, 
A(AVf_c), is almost 01*1 because of the quality of the photometry. This means tha t for 
A[Fe/H]=0 A t~ 6± 6 , or for A[Fe/H]=0.5 A t~0±3.5 . These error estimates are purely 
from the measurement errors and cannot include any systematic errors in the theoretical 
calculations.
Some previous work shows tha t 47 Tuc is likely to be more metal rich than M71 (see Bell 
1987, for example), although Zinn (1985) found [Fe/H]=-0.58 and -0.71 for M71 and 47 
Tuc respectively. For 47 Tuc HHVASS87 found the best fitting isochrone to be [Fe/H]=- 
0.65 with an age of 13.5 ±  0.5 Gyr. Dorman, VandenBerg and Laskarides (1989) fitted 
model HBs to the same data and concluded that [Fe/H]=-0.65 with (m-M)0=13.31. The 
metallicity would be slightly lower if a correction is made for the small colour zero-point 
error found in the VBB85 models, although this may be cancelled out by a similar zero- 
point error in the HHVASS87 (B-V) colour (see the end of section 5). SC91 refitted the 
same CMD with their new isochrones to find [M/H]=-0.63 and t=12 ±  1 Gyr with (m- 
M)o=13.30. Bell (1992) finds (m-M)0=13.33 from unpublished HB evolutionary tracks 
supplied by Dorman (an improvement on those in Dorman, VandenBerg and Laskarides, 
1989). Bell preferred [Fe/H]=-0.78 to fit Buckley and Longmore’s IR data with a similar 
age to Hesser et al. The isochrone fitting earlier in this chapter shows tha t M71 is 
likely to be only 500 ±  1000 Myr younger than the HHVASS87 result. Such a result of 
A[Fe/H]=0 and A t = 0.5 Gyr is just possible within the errors of measurement. If Heasley 
and Christian (1991) are correct in saying that M71 is ~3 Gyr older than 47 Tuc the 
metallicity difference would need to be A[Fe/H]=-0.95 ±  0.5, which is rather unlikely.
Brown et al (1990) found [O/Fe]=0.4 for 47 Tuc, whilst G ratton (1987) found 0.69 ±  
0.06 for M71. From VandenBerg and Stetson (1991) this difference would lead to a colour 
difference of only 0.01 in (B-V). The effect on the (V-K) colour is likely to be similarly 
small. Performing simple tests with the MARCS model atmosphere program finds no 
difference in B,V or K fluxes between [O/Fe] of 0.4 and 0.7 for an otherwise normal 
[Fe/H]=-1.0 model.
In summary, the differential measurement A Vf_c within the CMD can provide information
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on the metallicity and age differences between two clusters. The observed values of AVf_c
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Figure 10: (V-K)-V CMDs for M71 and 47 Tuc matched with nominal offsets.
for 47 Tuc and M71 do not agree in size with the theoretical predictions of the SC91 
isochrones, but it seems likely tha t they will have the predicted dependence on age and 
metallicity and could be calibrated observationally. In a CMD with (V-K) as the colour 
the clump is likely to be more tightly defined than in one using (B-V), so that AVf_c is 
likely to be measured more precisely in the optical-infra-red CMD. In this particular case 
the usefulness of this measurement is limited by the photometric scatter in the data and 
the small number of stars in the clumps. The difference between the AVf_cs for the two 
clusters, A(AVf_c), will be used again in section 5.5.
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5.3 Nominal match
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Using Bell's distance modulus for 47 Tuc and the adopted value for M71 gives an expected 
value of A(m-M )o=0.37. If the Hesser et al value is used, the expected value becomes 0.42 
,± 0.1. The adopted M71 reddening of E(B-V)=0.27 corresponds to E(V-K)=0.75 ±  0.06. 
Figure 10 shows the two CMDs overlaid with these nominal offsets. Clearly they do not 
match well in colour. The MSTO region is bluer in M71 and the ‘fla t’ region is brighter, 
suggesting that M71 is either considerably younger than 47 Tuc or tha t it is more metal 
poor. The giant branch of M71 is considerably bluer (by 0^28) than that of 47 Tuc, 
suggesting a larger difference in metallicity, since the giant branch does not change much 
with age. On the other hand, the horizontal branches lie on top of one another in V, 
indicating that, the two clusters are of the same metallicity to ± ~ 0 .2  dex. This agreement 
of the HBs is to be expected since many of the estimates of the distance modulus to 
M71 started by assuming a value of Mv,0(HB) based on the cluster’s assumed metallicity 
(although the RF88 sub-dwarf fit for M71 gives a. similar answer for (m-M)0). Since 47 
Tuc is of a similar metallicity, it is to be expected that the nominal offsets between the 
clusters should make the HBs agree.
5.4 MSTO match
VandenBerg, Bolte and Stetson (1990) suggest that clusters which are of similar metallic­
ity can be matched up at the turn-off so that the age difference can be estimated from the 
colour difference between the bases of the RGBs, although they note that their technique 
is not so successful for clusters more metal rich than [Fe/H]=-1.2 (see also VandenBerg 
and Stetson (1991) for calculations regarding the effects of [O/Fe] variations). Although 
it is fairly easy to match M71 and 47 Tuc at their turn-offs (figure 11), the lack of stars 
measured on the lower GB for M71 means that the two cannot be compared until ~0T5 
below the HBs, where the colour difference is A(V-Iv)=0.15, in the sense that the GB of 
M71 is bluer. Heasley and Christian (1991) found the GB of M71 to be bluer, relative to 
the MSTO, than that of 47 Tuc, implying tha t M71 is older, if their metallicities are the 
same. It is possible to measure this difference in the BBVB isochrones as a function of age 
and metallicity. Looking at just the [Fe/H]= -0.65, -0.78 and -1.03 families of isochrones
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gives the (V-K) colour difference between the MSTO and the giant branch at Mv,o = l  as:
A(V -  K)to-CB i = —O.OOSt + 0.47[Fe/H] + 1.54 (1)
At the extremes, M71 could be 20 Gyr older than 47 Tuc or M71 could be 0.3 dex more 
metal poor.
(V-K)
Figure 11: (V-K)-V CMDs for M71 and 47 Tuc with the main sequences matched.
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The preceeding sections lead on to the possibility of finding a. ‘self-consistent’ fit between 
the clusters, tha t is the colour-magnitude shift combination that yields the most self- 
consistent set of parameters.- This approach has not been tried before and gets around 
the problems of using previous, possibly incorrect, reddenings and distance moduli and 
negates any zero-point errors in either data, set, because the colour and magnitude shifts 
are solved for as part of the fitting procedure. In principle this technique will lead to 
better determinations of the parameters that determine the match between the two CMDs. 
There are four param eters to determine: AV, A(V-Iv), the age difference, A t, and the 
metallicity difference, A[Fe/H], Thus four measurements are required between the CMDs 
to solve for these. The difference of the AVf_c measurements is one. A(AVf_c)=0.12 in 
this case and is dependant on both the metallicity and the age differences between the 
clusters. A second measurement that can be made on the CMDs is the V magnitude 
difference between the two ‘flat’ sections AVf. An obvious param eter to look at is the 
magnitude separation of the two HBs, AVhb , since so much work has gone into its study 
(see, for example, Carney, Storm and .Jones, 1991). The final measurement has also 
already been discussed, A(V-K)g b i5 the separation of the giant branches at ~0™5 below 
the HBs. The last three param eters are illustrated schematically in figure 13, which 
shows two isoclirones as representative of the CMD data for two clusters. A(V-K)qbi has 
been taken to be measured at Mv,o=l-0. Relations for (V-K)gbi and Vf as functions of 
metallicity and age can be calculated by measuring the families of BBVB isochrones for 
[Fe/H]= -0.65, -0.78 and -1.03. The results are as follows:
Vf = 0.0663t + 0.590[Fe/H] + 3.255
(V -  Iv)gbi =  O .O lllt + 0.608[Fe/H] + 2.778
Measuring up the CMDs, taking differences in the last two equations and taking ¿Mv(HB) 
= 0.20 <5[Fe/H] from LDSJF90, it is possible to produce the necessary four simultaneous 
equations. Unfortunately the equation for A( AVf_c) contains a cross-term in [Fe/H] and 
t, so that these must be estimated for one of the clusters to start with. Starting with 
[Fe/H]=-0.65 and t=13.5 Gyr for 47 Tuc and solving the equations gives the values of AV 
and A(V-K) given in table 8 and:
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That is to say that the HBs and GBs are matched-up close together whilst the flat 
regions are 10% apart in V. This result is shown in figure 12. The result that M71 is 
0.10 dex more metal-rich than 47 Tuc agrees well with Zinn (1985). That it is also 2 Gyr
younger is in direct contradiction to the result of Heasley and Christian (1991), although
they note tha t their results are only preliminary. Heasley (1991, private communication)
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Figure 13: Schematic (V-K)-V CMD showing matching parameters.
states that the zero-point calibrations were somewhat uncertain in this study and that 
another group has found a result that suggests that there is no difference between the two 
clusters. The differential colour difference between the TO and the GB (equation (1)) 
has not been used in this analysis and can therefore be used as a check on the answers. 
Putting in the present values of A t and A[Fe/H] gives A(A(V-K)to -GBi )~ 0 rather than 
the measured 0.15. Also, the derived reddening for M71 is much lower than expected. 
If, for some reason, the expected reddening of E(B-V)=0.27 is appropriate the derived 
distance modulus to M71 comes out only OTi larger than the adopted value. Clearly the
procedure has not been successful in producing a self-consistent fit.
The zero-points of the 47 Tuc data in both V and K are somewhat uncertain. HHVASS87 
state that their colour could be too blue by up to 0"’02. This seems quite likely to be the 
case considering what SC91 found when they compared the HHVASS87 fiducial sequence 
with those from Alcaino and Liller (1987) and Buonanno, Corsi and Fusi Pecci (1989). 
The la tter study in particular found the turn-off region and base of the sub-giant branch 
to be redder (by 0"’04) and fainter than the HHVASS87 data. Buckley and Longmore 
(1992) assign a rather pessimistic zero-point error of ±0.1 to their K photometry. Even 
combining these possible errors it is not possible to reconcile the derived reddening with 
the expected value. Again a. value of R close to 2 or a significant deviation from the 
normal form of the extinction law would be required to make these agree.
Experimenting with the possible errors in the gradients and original separations measured 
on the CMDs shows the sensitivity of the method. For example, the range of possible 
error on the original magnitude difference between the two HBs allows a range of A[Fe/H] 
from -0.32 to 0.14.
Although the present results are dominated by the uncertainties in the coefficients of the 
relationships, it is interesting to judge the effects of varying the inputs. Experimenting 
with a range of input param eters has little effect on the derived differential parameters:
- increasing [Fe/H] for 47 Tuc to -1.0 increases AV by only 0^01 and A(V-K) by 
0.02;
- varying the age of 47 Tuc between 12 and 15 Gyr has no significant effect;
- increasing iM v(H B )/i[Fe/H ] to 0.40 decreases AV by 0^03 and increases A(V-K) 
by 0.01.
In summary, this ‘self-consistent’ approach shows much promise, but the present results 
are of little significance because of the (lack of) quality of the data and the uncertainties in 
the relations derived from the SC91 isochrones, particularly that for A(AVf_c). A more 
sophisticated analysis could include the effects of HB evolution and varying CNO element 
abundances, once these have been modelled better, and could be calibrated against good 
quality, homogeneous isochrone fitting. Had the M71 (B-V)-V CMD been of better qual­
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ity, it would have been possible to include matching param eters between the M71 and 47 
Tuc optical CMDs in the fitting procedure.
5.6 Summary of comparison with 47 Tuc
Several approaches have been explored to match the CMDs of M71 and 47 Tuc.
Matching the clusters only at the HBs, is not very useful because a gradient must be 
assumed for the M\q0(HB)-[Fe/H] relation before a relative reddening and distance mod­
ulus can be derived. This gradient is controversial enough, but the situation will be much 
worse when the observations become precise enough to have to take into account age and 
CNO abundance differences.
The clump on the giant, branch is certainly real and corresponds to the clump modelled by 
FFCRB90. Their [F e /H ]-A M v ^ 7ip relation gives a metallicity of -0.78 for M71, although 
the absolute position of the clump is wrong in the models.
A new differential measurement is AVf_c, which lias been measured in the SC91 isochrones 
and may be used as a metallicity and age indicator, and A(AVf_c) may be used in com­
parisons of clusters.
The prospect of a ‘self-consistent’ match is interesting, this is potentially the way to 
maximise the use of the data, available for two clusters, although it is dependent on model- 
derived relations. The present data  are not sufficiently precise to produce meaningful 
answers.
Both the M71 and 47 Tuc data, and the isoclirone-derived relationships, lack sufficient 
precision to draw any conclusion other than that the observations are consistent with the 
adopted ages, metallicities, reddenings and distance moduli for the two clusters.
6 Sub-dwarf fit
Laird, Carney and Latham (1988) published IR photometry for seven nearby metal-poor 
sub-dwarfs that are often used to fit main sequence observations. Discarding one that 
they found to be deviant and one tha t SC91 note to be deviant it was attem pted to 
estimate both E(V-K) and (m-M)0 from the (V-K)-V CMD. Four of the sub-dwarfs are
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so faint tha t they m atch up with the very poor data at the bottom  of the CMD which 
are biased to the red by the K cut-off. Thus only a very rough fit was possible, the 
solutions being (m-M)v = 13.40 ±  0.4 and E(V-K)=0.60 ±  0.2 when no Lutz-Kelker (LK) 
corrections were used. When the full Lutz-Kelker corrections were used (m-M)v became 
13.50 ±  0.4. The errors are so large that these results are not of much use. In the (V-K)-K 
CMD it is not possible to make any attem pt at fitting but if the cluster data are shifted 
to the nominal positions, with E(V-I\)=0.75 and (m-M)0=12.88, the main sequence data 
overlays the bright sub-dwarf and the four fainter ones are too faint to match. Because 
these results are so uncertain no attem pt has been made to correct for the metallicity 
difference between the cluster and the sub-dwarfs (~0.7 dex) or to decide the extent to 
which the LI\ corrections should be applied (corrections in full, at half size or not at all, 
have been suggested by various authors). The most that can be said is tha t the sub­
dwarf fits are not inconsistent with the nominal values of (m-M)0 and E(B-V). Longer 
integrations in deep frames, would be needed to use these sub-dwarfs to find the distance 
to this cluster.
7 Matching the two-colour diagram with models
The two-colour diagram allows the observations to be compared to models and to fidu­
cial sequences from field star observations without the need to know the distance of the 
cluster. Model lines allow physical param eters such as mass, radius and tem perature to 
be estimated for individual stars. How well a set of isochrones fit the 2CD data  can be 
used to judge the metallicity of the cluster. The (V-K)-(B-V) 2CD constructed earlier is 
used in this section.
7.1 The models
The only appreciable set of recent models providing (V-K) colours are those of Bell and 
Gustafsson (1989, BG89) which cover the range 4000 < Teff < 6500K, 0.75 < log g 
< 4.5 and 0.0 < [Fe/H] < -3.0. These are the models, together with the additional 
but consistent calculations for Teff=6500 and 7000K and log g = 3.75 and 4.5 in Bell 
(1992), which were used to produce the IR colours of the BBVB isochrones, and are thus, 
presumably, responsible for the QTl2 zero-point shift found necessary in (V-K) in those
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isochrones, as mentioned in section 4.
Elias et al (1989) attem pted to match observed and synthetic J, H, K and 1/ magnitudes 
for four metal-poor sub-dwarfs with colours in the range 1.2 < (V-K) < 1.4. Whilst they 
found good agreement between the stars the absolute calibration of the fluxes, relative to 
Vega, appeared to be out by more than 0"T at H, K and L', in the sense that the stars 
were not as bright as the models predicted. Since the optical models agree so well with 
the observations this again points to a calibration or filter profile error in the IR colours 
or to missing opacity in the model calculations. At Iv the zero-point shift was 0Tl3 ± 
0.03.
To reconcile the mis-match tha t they found between theory and observation in the (V-K)- 
(J-K) diagram for high metallicity stars BG89 proposed temperature-dependent colour 
shifts in V, K or J, stating tha t the shift in V was far less likely, because of the excellent 
agreement found already between observations and model optical colours. The proposed 
shift in K ranged from 0.07 at (V-K) = 1.6 to 0.15 at (V-K)=3.3, the mean of which is 
0^13.
Applying the (V-K) colour-dependent, corrections from BG89 to the Teff-(V-K) data in 
Bell (1992) shifts the model predictions into good agreement with the SH85 F dwarfs 
(although they are cooler than the BG89 data and the corrections are extrapolated and 
small). Adding in those additional dwarfs for which Koorneef (1983) provides (V-K) 
colours confirms the position of the Johnson et al (1966) colours and makes it appear 
that a simple shift of OTH would best match theory and observation. However, using the 
colour-dependent shift causes the models to agree with the Glass giant observations at 
the hot end but disagree by 0±15 at the cool end, where no correction appeared necessary 
in the first place (although, simply choosing a different set of gravities for these stars can 
shift the model line into or out of agreement with the stars). W ithout access to all the 
data and a full knowledge of the input physics of the models, applying any sophisticated 
colour correction to the model calculations cannot be justified. It seems most likely that 
the optical colours from the various models are correct and that the IR colours are wrong. 
Errors in the CO abundance or the H~ absorption coefficients are likely candidates for 
the source of this error (see discussion in BG89). In the following discussion the (V- 
K) colours have been shifted to be 0‘"12 bluer, in agreement with Bell (1992) and the 
isochrone fitting in section 4. It should be borne in mind that, particularly at the cool
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Figure 14: The solar abundance, log g=4.5 model compared to the main sequence field star 
observations of Johnson (1966) (dashed line).
end, this may produce colours of as much as 0^1 too blue in (V-K).
In order to create a. set of two-colour model curves it is necessary to match up the BG89 
model IR colours with optical colours from similar models. Bell and Gustafsson (1978, 
BG78) contains model UBV colour calculations for giant stars and VBB85 contains similar 
colours for dwarfs. Unfortunately there is a calibration difference between the two studies 
so that where the two overlap at log g=3.0 and 4500 < Tefr < 6000 Iv the VBB85 model (B- 
V) colours are 5% bluer. The difference has only a very small dependence on temperature, 
so all of the VBB85 data  were shifted to the red by this amount. At the same time a 
small correction in V was made for the effects of TiO absorption in the coolest metal-rich 
models, as suggested in BG89. Intermediate values were interpolated within the available 
data. The normalisation to the BG78 data, was chosen because it is the redder of the 
two and missing opacity in calculations will make the models bluer. For instance, BG89

































Figure 15: Comparing the BG89/VBB85/BG78 and PRMV86 models in the (V-K)-(B-V) 
two colour diagram.








Figure 16: The (V-K)-(B-V) two-colour diagram for M71, with model tracks for [Fe/H] =-1.0.
showed that the 'veil’ of weak metal lines, proposed by Magain (1983) to explain the 
missing UV opacity in solar models, increases the Iv fluxes due to backwarming.
These models can be compared to the extensive photom etry of Johnson et al (1966). In 
figure 14 the model for [Fe/H]=0.0 and log g=4.5 is plotted on top of the Johnson (1966) 
main sequence locus. The 12% shift has made theory and observation agree well in the 
range of (V-K) from 1 to 2, but beyond this the model’s predictions are increasingly too 
red in (V-K) or too blue in (B-V).
Phillips et al (1986, PRMV86) derived (V-Iv)-(B-V) model lines from the Kurucz (1979) 
population II models as part of their investigation of the HB of M4. It should be noted that 
these models are very coarse in the infra-red with the nearest points to the K filter being 
at 1.8 and 2.7/tm. These model lines are plotted together with the BG89/VBB85/BG78 
(BGVB) models in figure 15. At first sight it appears that the 12% blueward shift in 






( V -K )
Chapter 3: T h e  G l o b u l a r  C l u s t e r  M 7 1  S a g i t t a e 156
(V -K )0
Figure 17: The (V-K)-(B-V) two-colour diagram for M71, with model tracks for [Fe/H]=-0.5.
if the BGVB models had not been shifted. However PRMV86 note that their models 
appear too blue in (B-V) (or too red in (V-K)) for the cooler stars. Comparing their solar 
abundance, log g=4.5 model to Johnson’s (1966) field star observations shows that, whilst 
the two match well for the hot stars, a. ~  20% bluewa.rd shift in (V-K) would be needed 
at the reddest model point ((V-K)=1.6) to reconcile model and observation. PRMV86 
found their M4 HB observations to be well fitted for high (V-K) and badly fitted for low 
(V-K). It will be shown in the next chapter that the opposite is more likely to be true - 
it is the RHB stars tha t are not fitted by the models. This is then consistent with the 
sense of the error in the solar abundance model. Thus, it seems likely that the Kurucz 
models are affected by a. similar problem to those of BG89. The PRMV86 models are 
used unmodified in the subsequent fitting but it should be borne in mind that they are 
probably in error for the cooler stars. These models are discussed a little further in the 
next chapter in relation to the M4 data..





Figure 18: The (V-K)-(B-V) two-colour diagram for M71, stars coded for log g as derived by 
FPC79. The circles are the data from Cud85 for which no gravity information is available.
Figure 16 shows the (V-Iv)-(B-V) data, for all stars with p> 50%, apart from one of the 
three probable field stars mentioned earlier. Also shown are the BGVB model lines for 
[Fe/H]=-1.0 and log g=4.5, 3, 2, 1, 0.75 and 0.5 and the PRMV86 models for log g = 2, 
3 and 4.5.
Figure 17 shows the same data with models for [Fe/H]=-0.5 plotted.
Figure 18 shows the stars coded according to the value of log g found by FPC79.
It must be remembered tha t the errors in the colours are cpiite large (typically ±0.07 in 
(V-K) and ±0.05 in (B-V)) and that bright giants may show larger scatter than can be 
due purely to photometric errors.
For comparison figure 19 shows the Johnson (1966) fiducial lines for his observations of 
field main-sequence and giant stars. Of course, there are no main sequence stars plotted
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Figure 19: The (V-K)-(B-V) two-colour diagram showing Johnson’s field main-sequence and 
giant lines.
Clearly the models do not exactly reproduce the FPC79 parameters, indeed the higher 
gravity stars are redder in (B-V), whereas the models suggest that they ought to be 
bluer. However, FPC79 used the rather unrealistic assumption of M . =  l  M q  for all their 
stars in the calculation of log g. On the whole, the models fit well, particularly those for 
[Fe/H]=-0.5. The HB stars cluster about log g=2, which is in reasonable agreement with 
the values used by HHVASS87 in their HB modelling of 47 Tuc. The giants, although 
rather scattered, also agree well with the gravities derived from the appropriate SC91 
isoclirone. It appears that the gravities might agree even better with the expected values 
if [Fe/H]=-0.3.
In figure 20 five stars with log g derived from their high dispersion spectra are plotted 
together with the [Fe/H]=-0.5 models. The four stars that come from FPC79 were mea-
o
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Figure 20: The (V-K)-(B-V) two-colour diagram for five M71 stars with spectroscopic deter­
minations of effective gravity. The models for [Fe/H]=-0.5 are shown for comparison.
sured by Cohen (1980) (two were re-evaluated by Pilachowski, Sneden and Wallerstein 
in 1983, who found the same log g). For one of these, labelled as star 30 in the figure 
and not shown in other plots because Cud85 contains no membership information for 
it, they found log g=0.7, whilst for the other three log g=0.8. Pilachowski and Sneden 
(1987) found log g=1.6 for the star plotted as a. cross in the figure. The la tter is in 
excellent agreement with the models. Of the other four stars the models would seem 
to predict gravities which are correct for two of them and too small for the other two, 
however this involves extrapolation. As already discussed the models are most likely to 
be wrong for the reddest stars and in the sense seen in this case. Additionally taking into 
account the likely photometric errors in the stars, the present agreement between model 
and observations is certainly satisfactory.
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This chapter considered K magnitude observations of the metal-rich globular cluster M71.
The previous work on M71 has been reviewed and revised with the conclusion that the 
best ‘literature’ param eters for this cluster are: (m-M)0 = 12.88 ±  0.09, E(B-V)=0.27 ± 
0.02, [Fe/H]=-0.7 ±  0.4 and t=15 ± 2 Gyr. A discussion of the value of R, the ratio 
of total-to-selective absorption, concluded that there was no strong evidence to suppose 
that the value was different from the normal 3.05.
The self-consistency of these parameters can be judged from two trials. A revised value 
of (V-K)0igb , measured from the (V-Iv)-K CMD with the adopted (m-M)0 and E(B-V), 
leads to a ‘consistent’ value of [Fe/H]=-0.77 through the Frogel, Cohen and Persson (1983) 
calibration. Also, taking the mean M y(TO) from table 4 and [Fe/H]=-0.78 in Buonanno’s 
1986 equation (1), relating age to rnetallicity and turn-off luminosity and based on the 
VBB85 isochrones, gives an age of 12 Gyr for M71.
Previous work has constrained the size of any differential reddening that may be present 
across the face of the cluster and the present data cannot improve upon this.
The available data were gathered together to form the most complete (V-K)-V and (V- 
K)-K CMDs and also the ‘best-for-fitting’ (V-K)-V and (V-K)-K CMDs.
The (V-K)-(B-V) two-colour diagram was constructed from those giant and HB stars with 
a high membership probability. Three stars were found likely to be field stars, despite 
their apparent kinematic similarity to the cluster stars.
Examining the colour cross-section of the main-sequence stars showed indications of an 
excess similar to that expected from a population of binaries and stars with close com­
panions. There were insufficient stars for this to be statistically significant.
The new BBVB isochrones were discussed and fitted to the (V-K)-V and (V-K)-K CMDs 
with the following ‘best-fit’ results: (m-M)0=12.S5 ±  0.15, E(B-V)=0.26 ±  0.03, [Fe/H]=-
0.78 ±  0.3 and t = 13 ±  1 Gyr. The isochrones match the shape of the observed CMDs well 
and the derived param eters are in excellent agreement with the adopted values. Clearly 
the 12% colour shift applied to the isochrones is appropriate at least to first order.
Since the derived param eters are independent of the adopted parameters, revised adopted
parameters may be calculated:
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E(B-V)=0.26G ±  0.015 t=14.5 ±  2 Gyr 
(m-M)0= 12.87 ±  0.07 [Fe/H]=-0.7 ±  0.4
The range of estimates is so large for [Fe/H] tha t the adopted value is left unchanged. 
These are the most accurate estimates of the cluster parameters ever published.
A sequence of sub-dwarfs with known parallaxes could not be usefully fitted to the present 
data, because it does not go quite deep enough.
An attem pt was made to match the CMDs of M71 and 47 Tuc. This proved difficult, 
both because of the lack of quality of the data, and the uncertainties in relations derived 
from models. W ith the two clusters registered a.t their nominal offsets, various indicators 
were found to give contradictory signals about the age and metallicity differences between 
the two clusters. Potentially the most useful way to match the two clusters together was 
to find the colour and magnitude offsets which made such indicators give the most self- 
consistent pair of age and metallicity. In the present case this approach was not very 
successful, again being dominated by the observational and theoretical uncertainties.
The clump observed in the giant branch was compared to models by both FFCRB90 
and SC91. FFCRB90’s metallicity calibration of the V magnitude difference between the 
clump and HB, gave a metallicity consistent with the adopted value. Although there is 
a disagreement on the absolute magnitude of the clump, the differential measurement 
AVf_c was examined as an age and metallicity indicator.
Finally the data  were compared to (V-K)-(B-V) model colours constructed from several 
previous works. In general the models fitted the data  well, with a good match to the 
previous spectroscopic values of gravity.
This chapter has been an exploration of what can be done with IR imaging data in a 
globular cluster. Clearly, the IR-optical CMD is just as useful as a. purely optical one for 
determining cluster param eters, now tha t the relevant isoclirones are available. Indeed, 
more information has been derived from the isochrone fitting than is usually the case with 
optical data.. The use of (V-K) as the CMD colour reduces the photometric scatter in the
sequences and the IR has a distinct advantage in a cluster like M71 which suffers nearly 
a magnitude of extinction in the V-band.
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The co n ste lla tio n  o f  S corp iu s fro m  B o d e ’s ‘U ranograph ia’ (1801).
4 .  T h e  G l o b u l a r  C l u s t e r  I V Í 4  S c o r p i i
M4 Seo =  NGC6121 = C1620-720
a  = 16/l20m.5 b = —2G°24' (1950.0)
i 11 = 351?0 b "  = 16?0
1 Introduction
At less than 2kpc from the Sun, M4 is probably our closest globular cluster, lying near the 
bright star Antares, in the heart of the Scorpion. At visible wavelengths this is not obvious 
because the cluster suffers nearly a magnitude and a half of extinction as the light from 
its stars pass through the Sco-Oph dark cloud complex. At IR wavelengths this extinction 
is reduced by a factor of 10 a.nd if we had eyes sensitive to 2 //m wavelengths, M4 would 
stand out as a. bright, fuzzy object of 2nd or 3rd magnitude next to the cluster of young 
stars that would be revealed within the dark cloud. (This brightness estimate comes 
from the integrated (V-Iv)-[Fe/H] relation of Aaronson et al (1978) and the integrated V 
magnitude given in Norton (1978)).
The previous studies of the cluster are well summarized in Alcaino and Liller (1984, 
hereafter ALS4), since when Alcaino, Liller and Alvarado (1988, ALA88) have presented 
BVI CCD observations and Liu and Janes (1990, LJ90) have performed Baade-Wesselink 
analysis on four of the cluster variables. Cudworth and Rees (1990, CR90) examined the 
issue of cluster membership and Longmore et al (1990, LDSJF90) included the cluster in 
their study of the log P-Iv-magnitude relation. Both LJ90 and LDSJF90 proposed that 
R, the ratio of total-to-selective, might be 4 in the direction of M4.
The uncertainty in E(B-V) for M4 has been a major block to studies of what is otherwise 
an attractive target, owing to its proximity to the Sun and its sparseness. This has meant, 
for instance, tha t the RR Lyraes have not been studied in anything like the detail of those 
in M3 or M15. Also the range of possible input parameters to isoclirone studies has led
to a wide range of estimates of the age and metallicity of the cluster (see, for instance, 
VandenBerg and Bell (1985, VBB85)).
This chapter is similar in structure to the last, with an additional discussion of the lumi­
nosity function derived from the present K data. Having achieved good results with both 
the isoclirones and two-colour models in the last chapter, they may be used here with 
some confidence, to derive parameters for M4.
Section 2 reviews the cluster parameters derived in previous studies, including a full 
discussion of the very im portant question of the values of R and E(B-V) towards M4. 
Section 3 presents the current data., together with previous optical and IR data. In 
section 4 the BBVB isochrones (see Bell (1992) and section 4 of the last chapter) are 
matched to the CMDs and in section 5 the cluster’s CMD is compared with that of M71. 
In section 6 model calculations are matched with the two-colour diagram. Section 7 sees 
a brief examination of the cluster’s luminosity function and attem pts to compare it to the 
previously published LF.
2 Standard parameters for M 4
W hat are the best, cu rren t e s tim a te s  o f  reddening, m e ta llic ity , d is ta n ce  m odulus an d  age 
fo r  M 4 ?
The following sections review the previous work in the literature. Where possible the 
results are re-appraised in the light of a value of R closer to 4 than to the more normal 3.
2.1 Reddening and the value of R
It has long been known that the reddening to M4 is higher than expected from its position 
in the galaxy because its line of sight passes through the Sco-Oph dark cloud complex. In 
addition, as early as 1939 Greenstein suggested that there might be differential reddening 
across the face of the cluster. This was confirmed and constrained by subsequent studies 
and finally quantified by CR90 as an E-W gradient, as part of their study of cluster 
membership. LJ90 and LDSJF90 suggested tha t R might be closer to 4 than 3, especially 
since R=3.9 in regions of the p  Oph dark cloud (W hittet and van Breda, 1980).
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Figure 1: Reddening estimates to M4. The upper plot shows all of the estimates from the 
literature, whilst the lower plot shows those values which can be revised under the assumption 
that R=4. The estimates are plotted in the same order as they are listed in table 1.
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Table 1 : Reddening Estimates to M 4
Author Quoted Method Revised Notes
E(B-V) a E(B-V) er
(1) (2) (3) (4) (5) (6) (7)
( Greenstein 1939 (0.39) (0.08) 1 0.36 (0.08) 1 )
( (0.39) (0.06) 2 0.36 (0.06) 1 )
( (0.42) (0.05) 3 0.40 (0.05) 1 )
( <0.52 — 4 — — 1 )
Kron Sz Mayall 1960 0.37 0.05 2 (0.37) (0.05)
Newell 1970 0.45 0.03 4,5 0.42 0.1 2
Philip 1971 0.36 (0.1) 4,5 (0.36) (0.1) 3
Eggen 1972 0.36 (0.05) 4 (0.36) (0.05) 4
Racine 1973 0.27 0.05 2 — — 2
Harris van den Bergli 1974 0.30 (0.05) 2 — — 5,6
( Kukarkin 1974 0.36 — 6 — — )
( Mironov & Samus 1974 0.34 — 4 — — )
( Burstein & McDonald 1975 0.37 0.04 6 — — )
0.36 (0.05) 2 (0.36) (0.05)
( Alcaino 1975 0.55 (0.07) 7 — — 7 )
Moshkalev 1975 a,b 0.42 (0.05) 7 — — 8,9
( 0.34 — 4 — — 9 )
Kron &: G uetter 1976 0.49 (0.05) 2 0.43 0.08 10
Lee 1977 0.38 0.03 8 (0.38) (0.03) 11
0.41 (0.05) 9 0.40 (0.05)
Lloyd-Evans 1977 0.42 (0.05) 9 0.40 0.04 12,13
Sturch 1977 0.34 (0.05) 10 0.35 0.05 14,15
Cacciali 1979 0.38 0.02 4 (0.38) (0.02)
0.36 (0.04) 9 (0.36) (0.04)
0.355 0.01 10 (0.355) 0.02 14
0.35 0.02 11 (0.35) (0.02)
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Zinn 1980 0.37 0.03 2 (0.37) (0.03)
Sandage 1981 (0.37) (0.04) 3 (0.37) (0.04)
Alcaino & Liller 1984 0.44 0.04 8 0.37 0.06
(0.41) (0.03) 12 (0.41) (0.03)
Richer Sz Fahlman 1984 0.37 0.06 8 (0.37) (0.06)
de Bruijn & Lub 1987 0.37 0.04 3 (0.37) (0.04)
Caputo 1987 (0.37) (0.02) 3 (0.37) (0.02)
Alcaino et al 1988 0.41 0.03 12 0.37 (0.03) 16
Kadla et al 1989 0.38 0.03 3 (0.38) (0.03)
( Sarajedini & King 1989 0.40 — 12 — )
Cudwortli & Rees 1990 0.40 0.04 9 (0.40) (0.04)
( LDSJF90 0.405 0.15 6 (0.405) (0.15) )






* weighted by the error estimates and excluding Greenstein’s values, compilations and values for which 
an error estimate cannot be assigned.
() around a whole row indicate that the estimates have not been used in the calculation of either mean. 
() in columns 2 or 3 indicate an estimate from the information in the reference, since the value has not 
been explicitly stated.
() in columns 5 or 6 indicate a value that is unchanged by the revised parameters.
— indicates that there is insufficient information to calculate or re-calculate the quantity.
K e y  to  m e t h o d s
1. Star counts
2. Integrated colours
3. Colours of RR Lyraes
4. Colours of BHB stars
5. Spectra model atmospheres
6. Compilation of previous work.
7. Colours of GB stars
8. Colours of field stars
9. Colours of edges of instability strip
10. UV excess for RR Lyrae stars (Sturch 1966)
11. [Fe/H]ofRR Lyraes
12. Isochrone fit
N o te s  to  ta b le  1:
1. Greenstein’s colour excess in his red index is hard to calibrate against E(B-V). Using 
the same approximate relation as Newell (1970) gives the values in column 2. The values 
in column 5 have been reduced by a factor derived from the reddening data of MW90. 
None of the values is included in the means.
2. Matching up the Greenstein and Lee numbering systems shows, from CR90, that three 
of the stars observed by Newell are not members. The revised result excludes these stars 
and includes corrections for CR90’s reddening gradient, which make only a 1% difference 
in E(B-V). The value of E(B-V )/E(nb), where E(nb) is the colour excess in Newell’s 
narrow band colour, is smaller for higher R values, which will bring down the value of 
E(B-V). Because it is not possible to accurately re-calculate the colour-excess ratio the 
error estimate for the revised value has been doubled.
3. Philip’s result lias had an arbitrary, large error estimate assigned since little information 
is available on its derivation.
4. This estimate combines the Newell and Philip data with new, unpublished photometry. 
It is included a.t full weight in the mean.
5. Harris & van den Bergh seem to have used essentially the same data and the same 
relationship as Racine (1973) to derive this value. The two estimates have been included 
in the mean at half weight.
6. It seems likely tha t fitting the integrated broad-band colours to the standard rela­
tionship for a group of globular clusters, as Harris k  van den Bergh did, will give an
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anomalous result since it is well documented that M4 has a sparsely populated upper 
giant branch and a well populated BHB.
7. Alcaino matched the lower giant branch of M4 with other clusters including M3, M13 
and M15. No allowance was made for the metallicity or age differences between these 
clusters. Measurements on the Straniero and ChiefR (1991, SC91) isochrones show that 
for the M15 comparison, for example, a correction of up to 0"T (in the sense of reducing 
E(B-V)) might be appropriate due to metallicity difference. This is still not enough 
to explain such a large value of E(B-V), although it does show tha t the basic method 
is flawed. It is interesting to note that although Alcaino has written two subsequent 
papers on M4, he has never referred to this high estimate of the reddening and has 
only mentioned the photographic data from this paper in passing. Also CR90 noted a 
small colour-dependent difference between this data, and their own. For these reasons this 
estimate of reddening was not included in the mean.
8. Moshkalev compared (B-V)0,g, the (B-V)0 colour of the giant branch at the level of 
the horizontal branch, between M4 and the un-reddened cluster M3 to get E(B-V). This 
seems a very unreliable method since no allowance was (or could) be made for the clusters’ 
differing metallicities and ages.
9. The English translation of Moshkalev’s paper is missing a crucial two lines which mean 
that this reference has been misquoted as having found E(B-V)=0.34 by the method 
discussed in note 8. In fact, as listed in the present table, Moshkalev found E(B-V)=0.42 
from the colour of the GB, and E(B-V) = 0.34 from the colours of the blue horizontal 
branch stars, following the method of Mironov and Samus (1974).
10. Interpolation between wavelengths in the MW90 data allows a revised conversion 
between Kron k  G uetter’s narrow-band colour excess and E(B-V). The error estimate 
has been increased because the same interpolation for R=3.05 does not reproduce their 
own original conversion well, that is, the interpolation does not produce a very consistent 
result.
11. Lee also made another estimate of E(B-V)=0.31 ± 0.03 from the colours of BHB 
and field stars but he considered this value unreasonable and the method flawed and so 
disregarded it. The value has not been included in either mean.
12. The revised estim ate uses the more recent M3 photometry of Sandage k  Katem
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(1982) in matching the red edges of the HB.
13. Comparing Lloyd-Evans’ photom etry with that of CR90 shows AV(LE-CR) = 0.07 ± 
0.02 and A(B-V) = 0.00 ±  0.01.
14. Sturch’s 1966 calibration of RR Lyrae UV excess with E(B-V), which is used by both 
Sturch (1977) and Cacciari (1979), used E(U-B)/E(B-V)=0.72, which is correct for R~4.0 
(MW90).
15. The quoted value is Cacciari’s 1979 re-evaluation of Sturch’s data.
16. Figure 2 shows ALASS’s (B-V)-V fiducials fitted to the SC91 isoclirones. ALA88 
found best fit param eters of E(B-V) = 0.41, (m-M)v = 12.7, Z=0.001 and an age of 17 ±
1.5 Gyr. The upper plots show the fiducials plotted at ALASS’s E(B-V) and distance 
modulus for Z=0.0008, 0.001 and 0.002 and ages of 10, 12, 14, 16, 18 and 20 Gyr. It can 
be seen that none of these is a good fit. The lower panels show the data fitted to the 
same isochrones by allowing both E(B-V) and (rn-M)v as free parameters. The best fit 
is found at Z=0.001 ([Fe/H]=-1.35), E(B-V) = 0.37, (m-M)v = 12.6 and an age of 18 Gyr. 
As with the VBB85 isochrones used by ALA88 the lower main sequence is redder than 
the isochrones, although the fit is excellent for the brighter stars.
Chapter 4: T h e  G l o b u l a r  C l u s t e r  M 4  S c o r p i i  175
Table 1 contains a summary of the various reddening estimates, together with error es­
timates, from the M4 literature, as well as a revised estimate if R is assumed to be 4.0, 
where such a calculation is possible. The table is followed by notes and a detailed discus­
sion of a few im portant references, with particular regard to determining the value of R. 
The values in the table are plotted in figure 1. Whilst the weighted means at the end of 
the table are not significantly different, it is clear from the figure that the revised values 
contain less scatter, although, of course, part of this is simply because some estimates, 
which have been shown to be flawed, have been discarded.
The im portant result is tha t R = 4  is a t least as good as R - 3  when used in the interpre­
tation of the previous reddening estimates. The discussion that follows the table aims to 
show that R=4 is actually better.
As in previous chapters, Ak /E(B-V) and E(V-K)/E(B-V) are taken from the data of




Figure 2: Fitting the ALA88 data to the Straniero and Chieffi isochrones. The upper plots 
show the data at the offsets that ALA88 determined.
M artin and W liittet (1990, hereafter MW90). These agree well with the extensive ob­
servations of Herbst et al (1982) and the data, of Cardelli, Clayton and Mathis (1989, 
CCM89). The observations in W hittet and van Breda (1978) show tha t the relations are 
linear between R=3 and 4.
Some of these studies and other works can provide further information, particularly on 
the value of R, and these are discussed in the next sections.
2.1.1 C a p u to ’s th e o re tic a l w ork  on th e  R R  L yraes
Caputo (1987) used the Sturcli (1977) and Ca.ccia.ri (1979) UBV observations of the clus­
ter’s RR Lyraes to find T en and the bolometric correction from (B-V) by interpolating 
in the VBB85 models. Caputo’s aim was to conduct a. ‘self-consistent’ investigation and 
she used this Tefj- to derive the value of the distance modulus as a function of the likely 
[Fe/H], stellar mass and E(B-V), through the van Albada and Baker (1971) pulsation 
equation:
lo g P  = 11.497+ 0.84lo g —  -  0.68l o g ^ — -  3 A 8 lo g T eJf
L0 M e
Caputo et a.1 (1984) examined the ma.ss-luminosity parameter,
A  =  /o</L/Lq — O . S l l o g M / M q ,
and used HB models to show that it was a. strong function of the helium abundance but 
almost independent of [Fe/H] and CNO abundances. Assuming that Y is constant for 
the globular cluster system, Caputo used the observed value of A for M3 to constrain 
the pulsation equation for the variables in M4 and M15. She found E(B-V)=0.37 and 
[Fe/H ]=-l.l for M4. Completing Caputo’s ‘self-consistent’ discussion gives an apparent 
distance modulus of 12.76 ±  0.02 and a. mass for the variables of 0.63±0.01 .Mq (both 
formal errors). An independent check on these values comes from Lub’s (1986) work on 
the field RR Lyra.es from which he found:
MV(RR) = 0.37 -  2 . 0 3 l o g M / M & + 0.20[Fe/H]
Substituting in [F e/H ]= -l.l, M /  M q = 0 . 6 3  and the mean V magnitude of the variables 
observed by S turchand Cacciari, < m p ( R R ) > = 13.35 ±  0.16 gives (m-M)v=12.79 ±  0.16.
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Although the value is rather uncertain it agrees well with that found above, confirming 
the self-consistency of the derived parameters.
If R=3.05, the true distance modulus, (m-M)0, is 11.63, or if R were 4.0, (m-M)c would 
be 11.28. The adopted value of R is used only at the last and does not affect the derived 
(m-M)v- If, however, (V-K) is used instead of (B-V) to calculate the tem perature, the 
value of R comes in through the ratio E( V-K)/E(B-V) used to de-redden the observed 
colour. The m (R R )v ,-o.3 and m(RR)/v-,_o.3 from LDSJF90 can be employed to find an 
average tem perature through the form of Fernley’s (1989) (V-K)-Tefr calibration used in 
that paper:
logTefi =  3.954 -  0.132(V -  K)0
This temperature can be used with yVi=0.63 M . E(B-V)=0.37 and [F e/H ]= -l.l to derive 
a. distance modulus, interpolating in the VBB85 models to find the bolometric correction, 
BC. (The derived T efr and BC agree well with those from table 9 of LJ90, which is based 
on unpublished and corrected Ivurucz atmospheres for A 4 = 0 .6  A 4 q and [Fe/H]=-1.3, and 
with the approximation to the BC in equation (3) of LDSJF90).
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R
Figure 3: The relation between R and distance modulus for Caputo’s data (see text).
Again, the procedure gives a range of values of (m-M)0 depending on the value of R 
assumed. Since the dependence of (m-M)0 011 R is different according to whether (B-V) 
or (V-K) is used as the input to the models, it is possible to plot the two solution sets 011 
an R - (m-M)0 diagram. This is shown in figure 3. The two procedures are consistent with 
each other where the two lines intersect, giving values of R=4.0 ± 0.09 and (m-M)0=11.28 
± 0.03 (the calculated (formal) errors in the (m-M)0 values for both (V-K) and (B-V) 
temperatures produce the plotted l a  error ellipse of possible intersections).
The value of (m-M)c from the log P - Iv relation (from LDSJF90) can also be compared 
to these results but the value of Ak /A v is dependent on the value of E(V-K)/E(B-V) 
chosen. From MW90, a simple linear interpolation to R=4.0 gives Ak /A v = 0.097. Using 
the same functional form of the relation between A «/A y and R as CCM89:
A|< _  b
Ay R-V '
but with the data of MW90 gives the same value of 0.097 with a.=0.1130 and b=-0.0641. 
The distance modulus derived from the log P - Iv relation is then (m-M)0=11.25 ±  0.05 
for R=4.0. Using CCM89’s values of a = 0.1615 and b=-0.1483 would give Ai</Av = 0.124 
and (m-M)0= 11.21 at R=4.0. The solution sets possible from the log P - K relation value 
and the CCM89 and MW90 reddening relations are also plotted 011 figure 3. It can be seen 
that the value of (m-M)0 from the log P - K relation is consistent with the values from 
the (B-V) and (V-K) tem peratures at R=4.0. The match is best if the MW90 version of 
the reddening relation is used.
In summary, the BVK observations of variables in M4 can be made self-consistent by 
choosing an average reddening of E(B-V)=0.37 and R=4.0. This produces (m-M)0=11.25, 
which is in good agreement with the value adopted later in section 2.3.
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2.1.2 F rogel, C o h en  & P e rs so n ’s 1983 p ap e rs
Frogel, Persson and Cohen (1983, hereafter FPC83) presented JHK observations of 26 
bright stars in M4, along with stars in 25 other clusters. CR90 shows that 23 of these 
stars are highly probable members, one star is not a member and there is 110 information 
concerning the other two stars.
Another paper by the same group, Frogel, Cohen and Persson (1983, FCP83), discussed
the metallicity scale in relation to their observations in 33 clusters. The morphological 
parameters tha t they used were (V-K)0>GB, the (V-K)0 GB colour at MK,o=-5.5; (J- 
K)0,GBi the (J-K )0 colour at the same absolute magnitude; Mki0(GB), the absolute GB 
Iv-magnitude at (V-Iv)o=3.0, and log Teff(GB), the temperature of a star at Mboi,o=-3.0. 
All these param eters are changed by changing the value of R.
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Figure 4: Using CR90 V magnitudes and reddening corrections for the FCP83 giant obser­
vations. The plots show a) the giants as FPC83 plotted them, b) with the V magnitudes 
replaced by those of CR90 and c) with V and K magnitudes corrected for the CR90 reddening 
gradient.
FCP83 took UBV magnitudes for their stars from Lee (1977) and Eggen (1972). Using the 
V magnitudes of CR90 instead produces little change, as shown in figure 4. Also shown are 
the same data  after application of the CR90 reddening gradient. Even though the stars 
cover a. quite large range in RA (about 400" either side of the centre) this diagram shows 
little or no improvement over the uncorrected diagram. Since AE(V-K)=3.61AE(B-V) 
for R=4, some of the stars have been shifted by up 0T3 in (V-K), although the shift 
in K is <01*01. This lack of improvement is partly because there appears to be real 
intrinsic scatter amongst the brightest giants (also seen in Cudworth’s optical CMD) and 
partly because the CR90 gradient is more useful as a. statistical correction to a large data­
set, rather than for a small data-set. where the small-scale patchiness of the obscuration 
dominates.
FPC83 examined their cluster stars in various colour-colour and colour-magnitude plots.
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<V-K)0
Figure 5: As FCP83’s figure la  but with R=4.0 for M4. The straight line is the fiducial for 
M3/M13/M92 and the curve is for field giants.
In the (V-Iv)0-(U-V)0 plot (their figure 1a.) they found the M4 stars to lie redward of their 
expected position and proposed an increase in E(B-V) of O^l to 0^46. This was based 
on the assumption that the M4 stars should lie with the intermediate-metallicity clusters 
near the M 3/M 13/M 92 fiducial line that they found in their earlier work (Cohen, Frogel 
and Persson, 197S). Varying the value of R allows the original E(B-V)=0.36 to be used 
and the data to fit the fiducial line. The best fit of the M4 stars to the M3/M 13/M 92 line 
is achieved at R=3.7. However, if M4 is more metal rich than these clusters, the stars 
will lie to the blue of the line. Figure 5 is analogous to FCP83’s figure la , but shows the 
M4 data de-reddened under the assumption that R=4.0. The Frogel, Persson and Cohen 
(1979) M71 data, are also shown, as is the M3/M13/M92 fiducial line and the field giant 
curve. It is clear that M4 is a. good fit and indicates a metallicity approaching [Fe/H]=-1, 
an estimate consistent with, for instance, [Fe/H ]= -l.l found by Cacciari (1979) and with 
the value which will be adopted in section 2.2.
FPC83’s figure 12 contains the (V-K)-Mk.o aild (J-K)-M k,o CMDs for their data. They 
chose to use ( m - M ) o=11.60 to calculate Mk.o- This value, as will be seen later, is very high
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Figure 6: As in FPC83's figure 12, (V-K)0-Mk,0 C M D s  for M4 with the fiducials for M3 and 








and FPC83 make no discussion of it. Figure 6 shows the FPC83 data as they plotted it 
with R~3, E(B-V)=0.36 and (m-M)o=11.60 and the data (this time taking V from CR90 
and applying their differential reddening correction, although this makes little difference) 
shifted to R=4.0, E(B-V)=0.37 and (m-M)0=11.22 (which will be adopted as the best 
estimate of the distance modulus, in section 2.3). Also shown are the 47 Tuc and M3 
fiducial lines ([Fe/H]~-0.6 and -1.7 respectively). FPC83’s diagram showed the M4 stars 
to lie close to the 47 Tuc line and they again suggested that E(B-V) should be increased 
to 0.46 so tha t the CMD would be consistent with the intermediate-metallicity ranking 
of M4. The R=4 plot shows the M4 stars to lie roughly midway between the 47 Tuc and 
M3 curves, which is where FPC83 thought they ought to lie. The data are thus consistent 
with their estim ated metallicity whilst still using E(B-V)=0.37. If (m-M)o=11.60 is used 
the M4 stars lie slightly faint of the M3 line with the brightest stars lying furthest from 
the M3 data. In the (J-K)-M kj0 plot (not shown), using R=4 and the smaller distance 
modulus again shifts the M4 stars so tha t they lie midway between the M3 and 47 Tuc 
lines.
The (V-K)-Mj< o CMD is im portant because it is the source of the metallicity indicator, 
(V-K)0 gb, the de-reddened (V-K) colour of the giant branch at an absolute K magnitude 
of -5.5. From their original diagram, FCP83 quoted (VTv)0 g b  =3.83 for M4. From the 
revised plot, (V-K)0igb=3.55 ±  0.15. Similarly, (J-K)Qigb becomes 0.92 ±  0.05 and 
Mk,0(GB)=-4.26 ±  0.2. Using the approximations in LDSJF90 to plot a line of Mbol=-
3.0 in the (V-K)-M k>0 diagram finds log Tefr(GB )=3.61 ±  0.01. This temperature was 
found using the Tefr-(V-Iv) relation in Cohen, Frogel and Persson (1978), to keep it on a 
consistent scale. These param eters are im portant in the discussion which follows of the 
other 1983 paper by the same group.
FPC83’s figure 5 shows the (V-K)0-(J-K)0 plot for most of their clusters, although not 
M4. Figure 7 shows the two-colour plot for the M4 data, along with the M71 data  and the 
M 3/M 13/M 92/M 71 mean line. The lower plot shows the M4 data modified by assuming 
R=4.0. The data, for M71 have also been de-reddened with E(B-V)=0.27 rather than the
0.25 used by FPC83, although the difference is negligible in this plot. Changing the value 
of R lias moved the M4 stars down the mean line but also to the blue in (J-K), so that 
they lie below the line. Interestingly, the M4 data now agree very well with those for 
NGC5927 and NGC5286 (not shown), for which Zinn (1980) quotes [Fe/H] as -0.16 and
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Figure 7: Two-colour plot for M4 with cluster mean line and M71 data from FPC83. The 
lower plot is for R=4.
-1.72, respectively, and which both have even higher quoted reddenings than M4. FPC83 
decided tha t the (V-K)-(J-K) diagram was very insensitive to metallicity and that all the 
cluster giants should lie on a single intrinsic sequence. They asserted that clusters which 
did not follow the mean line were likely to have erroneous reddening determinations. The 
fact that three high-reddening clusters, covering the whole range of metallicity, all do not 
fit, by a similar amount and in the same sense, is suspicious. From the preceeding and 
subsequent discussion here it will be seen that the reddening and reddening law to M4 
are now well determined. It is possible that the extinction in the J filter is not modelled 
adequately by the simple curves derived from MW90, so that the most obscured clusters 
will appear displaced from the lower reddening ones. Since (J-K) is sensitive to gravity, 
if the common high reddening is a. red herring, it is possible that there is a systematic 
difference between the gravities of the stars in these three clusters and the other clusters in 
the sample, possibly due to age (or the second param eter ?). Of course there may simply 
be an error in some of the FPC83 J photometry. Further investigation is warranted.
FCP83 plotted five diagrams in which M4 was marked as a discrepant cluster. Their 
figures 2, 3, 4(a), 4(b) and 5 are reproduced together in figure 8. Their figures 2, 3 and 4(a) 
show Zinn’s metallicity against log Ten- (GB), (J-Iv)0(GB) and Mk,0(GB), respectively. 
The revised point for M4 is shown in each. In all three diagrams M4 becomes comparable 
with the other clusters plotted. Although the M4 point is now within the scatter of 
the other points it would fit better the mean relationships in all three diagrams if its 
metallicity were increased to -1.1.
In FCP83’s figure 4(b), [Fc/H ]ir is plotted against M|<,0. [Fe/H]iR is derived from the IR 
GB colours and changing the value of R changes it to -1.1 for M4. The M4 point now fits 
the mean relation very well. FCP83’s figure 5 is a plot of log TeR(GB) against Mk,0(GB). 
Again the revised M4 point fits well.
In their appendix on discrepant clusters, FCP83 again discuss increasing E(B-V) to 0.46 
for M4, also suggesting tha t their mean giant branch could be shifted bluewards. This 
would remove M4’s discrepancy in all their plots. Table 2 lists the original FCP83 GB 
parameters, the values with E(B-V)=0.46 and R~3 of their appendix and the revised 
values with R=4.0 and E(B-V)=0.37.
From this table it is clear tha t the increased value of R is just as good as an increased
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Figure 8: Figures 2, 3, 4(a), 4(b) and 5 from FCP83. The revised M4 points are shown as 
filled circles joined to the original points by dotted lines.
Table 2: Parameters derived from the FPC83 photometry
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FCP83 FCP83app R=4.0
(V-K)o(GB) 3.83 3.6 3.55
(J-IC)o(GB) 0.96 0.90 0.92
M k ,o( G B ) -3.55 -4.3 -4.26
log T efr(GB) 3.584 3.598 3.61
E(B-V) at explaining the deviation of M4 from the other clusters surveyed. An increase 
in R is to be preferred because:
1. it allows the FPC 83’s first choice of E(B-V) to be used, which agrees with the vast 
majority of estimates in table 1;
2. it means that the giant-brancli fit does not have to be ‘fiddled’ to the blue, and
3. the values of metallicity can be made consistent at -1.1 in all plots, whereas with 
the original results the different diagrams seemed to present conflicting metallicity
information in comparison with the other clusters.
2.1.3 P h i l l ip s  et  a l ’s I R  ob servation s
Phillips et al (1986, PRMV86) observed the giant branch and horizontal branch of M4
at J, H and Iv. Shifting to R=4 equals or improves the fit of models or fiducials to their 
data in all their plots. To fully understand the following discussion the reader may wish 
to have a copy of the PRMV86 paper to hand.
PRMV86’s figure 1 is a (V-K)0-Mk ,o CMD, using (m-M)0= ll-2 8 , in which the M4 stars 
lie redward of 47 Tuc’s fiducial line. PRMV86 again invoke the 0.1 increase in E(B-V)
proposed by FPC83 to shift their photometry to where they expect it to lie. Once again 
using R=4.0 (even without changing the assumed distance modulus) shifts the M4 data 
so that they lie between the fiducials of M92 and 47 Tuc, as desired.
Their figure 2a shows the M4 stars lying below (redward in (V-Iv)0) the field-star line 
in the (V-Iv)0-(B-V)0 plot. Since the reddening vector lies along the fiducial relationship 
PRMV86 were unable to invoke the 0.1 reddening increase and instead explained the 
difference between the M4 stars and the field stars as being the same as that in FPC83’s 
(V-K)0-(U-V)0 diagram, that is, caused by “decreased atomic and molecular opacity terms 
in the blue to UV continuum,” i.e. due to the difference in metallicity between the cluster 
and field. Applying R=4.0 shifts the M4 data, into co-incidence with the field stars.
PRMVSG’s figure 2b attem pted to fit model atmosphere calculations (from Kurucz 1979) 
to the BHB and RHB observations. The red stars were found to match the log g=3, 
[M /H ]=-l models, but the blue stars were too blue in (B-V) (or too red in (V-K)) to 
match even the log g=2, [M/H]=-2 models. Using R=4.0, the BHB stars shift exactly 
onto PRMV86’s most probable BHB model with log g=3 and [M /H ]=-l. Although the 
RHB stars now lie too red in (B-V) to match even the log g=4.5, [M/H] = 0 line, they 
do not reach the field-star line. As PRMV8G note, the field-star line is not fitted by the 
appropriate models and it seems likely that the models are too blue in (B-V) at high (V-K) 
(see the discussion in section 7.1 of the last chapter). They do not discuss exactly how they 
produced their model lines but the Kurucz models do not include molecular transitions 
and provide few points in the infra-red, with the K flux having to be estimated from 
points at 1.8 and 2.7/rm, for instance.
In their figure 3, PRMV86 compared their GB and HB observations with models and 
field stars in the (V-K)-(U-B) diagram. Again the field stars are not well matched by 
the models and it seems likely tha t there is some missing opacity source in the model 
calculations. Putting in R=4.0 makes the giants shift close to the field-star line and the 
HB stars match the log g=2, [M /H ]=-l model. This is certainly a more likely solution 
that that found by PRMV8G.
In PRMVS6’s figure 4, the M4 stars appear to match the intrinsic giant and main se­
quences well in the (V-K)0-(J-H)0 and (V-Iv)0-(J-K)0 diagrams. Changing to R=4 shifts 
the stars down the relations, so that the fit is just as good.
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Finally, PRMV86 found the best-fit Kurucz (1979) model for each of the HB stars to 
calculate Tefr and log L /L q . They decided to use E(B-V)=0.46, lest some of the stars 
end up in the instability strip. Using R=4 with E(B-V)=0.37 leads to the same Tefi- shift, 
so also avoiding the instability strip.
Brief tests show that their calculated log L /L 0 (for E(B-V)=0.46) also do not change 
by much, being ~0.04 lower in the present analysis due to the use of the lower distance 
modulus tha t will be found in section 2.3. This does not substantially alter PRMV86’s 
conclusions about the best-fit model.
Summarizing, PRMV86 were able to reconcile their CMD and atmospheric param eter 
calculations with expectations by invoking the FPC83 0"’l  increase in E(B-V), but could 
not match models to their HB or GB stars in the two-colour diagrams. Changing R to 4.0 
allows a successful fit to the models, as well as having the same effect as AE(B-V)=0.1 
on the CMDs and 2CDs, and param eter calculations.
2.1.4 Liu &: J a n es  B a a d e-W esse l in k  analys is  o f  M 4  R R  Lyraes
LJ90 discussed reddening in detail and derived individual E(B-V)s for each of their four 
RR Lyrae variables from their UBV photometry. These reddenings compare well with 
those found by Cacciari (1979) and Sturcli (1977) for the same stars. They noted that 
these were also consistent with the sense and magnitude of CR90’s differential reddening 
gradient. They decided to use R=3.8, based mainly on the star cr Sco which is ~1° 
from M4 and for which Clayton and Cardelli (1988) found R=3.8 and E(B-V)=0.39. 
However, Liu & Janes have used the value of Ak /A v= 0.114 appropriate to R=3.1 from 
CCM89, whilst they should have used 0.122 for their assumed R=3.8. This implies that 
they used E(V -K)/E(B-V)=3.37 rather than 3.34. This makes very little difference to 
the derived param eters, but if the MW90 values are used and R is set to 4.0 so that 
E(V-K)/E(B-V)=3.61 and Ak /A v= 0.097, the derived parameters are altered somewhat 
more. W ithout repeating the fitting between the radial-velocity and photometric curves, 
it is possible to approximate the changes using the means of the curves. Working the 
changes through leads to slightly brighter values of <M k >, the mean Iv magnitude, for 
each variable. Plotting this in the log P - K diagram (figure 9) shows that the revised 
points are a reasonable fit to the line derived for M4 in LDSJF90 from 26 variables (plus
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Log P
Figure 9: The log P - M« diagram for the Baade-Wesselink points from LJ90. Also shown 
are the LJ90 field star relation and the relation found by LDSJF90 (slightly revised).
additional further observations by our group), when a de-reddened distance modulus of
11.22 is used (from section 2.3). The field star relation from LJ90 is also shown and does 
not fit the stars as well. Of course, simply by changing the distance modulus by 0^04 the 
LDSJF90 relation could be made to agree with LJ90’s original points.
2.1.5 S m ith ’s 1984 AS w ork
Smith (1984) calculated Preston’s AS metallicity param eter for stars in nine clusters. 
Combining these with previous determinations, he compared [Fe/H]As with various other 
estimates of metallicity, including the (V-K)Qigb values measured by FCP83 (and refer­
ences therein). In this correlation he found two clusters to be so discrepant that they had 
to be excluded from the determination of the linear relation through the data. One of the 
clusters, NGC2298, was known to have an uncertain (V-K)0igb value and the other, of 
course, was M4 with (V-K)0fGB=3.83. From above, using R=4.0 and E(B-V)=0.37 finds 
a revised (V-K)0iGb = 3.55 for M4. This value moves the cluster into agreement with the 
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Figure 10: Smith’s 1984 metallicity estimates and the effect of changing R to 4.0 for M4. The 





Table 3: [Fe/H] - (V-K)0 ,GB measured for 8 and 18 Gyr












were increased to -1.1 the agreement with the mean line would be even better.
Also shown in figure 10 are the theoretical (V-K)Digb curves measured from the BBVB 
(V-Iv)-K 8 and 18 Gyr isochrones (including the zero-point corrections discussed in the 
last chapter). This involves a small extrapolation for some of the metallicities for which 
isochrones were calculated, since they stop fainter than Mk = -5.5. The measured values 
are listed for the two ages in table 3. Clearly, the isochrone curves are a better fit to 
the data, if there is a correlation between age and metallicity, in the sense that the most 
metal-rich clusters are the youngest. The inferred gradient of such a relation is large but 
the data, are so scattered tha t it is not significantly different from the steepest relation 
found by Sandage and Cacciari (1990) from observations of 18 clusters.
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Yet another confirmation of the higher value of R comes from the work of G ratton, Q uarta 
and Ortolani (1986) who derived metallicities for M5, NGC6752, M71, 47 Tuc and M4 
from both equivalent-width analyses and spectral synthesis, using the tem peratures that 
FPC83 derived from their (V-K) values. In the course of comparing their values with 
previous metallicity estimates for these clusters, they plotted [Fe/H] against the (V-K)Gigb 
parameter. In this plot the M4 point lies well off the mean relation for the other four 
clusters, further in fact than its quoted errors allow. The revised (V-K)Gigb gives a point 
that agrees well with the other clusters, although this can only be a first-order correction 
because it ignores the fact tha t the (V-K) temperatures and log g from FPC83 contain 
systematic errors, if the revised reddening and distance modulus are correct. Simplistically 
applying the reddening correction to the (V-K)0igb value gives a mean relation:
(V -  K)0igb = 0.997[Fe/H] +  4.828
with a correlation coefficient of 0.95. The original relation had a gradient of 0.907 (and a 
correlation coefficient of 0.77).
2.1.7 TiO  band s tr e n g th  m eta ll ic ity  w ork
An IR study carried out by Mould, Stutm an and McElroy (1979) observed infra-red- 
optical colours to derive TiO band strengths for seven clusters. They used E(B-V)=0.42, 
an average from previous studies, for the reddening to M4. Fortunately, this reddening 
error was cancelled out by their use of R=3.08 rather than R=4. They found [Fe/H]=-1.06 
± 0.35 for M4 although the TiO bands are so faint that the cluster is at the metal-poor 
limit of their technique. They present a. plot of their TiO band strength param eter against 
the integrated (V-Iv)0 colour. Shifting the colour as given by R=4 brings M4 into closer 
agreement with the mean line.
2.1.8 A lca in o  & F iller  (1984)  p h otograp h ic  C M D
AL84 determined the reddening to M4 to be E(B-V)=0.44 by fitting a zero-age main se­
quence to their photo-electric standards in the (B-V)-(U-B) diagram. For their reddening





Figure 11: The (B-V)-(U-B) two-colour diagram for the AL84 data. The left-hand plot is the 








vector they used E(U-B)/E(B-V)=0.73, which is correct for regions where R~4, although 
the value of 0.80 applicable to R~3 makes little difference compared to the re-analysis 
presented below.
RF84 used a similar technique, utilising the Hyades sequence of Sandage (1969), to find 
their value ol E(B-V)=0.37. Simply fitting this Hyades sequence to the AL84 standards 
confirms their value of E(B-V)=0.44, showing that, at least for these data, there is no 
practical difference between the ZAMS and the Hyades sequence. F itting the reddening 
in the (B-V)-(U-B) diagram is a difficult procedure since the position of any star is 
determined not only by its reddening but by the UV excess caused by the difference 
in metallicity between the observations and the fiducial sequence. Both RF84 and AL84 
assumed that the stars they used were mainly foreground objects, near but not part of the 
cluster, so tha t they could be fitted to a near-solar metallicity sequence. CR90 contains 
11 of the 13 stars selected by AL84 and shows that five are not members and six are 
99% probable members. For example, AL84 concluded that star I was a foreground star 
about three-quarters of the distance to the cluster, but CR90 find tha t p=99%. W ith 
the excellent separation between cluster members and non-members found by CR90 it is 
highly likely that star I does indeed lie within the cluster.
RF84 plotted their M4 main-sequence observations on a two-colour diagram from which 
it is possible to measure ¿(U-B) for a given (B-V)0, being the difference in (U-B) from the 
Hyades sequence to a fiducial drawn by eye through the data. The AL84 photoelectric 
standards tha t are cluster members can now be corrected, at an assumed value of E(B-V), 
for their lower metallicity. Unfortunately only one member and the two stars not measured 
by CR90 lie within the range of (B-V) covered by the RF84 plot, so the correction (of 
<5(U-B)=-0.09) lias been applied to these three stars. Figure 11 shows the two colour 
diagram for a) the uncorrected data, with the Hyades line plotted for E(B-V) = 0.44, as 
AL84 found, and b) the corrected data with the Hyades line plotted at E(B-V)=0.37. Of 
course, there is no information to say whether the two possible members belong to the 
cluster or the field, and even the field stars will show some UV excess compared to the 
Hyades sequence, which is probably more metal-rich than the Sun (e.g. [Fe/H]=0.12 from 
Cayrel, Ca.yrel de Strobel and Campbell, 1985). However, the figure shows that the data 
are not inconsistent with a cluster reddening of E(B-V)=0.37. The formal fitting error is 
the same ±  0.04 as found by AL84, although the systematic errors could be much larger
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than this since the extinction towards the field stars has been taken to be the same as 
that to the cluster, the metallicities of the field stars are unknown and two of the stars 
assumed to be members may not be. RF84 appear to have been more successful in their 
selection of field stars, although they have not published the photometric data, so no 
re-assessment can be made.
2.1 .9  T h e  log P '-log  T eu D iagram
Following on from LDSJF90, Buckley, Longmore and Dixon (1992) use R=4 in their 
comparison of the log P'-log T efr diagrams for the RR Lyraes of M3, M4 and u  Cen, 
where log TPff comes from (V-K)0 and log P '=log P+0.336Mi,oi. W ith R=4 the relations 
are all the same within the errors. W ith R=3 the M4 relation is significantly different, 
and more scattered, and implies a helium fraction, Y, of less than 0.20.
2.1 .10  S u m m a ry
A detailed review of the previous estimates of the reddening to M4 has been conducted. 
In most cases, where it is possible, re-examining the data with R=4 makes them more 
consistent as a. whole or does not change the estimates. Particularly im portant and 
convincing evidence comes from the work of FCP83, who had problems fitting in their 
M4 data with their other clusters and proposed an increase in E(B-V). Adopting R=4 
solves all these problems.
The discrepant value of E(B-V) found by AL84 has also been shown to be in error and 
their data, to be consistent with E(B-V)=0.37.
In conclusion, E(B-V)=0.37 ±  0.01 and R.=4.0 ±  0.2 for M4.
2.2 M etallicity
LJ90 contains a. detailed discussion of the large range of metallicity estimates for M4 
available in the literature. As they say, it is too hard to work through these to include 
the effects of increasing R. Their adopted value is [Fe/H]=-1.3 ±  0.2, although the mean 
of the values in their table is -1.1 ±  0.3.
Chapter 4: T h e  G l o b u l a r  C l u s t e r  M 4  S c o r p i i  196







Figure 12: (V-K)0iqb against the Zinn/Zinn & West metallicity scale as listed by Bell (1987). 
The isochrone curves are shown as in figure 10, and it is not suggested that they should fit 
the data.
It is interesting to consider those determinations of metallicity that were discussed in­
cidentally during the reddening discussion above, where the change in reddening w as  
adequately taken into account. The value of -1.1 comes out of the work of Caputo, as 
discussed in section 2.1.1. This value also emerges from the work of FCP83, as both 
[Fe/H]m from the GB IR colours and the value required to make M4 fit the mean rela­
tions in several plots. Again -1.1 would put M4 on the mean relation in Sm ith’s 1984 
AS work and in the Zinn/Zinn &: West metallicities as tabulated by Bell (1987) and 
shown in figure 12. The TiO band strength work of Mould, Stutm an and McElroy (1979) 
found -1.06 ±  0.35 from near-IR observations. Another IR study is that of Aaronson et 
al (1978) who correlated the integrated (V-K)0 colour with metallicity for a sample of 
clusters. Correcting the integrated colour of M4 for the new value of R gives a value of 
[Fe/H]=-l.l.
It would seem that the IR colours point to [F e/H ]= -l.l, once the higher value of R has 
been taken into account.
[Fe/H]zi tc W esl
All this suggests that [Fe/H] should be taken as -1.1 ± 0.25, bearing in mind the differ­
ing effects of the revised E(B-V) and R on the various methods used to determine the 
metallicity.
2.3 Distance modulus
Table 4 lists previous estimates of the distance modulus to M4 together with revised 
estimates using R=4 and E(B-V)=0.37 and, where quoted, the observed V magnitude 
of the HB. Clearly the revised values are more homogeneous. A simple mean (excluding 
the second Kron and May all (1960) estimate and the VBB85 value, since it is essentially 
the same data as RF84) gives 11.22 ± 0.11. This is rather better than the 11.37 ±  0.18 
found from the raw values from the same studies, another confirmation of the success 
of the adopted values of E(B-V) and R. The adopted distance modulus to the cluster 
corresponds to 1750 ±  90 pc.
2.4 Age
Isoclirone fitting has provided most of the estimates of the age of M4. RF84 found 13 ±  
1 or 15 ±  1 Gvr depending on their choice of metallicity between -0.82 and -1.0. AL84 
found 13 ±  2 Gyr from their CMD by assuming [Fe/H]=-1.3. VBB85 note that fits with 
the VB83 isoclirones used by RF84 and AL84 come out ~10% too young because of a 
zero-point error in the magnitude scale. This makes the last two results approximately 14 
or 16.5, and 14 Gyr, respectively. Clearly the zero-point change in the VB83 isochrones 
confers lower weight to these two results. VBB85 found 16 Gyr by re-fitting both the 
RF84 and AL84 data. ALA85 found 17 ±  1.5 Gyr, whilst the re-fitting in section 2.1 of 
this data with the SC91 isochrones and the adopted E(B-V) and (m-M)c finds 18 ±  1.5 
Gyr. Buonanno, Corsi and Fusi Pecci (1989) find t9= 19.2 from their relation between 
cluster age and the V magnitude difference between the turn-off and the HB. Putting (m- 
M)0=11.22, [Fc/H ]= -1.1, R=4 and E(B-V)=0.37 into Buonanno’s 1986 equation relating 
age to Mv (TO) and metallicity gives 16.6 ± ^  Gyr. Faced with a range of apparently 
good age estimates, from 14 to 19 Gyr, the (unweighted) mean is 16 ±  2 Gyr is rather 
unsatisfactory.
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Author Quoted Revised
( m - M )  ( m - M ) 0 a ( m - M ) 0 a V HB
(1) (2) (3) (4) (5) (6) (7)
Greenstein 1939 13.97





Alcaino &: Liller 19842 12.52
Richer Fahlman 19842 12.5
( VandeuBerg Sz Bell 1985 12.6
Caputo 19S7 (12.76)
Alcaino et al 1988'5 12.7
Buonaimo et al 1989'1 12.53
Cudwortli & Rees 1990 
LDSJF90








(11.47) 0.15 11.12 0.15
— — 11.28 0.1
11.39 0.14 11.12 0.14
11.40 0.25 11.05 0.25 13.35
11.47 0.2 11.27 0.2 13.45
11.26 11.25
1). Corrected for the zero-point, error mentioned in note 13 of table 1.
2). Both RF84 and AL84 used the VandenBerg (1983, VB83) isochrones to fit their CMDs. VBB85 stated 
that the older isochrones were 0'"l too faint, so this correction lias been applied in the revised estimates 
of (m-M). The revised distance moduli agree well with the VBB85 result.
3). The revised estimate uses the apparent distance modulus found by refitting the ALA88 fiducial 
sequence with the SC91 isochrones in section 2.1.
4). Buonanno, Corsi and Fusi Pecci (1989) used an Mv(HB)-[Fe/H] relation based on matching the main 
sequences of a set of clusters with M30. Using the final derived value of (m-M)v for M30 (from their 
table 9) it is possible to get an alternative (m-M)v for M4 of 12.61 by using the main-sequence matching 
presented in their table 5. However, the two main sequences have somewhat different gradients and thus 
do not match well.
5). Lee found the distance by assuming Mv,o(HB)=l, the revised estimate assumes 0.8.
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A consistent picture lias emerged from the previous reddening estimates, once R is taken 
to be 4. The past uncertainty in the reddening lias been a. major block to studies of the 
cluster and has confused the values of distance modulus and metallicity that have been 
derived. Although the age estimates are hard to bring together, the other parameters 
seem to be reasonably well determined - comparable to those for M71, for instance.
The adopted param eters for M4 are:
E(B-V) = 0.37 ±  0.01 
t = 16 ±  2 Gyr 
R = 4.0 ±  0.2
are used in the rest of this chapter.
3 The colour-magnitude and two-colour diagrams
The p re se n t data .
Unfortunately, contrary to expectations, the UBV photometry of RF84 was not available 
to match with the present Iv magnitudes. Similarly, the Penny, Lubenow and Dickens 
(1987) photometry, that includes one of the deep mosaic areas, proved to have problems 
and is awaiting re-reduction. Thus the K magnitudes could only be matched up with the 
AL84 photographic BV observations. Only 34 stars out of the total of ~880 measured on 
the large M4 mosaics are used in the CMDs and 2CDs.
The giant and HB observations of FPC83 and PRMV86 (with V from CR90 or Lee (1977) 
and Eggen (1972)) and the K observations of the RR Lyrae variables (from LDSJF90 and 
further work by our group, and with B and V from Sa.nda.ge (1990)) are also plotted in 
the diagrams.
As mentioned at the end of chapter 2, there may be a zero-point discrepancy between 
the M4 main-sequence studies of AL84, RF84 and ALA88. AL84’s photographic CMD 
agrees well with that of Lee (1977), which extends almost as faint as the base of the giant 
branch. AL84 also agrees with the observations of three giants by Clementini (1987) and
(m-M)0 =  11.22 ± 0.11 
[Fe/H] = -1.1 ±  0.25
with CR90’s photographic magnitudes. However, none of these studies reaches the clus­
te r’s turn-off. In chapter 2 it was shown that the main-sequence fiducial points of AL84 
do not match well with those of RF84 and ALA88, but making the AL84 V magnitudes 
fainter by ~18%, whilst keeping (B-V) the same, would allow the three sequences to agree 
quite well. The agreement is good in the region of interest: from one magnitude above the 
turn-off to two magnitudes below. Secondary evidence comes from the V magnitude dif­
ference between the horizontal branch and the main-sequence turn-off, AVhb-TO : AL84 
measured this directly to be 3.2 ±  0.2, whilst ALA88 found 3.52 ±  0.1, by assuming a 
similar HB luminosity. This is a difference of 0.32 ±  0.22, in the sense tha t the AL84 TO 
is closer to the HB than ALASS’s. ALA88 make no comment on this difference. Peterson 
(1986) found AVhb- to =3.46 ±  0.03 from 36 clusters, which makes the AL84 result seem 
suspect.
AL84’s observations were taken using a Pickering-Racine wedge, so tha t the magnitudes 
were calibrated directly from photo-electric standards in the range 10<V<16 and from 
the secondary images of these stars in the range 16<V<20. AL84’s value for the Am 
of ~3.6 for one of the telescopes that they used agrees well with previous work and the 
measurements show only small internal scatter. However, the use of the Pickering-Racine 
wedge is fraught with dangers (see, for example, the discussion by Christian and Racine
(1983) and Blanco (1982)) and it seems quite possible that, while the brighter stars are 
well calibrated, there is an error in those stars which were calibrated with the secondary 
images. Such an error could be magnitude- or colour-dependent. The stars used to 
produce the revised reddening from the AL84 two-colour data in section 2.1.8 were all 
measured photo-electrically and are brighter then V~16. The fiducial turn-offs are the 
same to 2% in (B-V) in the three optical studies, giving some small hope tha t B and V 
are affected similarly and that the (B-V) colours used later in the 2CD are reasonable.
The AL84 data  have been used as published in what follows and the effects of a zero-point 
change are discussed where relevant: in the sections on isoclirone fitting, model fitting in 
the 2CDs and in the comparison of the cluster to M71.
Membership probabilities are available for the brighter stars from CR90 and, in any case, 
the larger galactic latitude and better field-star separation for M4 mean that, although 
there are more stars measured than for M71, they are less likely to be foreground objects.
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The next sections present the combined data in the CMDs and 2CDs.
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3.1 T h e  co lour-m agnitude  diagrams
Figure 13 shows the (B-V)-V, (V-Iv)-V and (V-K)-Iv CMDs for M4. The same stars are 
shown in each plot. Stars shown by CR90 not to be members are excluded. One star 
measured in the present study is bright enough in V, because it is very blue, that it 
overlaps with the PRMV86 data. It is located at the red edge of the blue HB and its 
position in all three diagrams leads to some confidence in the relative zero-points of the 
different studies at bright magnitudes - since this star will have been directly calibrated 
from AL84’s photo-electric standards it is not expected to show the zero-point problem 
that may exist for the fainter stars. Similarly, the independent observations of the RR 
Lyraes fit well into the PRMV86 HB gap. PRMV86 noted star 3314 as a field giant and 
it is apparent in all three diagrams well to the red of the giant branch.
The (B-V)-V CMD shows the classic features of M4: the well-populated horizontal 
branch and the large width of the upper giant branch. Because it falls between the 
PRMV86/FPCS3 data and the present measurements, the well-populated sub-giant branch 
is almost not represented in these diagrams.
The (V-I\)-V CMD shows unexpectedly large scatter in the upper giant branch, however 
this is entirely due to the PR.MV86 data., with the FPC83 data being very similar in 
appearance to the same stars in the optical. The V magnitude for star 3209 is misprinted 
in PRMV86’s table 1 although they have used the correct value in the body of the paper. 
The correct value has been used here. The four stars common to FPC83 and PRMV86 
match well but three other giants appear ~0"'G in (V-K) from the mean giant branch. 
The tightness of the RHB star sequence in the (V-K)-K CMD shows the quality of the 
PRMV86 K photometry, so it seems unlikely that the GB scatter is caused by either 
contamination or poor photometry.
The main-sequence points appear tighter in the (V-K)-V and (V-Iv)-K diagrams than in 
(B-V)-V because of the expanded colour scale and consequent reduction in significance of 
the photometric errors.
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Figure 14 shows the (V-K)-(B-V) two-colour diagram of M4 and M71 together, after both 
clusters have been de-reddened by the appropriate amount, using R=4 for M4 and R=3.05 
for M71 (the reddening vectors are shown in the plot). Also shown are three very blue 
stars from the M71 data which have not been de-reddened. Clearly these fit the sequence 
well and are most likely field stars. These stars were discussed in section 3.2 of the last 
chapter.
The two-colour sequences of the two clusters clearly match very well. As expected, the 
metallicity difference between the clusters is most apparent for the reddest stars, which 
are the brightest giants. It is difficult to quantify this difference because the M71 data 
are so scattered, but this is discussed further in section 6.
4  M a t c h i n g  t h e  C M D s  w i t h  i s o c h r o n e s
As in chapter 3, the (V-K)-V and (V-Iv)-K CMDs were matched with the full set of BBVB 
isochrones. The best fits for each CMD are shown in figure 15. The fitting parameters are 
listed in tables 5 and 6 and shown in figures 16 and 17, with the goodness of fit estimated 
on the scale A-E, as before.
Again there is excellent agreement between the colour shifts and ages derived from the 
two CMDs - as there should be, since they contain essentially identical information. 
The absolute distance moduli agree well for lower metallicities and are not significantly 
different at the best-fit metallicity of [Fe/H]=-1.03. Despite the sparseness of the CMDs 
the best fits are clearly a good match to the data.
Using the zero-point corrections to (V-K) and Mr discussed in section 4 of the last chapter, 
the reddening and distance modulus can be recalculated for the best-fitting isochrones. 
These values are listed in table 7.
Thus the isoclirone-derived parameters are:
t = l l  ± 1.5 Gyr [Fe/H]=-1.0 ±  0.4
E(B-V)=0.34 ±  0.04 (m-M)0=11.71 ±  0.15
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Figure 14: The (V-K)-(B-V) two-colour diagram for M4 and M71. The respective reddening 
vectors are shown. Three suspected field stars have been plotted without de-reddening. The 
AL84 B and V magnitudes have been used as published.
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Figure 16: Fitting parameters for (V-K)-V CMD.
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Table 5: Best fit parameters for (V-K)-V CMD
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[Fe/H] [O/Fe] A(V-Iv) AV Age Quality
-0.47 0.23 0.86 12.56 14 C
-0.65 0.30 0.92 12.71 13 B
-0.78 0.39 0.98 12.83 13 B
-1.03 0.50 1.11 13.04 11 B
-1.26 0.55 1.15 13.23 10 B
-1.4S 0.60 1.20 13.27 11 C
-1.66 0.63 1.26 13.36 10 D
-1.78 0.66 1.34 13.48 9 D
-2.03 0.70 1.34 13.59 10 D
-2.26 0.75 1.40 13.73 10 E
Clearly the derived reddening and the best-fit metallicity are satisfactorily in agreement 
with previous work. An age of 11 Gyr is younger than previously suggested, but the 
oxygen enhancement of the BBVB isochrones means that they will predict lower ages 
than comparable isochrones with no enhancement. VandenBerg (1985a.) showed that an 
[O/Fe] enhancement of 0.5 reduced the age of an isochrone by ~15%, regardless of [Fe/H]. 
This would mean that the equivalent [O/Fe]=0 age is 13 Gyr, although it is not known 
whether the present BBVB isochrones are affected in exactly the same way as the earlier 
VandenBerg isochrones. If the age difference is similar in magnitude to that found for 
M71 (with a. slightly smaller [O/Fe]) an age of 11 Gyr may correspond to an age of ~15  
Gyr from an unenhanced isochrone. Both values are consistent with the mean found 
from the literature in section 2.4 and close to the 14 Gyr AL84 derived from their optical 
data, which provides the main-sequence V magnitudes in the current CMDs. In any case,
Table 6: Best fit parameters for (V-K)-K CMD
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[Fe/H] [O/Fe] A(V-K) AK Age Quality
-0.47 0.23 0.81 11.67 17 C
-0.65 0.30 0.99 11.99 14 C
-0.78 0.39 1.01 11.93 12 B
-1.03 0.50 1.09 11.99 11 B
-1.26 0.55 1.16 12.12 10 B
-1.48 0.60 1.24 12.09 10 B
-1.66 0.63 1.25 12.09 10 C
-1.78 0.66 1.28 12.25 10 D
-2.03 0.70 1.33 12.20 10 D
-2.26 0.75 1.37 12.28 10 D
because of the steepness of the age-[Fe/H] fitting correlation, an error estimate of 1.5 Gyr 
must be assigned to the derived age.
If the AL84 zero-point were not already under suspicion, the derived (m-M)0 would be 
puzzling, particularly because the same isoclirones produce such good results for M71. 
The mean from the two CMDs of 11.71 makes the cluster half a. magnitude, or 450pc, 
more distant than expected.
What if the value of R or E(B-V) were wrong ? Reverting to R=3.05 increases the 
equivalent (B-V) reddening to 0.45, but only changes the distance moduli to 11.67 and 
11.71. If the reddening is increased from the 0.34 found to the 0.37 expected, the two 
values become 11.56 and 11.73. If the reddening is set at 0.37 and R=3.05 they are 
11.91 and 11.76, respectively. The important point is that (m-M)i< cannot be affected
Table 7: Revised parameters for fits to the [Fe/H]=-1.03, t= 11 Gyr isochrone
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Diagram E(V-Iv) E(B-V)eq Am (m-M)0
(V-K)-V 1.23 0.34 13.04 11.68
(V-Iv)-K 1.21 0.34 11.87 11.74
much by changing the reddening or the reddening law, so that (m-M)0 ~  11.7 from the 
K magnitude whatever the circumstances. Thus the present solution is ‘self-consistent’ 
in that the vertical shift in the (V-Iv)-V CMD produces a similar answer for (m-M)0 to 
that in the (V-Iv)-K diagram.
Thus the present isoclirone fitting procedure, which leaves reddening, distance modulus, 
metallicity and age as free parameters, has produced an anomalous result for the distance 
modulus, despite its success when applied to M71. The next few paragraphs address the 
question of whether a zero-point error in one or all of the studies or the isochrones could 
reconcile this anomaly.
If the cluster data are placed at the nominal offsets, from the adopted values of reddening 
and distance modulus, in relation to the [Fe/H]=-1.03, t=12 Gyr isoclrrone in the (V-K)-V 
CMD, the main-sequence points lie 0"'2 too blue in (V-K), while the giants are quite well 
fitted. If the K zero-point is adjusted so that the main sequence agreed with the isochrone, 
the bright giants would lie below all the [Fe/H]=-1.03 isochrones in V. To make the giants 
and main-sequence stars simultaneously fit an isochrone and derive the expected distance 
modulus from V (assuming E(B-V)=0.37) requires going to [Fe/H]=-0.65 where E(B- 
V)equiv would be 0.28. However, this correction would make the de-reddened distance 
modulus derived from the K magnitudes equal to 11.77 (or even worse if E(B-V)equ;v is 
used).
An error of 0‘h2 in the present K magnitudes, in the sense that the magnitudes are too 
faint, could produce an acceptable result from the (V-K)-V diagram but could not produce 
a consistent answer from the (V-Iv)-K diagram.
If there were a simple zero-point error in V of O'!12 it would not be possible to obtain a 
satisfactory fit with the expected distance modulus. Since the giants and main-sequence 
stars are fitted together, the likely source of error is a. zero-point difference between the 
sets of magnitudes, so that, for instance, the main-sequence points might lie too bright 
in V in comparison to the giants. This would mean that the CMD was compressed in V 
and would be fitted well by an isochrone with too high a. metallicity or with too low an 
age.
As has already been seen, there is possibly an error in the fainter V magnitudes of AL84, 
which have been used to construct the main-sequence CMD points. Making AL84’s V 
magnitudes 0"Tg fainter produces a. good fit with the [Fe/H]=-1.03, t = 16 Gyr (V-K)-V 
isochrone. Figure 18 shows the data thus adjusted and the [Fe/H]=-1.03 isochrones. The 
main-sequence points are still somewhat bluer than the isochrone, but the fit to the giants 
is very good. Shifting the MS points another 0.05 in (V-K) would make the fit very good 
(an A on the scale used earlier). Using the [Fe/H]=-1.26 isochrones would fit the main 
sequence better but would not reproduce the observed shape of the giant branch.
Thus, using the more usual isochrone fitting procedure of fixing E(B-V) and (m-M)0, with 
an 18% shift applied to the AL84 data, the present CMD can be fitted by an isochrone 
of [Fe/H]=-1.03 and t=16 Gyr. Clearly the zero-point shift has not brought the data 
into perfect agreement with the theory. Sadly it seems likely that the AL84 data do 
require a V-magnitude zero-point change of some sort. This shift may be magnitude- or 
colour-dependent and seriously compromises the usefulness of the present data.
To summarize: the isochrone-fitting, rather than yielding accurate estimates of [Fe/H], 
E(B-V), age and (m-M)0, has partly turned into a test of the AL84 V magnitudes, with 
the following results:
1. the giant branch of M4 is well fitted by the [Fe/H]=-1.03, t=  16 Gyr isochrone at 
the adopted value of E(B-V) and (m-M)0;
2. applying an 18% (or preferably slightly larger) shift to AL84’s V magnitudes allows
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the main-sequence points to agree with the same isochrone;
3. the CMD with the shift is better fitted by the isochrones than was possible without 
it;
4. The age estimate for the cluster is somewhat uncertain, with the metallicity being 
well determined from the shape of the giant branch. A revised age estimate of 16 
± 3 Gyr results if a shift of ~18% is assumed.
5  M a t c h i n g  t h e  C M D  w i t h  M 7 1
Shifting the main-sequence zero-points again seems appropriate.
The nominal shifts between the two clusters (A(V-Iv)=0.59, AV=1.02 and AK=1.6 from 
the adopted parameters in section 2) produce excellent agreement of the HBs and of the 
GB stars near the HB. The turn-offs agree well, but by l'"5 below in V, the M71 stars 
are 0"'3 redder. For the brightest giants the M71 stars are redder by O"1? at AV=2 above 
the HB, although the M71 scatter is large and the number of stars small.
If the offsets are set to agree with those found from the isochrone fitting of the two clusters 
(using the original AL84 magnitudes), the ‘fiat’ section (between the TO and the base 
of the GB) in M4 lies ~ 0 II125 above that of M71. This is in reasonable agreement with 
the 01*3 predicted by the relation found for the brightness of this feature from the SC91 
isochrones in section 5.5 of the last chapter. The HBs are 0'"45 apart, which is far more 
than the ~0"‘06 predicted by the log P - Iv relation (LDSJF90).
The 18% shift mentioned above is required to make the the lower main sequence points 
coincide at the nominal offsets. Figure 19 shows the two clusters matched in this way 
and also the respective best-fitting isochrones. Clearly, the shift again produces a result 
in better agreement with the models - with close matching of the lower main sequences - 
and again making the M4 main sequence bluer by 0m05 would make the agreement even 
better.
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Figure 18: The BBVB [Fe/H]=-1.03 isochrones and the M4 data, with the AL84 V-
magnitudes made fainter by 0^18.
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Figure 19: The M4 and M71 (V-K)-V data at their respective adopted reddenings and distance 
moduli. The AL84 V magnitudes have been made fainter by 18%. Also shown are the two 
best-fit isochrones for the clusters. Since there is no 11 Gyr isochrone for [Fe/H]—-0.78, the 
10 Gyr curve is displayed, which is flatter between the turn-off and the giant branch.
6 M a t c h i n g  t h e  t w o - c o l o u r  d i a g r a m  w i t h  m o d e l s
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The M4 observations are compared to the similar data in M il, model atmosphere calcu­
lations, and to two-colour isochrones.
As with M71, the (V-K)-(B-V) two-colour diagram allows observations to be compared 
with the results of model atmosphere calculations in a wa.y that is independent of the 
distance to the cluster. As well as the giant and sub-giant observations that were plotted 
for M71, the M4 data-set also includes the large horizontal branch, including the RR Lyrae 
stars, and the stars in the region of the turn-off. The gravities of these stars are likely to 
range from log g=0.5 for the largest giants to almost log g=5 for the main-sequence stars.
How well the models fit has to be judged from how well the predicted gravities for the 
stars match up to expectations. There is little previous information on gravity: FPC83 
derived log g for their giant stars, assuming M = 0.8  LJ90 derived log g for their four 
RR Lyrae stars and PRMV86 found best-fit model gravities for their HB observations, 
by assuming M. ~  0.65M q .
As is often the case in a pioneering study, there are many parameters to be tested at the 
same time: in this case, how well the models match the observations depends both on how 
intrinsically accurate the models are and on how well the chosen reddening and reddening 
law have worked. If there is found to be a mismatch between theory and observations it 
will be difficult to tell which is in error.
As in the last chapter, the models used are those constructed by PRMV86 from the 
Kurucz (1979) atmospheres and the BGVB models (see section 7.1 in the last chapter).
As well as these models, two-colour isochrones can be constructed. Just as in the CMD, 
these are lines of constant age from stellar evolutionary models calculated over a range of 
masses. Models of different ages and metallicities can be overlaid upon the cluster data. 
Two-colour isochrones are a new, if somewhat obvious, idea, the only precedent is the 
special case of the Zero Age Main Sequence, which is sometimes plotted in the 2CD.
Unfortunately, the Bergbuscli and VandenBerg (1991) (B-V)-V isochrones are not yet 
available, so that the SC91 (B-V)-V and BBVB (V-K)-V isochrones have been matched 
up, through the V magnitudes, for selected metallicities and ages. Since the two models 
use somewhat different physics, the results must be considered tentative. In particu­
lar, the BBVB isochrones contain [O/Fe] enhancement and the SC91 isochrones do not. 
No information is available 011 the masses or temperatures of the points in the BBVB 
isochrones, so these cannot be compared with the parameters in SC91.
6.1 Comparison with M71
It has already been seen in figure 14 that the observations of M4 and M71 match well. 
How good the match is may be tested by examining the difference between the two clusters 
where they overlap sufficiently. From the BBVB models, two stars of log g=2, one with 
[Fe/H]=-0.5 and the other with [Fe/H]=-1.0, will be separated by 0.05 in (B-V) at (V- 
K)0=2, in the sense that the more metal-poor star will be the bluer. The separation of 
the mean lines through the stars in the two clusters, measured at (V-K)0=2, is 0.03 ±
0.01. The difference between the adopted metallicities for the two clusters is 0.3. Thus the 
clusters are positioned, relative to one another, such that they are consistent with their 
nominal metallicities. Considering that both clusters have been de-reddened by over a 
magnitude in (V-K), along different, reddening lines, this agreement is excellent and leads 
to confidence in the chosen reddening vectors for both clusters, and also in the relative 
accuracy of the models. For instance, increasing the reddening of M4 by 0:f02 in E(B-V) 
would close the separation between the two cluster sequences by O'f'Ol.
6.2 Comparison with  models
Figure 20 shows the BGVB and PRMV86 models for [Fe/H]=-1.0 and various values of 
log g overlaid upon the de-reddened M4 data. The AL84 data has been shifted by 18% 
in V but not in (B-V) (i.e. the zero-point error in V is cancelled by a similar error in 
B). In the main, the agreement between the models and the observational expectations is 
excellent. For the bluest colours, the BHB stars cluster about the log g=3 model. Bearing 
in mind that the PRMV8G models are too blue in (B-V) at higher (V-K), the BHB, RR 
Lyrae and RHB stars form a sequence running along a line of log g~3. PRMV86 found 
log g~  2.8 for the BHB and RHB stars from interpolation in their models. Similarly, LJ90 
found log g ~ 2 .7-2.8 for their four RR Lyrae variables from modified Kurucz atmospheres.
Specific horizontal-branch evolutionary models do not agree: Rood and Crocker (1988), 
for instance, predict log g to go from 3 to 4.5 from the RHB to the BHB. They find rea-
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Figure 20: The M4 data compared to the BGVB and PRMV86 models for [Fe/H]—-1 in the 






sonable agreement with these predictions from HB spectroscopic observations in NGC288, 
M5 and M92. However, if standard stellar atmosphere models accurately predicted pa­
rameters for HB stars, there would be 110 need for specific HB models, so it is neither 
surprising nor worrying that the present model gravities of log g—3 do not agree with 
the Rood and Crocker, and similar HB model, predictions. No HB models are available 
which include (V-K) colours.
The main sequence points coincide with log g=3 at the turn-off, with log g increasing for 
the fainter, redder stars. Unfortunately, the models do not extend above log g=4.5, so 
the variation of log g down the main sequence cannot be examined. It can be seen from 
figure 14 that if the 18% shift is not appropriate for the AL84 data., the main-sequence 
stars will have model gravities ranging from log g=4.5 upwards.
Allowing for the large scatter introduced by the PRMV86 observations, the giants form a 
sequence which runs from log g=1.5 at (V-K)0=2.2 to log g=0.75 at (V-K)0=3.8. These 
figures are in reasonable agreement with the gravities derived by FPC83, who found log g 
ranging from 0.4 to 2.2 for the same stars. The differences between the data-sets are more 
to do with the differences between the model atmospheres and assumptions used. Their 
calculations used (m-M)o=11.60, E(B-V)=0.36, R=3.05 and M — 0.8 M q .  The mass is 
consistent with those found by SC91 for their upper main-sequence and giant stars at the 
appropriate [Fe/H] and age. If these gravities are recalculated with (m-M)0=11.22, E(B- 
V)=0.36, R=4.0 and M = 0.8  M q ,  taking V from CR90 and using the same relationships 
to determine Tcfr and the K-magnitude bolometric correction, BCk, as FPC83, the stars 
cover log g=0.5 to 2.35. At first sight, it seems odd that using what appear rather 
different values for the fundamental cluster parameters makes such a small difference to 
the derived values of log g. Starting from L=47tR2<tT4 and g=G A 4/R 2, and using the 
approximate gradients of the log Tefi"(V-K)0 and BCi<-(V-K)0 relations used by FPC83, 
this approximate relation follows:
A log g — —0.11AR. -  0.4A(m — M)0
for the dependence of the difference in gravities between FPC83 and the values recal­
culated using the presently adopted parameters. Thus, if the present parameters are 
correct, two-thirds of the error caused by FPC83’s use of the wrong distance modulus 
was cancelled out by their also using the wrong value of R !
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There are 110 spectroscopic gravities for M4 stars, but the gravities derived from these 
models agree well, at the same (V-K), with those stars in M71 that have values derived 
from high-dispersion spectroscopy. That is, if the giants in both clusters have the same 
Teir (from (V-K)) and log g (from the models), the difference in metallicity translates into 
a shift in (B-V) colour, in the sense that the more metal-poor stars are the redder.
Thus the observations are found to agree satisfactorily with the models and the previous 
determinations of gravities. This means that, barring an unlikely conspiracy of errors, 
the reddening correction, the 12% zero-point correction in the models and the colours 
produced by the models are all consistent.
6 .3  C o m p a r iso n  w ith  tw o -co lo u r  iso c h r o n e s
The BBVB (V-K)-V and SC91 (B-V)-V isochrones can be matched up through their V 
magnitudes for appropriate metallicities and ages. Because the BBVB isochrones contain 
[O/Fe] enhancement they will evolve faster, so that a BBVB isochrone of a given age 
needs to be matched to a somewhat older SC91 isochrone.
Figure 21 shows some two-colour isochrones overlaid upon the FPC83 giants and the 
present main-sequence data (including the 18% correction). The data have been dered­
dened with the adopted E(B-V) and the two-colour isochrones have been shifted by 12% 
in (V-K). The first isochrone, for instance, is constructed from the [Fe/H]=-1.03, t=8  
Gyr BBVB (V-Iv)-V and [Fe/H]=-1.04, t = 10 Gyr SC91 (B-V)-V isochrones. This age 
correction is based on ages being ~15% younger for [O/Fe]=0.5, as recommended by 
VandenBerg (1985a).
This is not an ideal situation. Had the Bergbuscli and VandenBerg (1991) (B-V)-V 
isochrones been available, a set of two-colour isochrones could have been constructed 
which would have included the same physics and not needed any age correction.
Clearly, then, the present two-colour isochrones are not expected to be particularly accu­
rate in shape or position in the two-colour diagram. They are none the less interesting, 
since the effects of metallicity and age changes on the sequences in the two-colour diagram 
can be judged from them.
The two-colour isochrones are approximately linear for all of the main sequence stars
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Figure 21: Two-colour isochrones for three different ages and two different metallicities, 








below the turn-off. Stars that are turning off and on the way to the base of the giant 
branch form the loop seen in the isochrones, where the stars are redder in (B-V) by up 
to 0‘"2 than the lower main-sequence stars of the same (V-K). After this loop the giants 
follow a similar line to the main sequence stars. Using isochrones of the same age, that 
is, not correcting for the [O/Fe] enhancement, makes no difference to the general form of 
the two-colour isochrones.
What are the effects of metallicity and age on the two-colour isochrones ? The more 
metal-poor isochrones have upper giant branches which are redder in (B-V) for a. given 
(V-K) than those with a higher metallicity. The younger an isochrone the bluer the 
turn-off (obviously) and the larger the loop. The giant locus is relatively unaffected by 
age differences (for instance, for the [Fe/H]=-1.03 isochrones, the giant locus changes by 
only 0.02 in (B-V), at a. constant (V-K)=3, between t = 10 and 18 Gyr, while varying the 
metallicity between [Fe/H]=-0.5 and -2.25 leads to a. difference of ~0"12 at a constant age 
of 12 Gyr).
From figure 21 the [Fe/H]=-1.03, t = 16 Gyr isochrone fits the main sequence reasonably 
well. The isochrone for 12 Gyr appears to fit better, but if a larger shift than applied is 
appropriate for the AL84 V magnitudes, the 16 Gyr curve could fit satisfactorily. The 
giants are fitted better by the more metal-poor isochrone, but the reddest giants may not 
fit anyway (SC91 state that for the brightest and reddest stars their isochrones should 
be regarded as ‘very tentative’). With the uncertainties in which ages to pair up in the 
two-colour isochrones, the AL84 B and V zero-points and the reddest SC91 (B-V) colours, 
little significance can be drawn from a best-fit two-colour isochrone, although they will 
certainly be useful in the future, when further developed and properly calibrated.
The loop is an odd feature and might be thought to be a. simple mismatch between the 
two sets of models - this would not be surprising since the turn-off region is quite sensitive 
to the model parameters. However, figure 22 shows the loop in more detail, with the stars 
coded according to whether they are above or below the main-sequence turn-off. Had 
the loop been an accurate prediction of the behaviour of cluster stars, the upper main- 
sequence and sub-giant stars (open squares) would lie along the upper, curved section 
and the lower main-sequence stars (filled squares) would lie along the straight section, 
completing the loop. If the loop were completely spurious all the stars might be expected 
to lie along the straight section. The figure is inconclusive, because the number of stars
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Figure 22: Detail of the loop in the [Fe/H]=-1.03, t = 16 Gyr two-colour isochrone. The stars 
above and below the main sequence turn-off are differentiated.
involved is small and the scatter large, and because the models and observations clearly do 
not coincide, either because of the AL84 zero-point error or because of inadequacies in the 
models. If any result is seen it is that the stars actually lie in reverse of expectation, with 
the lower main sequence stars following the loop. One possible physical origin for the loop 
is seen in CMD evolutionary tracks calculated for more massive stars. In VandenBerg’s 
(1985b) models there is a phase just after a star lias turned off the main sequence when 
the star contracts, the hydrogen in the core having been exhausted, moving to the blue 
and brightening slightly. When conditions become right the hydrogen shell source starts 
up and, as the atmosphere expands again, the star resumes its redward movement toward 
the base of the giant branch (see also Iben, 1967). Such a back-track is not explicitly 
seen in either set of isoclirones but a vestigial presence, affecting the stellar structure, 
and hence the gravity, in a minor way, or inducing the mixing of processed material 
could lead to the loops found. The effects of sudden temperature- or gravity-dependent 
opacity changes can be so strong that it would require detailed modelling to understand 
the physical mechanism that produces the loops.
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Excellent agreement is found between the two-colour diagrams of M4 and M71, with 
the difference between them agreeing very well with the model predictions based on the 
nominal difference between their metallicities.
The BGVB and PRMV86 models for [Fe/H]=-1.0 fit. the observations satisfactorily, pre­
dicting effective gravities consistent with those found from high dispersion spectroscopy 
of similar stars in M71, and with the Baade-Wesselink values for LJ90’s four RR Lyrae 
stars. Again the chosen reddening for M4 has proven successful and the 12% blueward 
shift applied to the models yields consistent results.
Two-colour isochrones are found not to fit well. The two-colour isoclirone loop may prove 
to be an age and metallicity diagnostic, although no information is yet available on the 
[O/Fe] dependence of its morphology. The slope of the giant stars is a good [Fe/H] 
indicator, little affected by age, but is not reproduced well by the isochrones because of 
the known problems with the (B-V) model colours.
To sum up, the present models fit well in the (V-K)-(B-V) two-colour diagram, suggest­
ing a. metallicity and a. range of gravity in accord with expectations. The two-colour 
isochrones, will provide useful metallicity and age indicators, once the models are better 
tested against a range of well-observed clusters.
7  T h e  l u m i n o s i t y  f u n c t i o n
The radial dependence of the K  luminosity function is examined. An ‘artificial’ V lumi­
nosity function is constructed from the K  data and compared to previous observations.
For a proper study of a. cluster’s luminosity function, observations are needed in an ad­
jacent ‘empty’ field, so that the galactic background LF may be corrected for. Such 
observations were not taken in the present study, and would in any case be difficult in the 
area around M4, where the extinction is patchy. The M71 luminosity function was not 
considered because the field star contamination is expected to be severe, as is the crowd­
ing. The present data may be used in a. differential way: one comparison that can be 
made is between two halves of the combined photometry for the large mosaic. Since the
observed area lies to the East of the cluster centre, with the long axis of the mosaic lying 
approximately radially, the data may be divided into an inner half, centred at about 4' 
from the cluster centre, and an outer half, centred at ~  6.5'. It is expected that the inner 
field will contain more stars of all types and thus suffer more from crowding problems. If 
significant mass or chemical composition gradients are present in the cluster, these might 
be expected to be manifested as differences in the LFs for the two regions, although the 
effect is likely to be very small at such large distances from the cluster centre.
Figure 23 shows both the linear and logarithmic luminosity functions for all the stars in 
the large mosaic (solid line), the LF for the inner set of stars (dashed line) and the LF 
for the outer set (dot-da.slied line). The magnitude scale is in instrumental magnitudes, 
k, where the true magnitude is given by K=k-4.99 (from chapter 2). The figure shows 
an excess of stars in the inner field at all magnitudes brighter than k~23, with an extra 
‘bump’ at k~21. Fainter than k=23 there are more stars found at each luminosity in 
the outer field. Because of the small areas involved it is not possible to derive separate 
completeness correction for the two halves of the image. Since the inner field suffers from 
greater incompleteness at faint magnitudes, because of its greater crowding, the excess of 
faint stars seen in the outer field is expected and unlikely to be real. Mass segregation 
would lead to a steeper LF for fields further out. When the counting errors and the 
incompleteness are considered, the two regions here cannot be said to be significantly 
different, except that there are nearly twice as many stars in a given magnitude interval 
in the inner field.
If the same image is divided horizontally into a. Northern and Southern region, no signif­
icant difference can be seen between the two.
The only previous LF study which includes M4 is that of McClure et al (1986), who fitted 
theoretical LFs to their sample of nine cluster luminosity functions. The M4 observations 
came from the unpublished RF84 data, and little information is included as to how the 
LF was calculated. In their figure 1 the M4 and 47 Tuc LFs match quite well, with the 
M4 function turning over at the faintest bin. McClure et al fitted theoretical LFs for 
[Fe/H]=-0.5, -1.3 and -2.3 and various values of the mass spectrum power-law index, x, 
where the number of stars with masses in the range M. to M. + dM. is given by the power 
law: cf)(M)dM = (see McClure et al for definition). McClure et al (1987)
presented results for two more clusters and a. plot of the mass spectrum power-law index
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Figure 23: The K-band luminosity function measured for the combined data of the large 
images on logarithmic and linear number scales. The solid line is for all the stars, the dashed 
line for the outer field and the dot-dashed line for the inner one.
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Figure 24: The V-magnitude luminosity function constructed from the K data via the BBVB 
isochrones.
against metallicity. The theoretical LF for [Fe/H]=-0.5 and x=-0.5 fitted the combined 
47 Tuc and M4 observations adequately.
No K-magnitude LF models exist, but it is possible to make a rough comparison with the 
McClure et al (1986) data, by transforming the current Iv-band observations into V magni­
tudes via the BBVB isochrones and applying completeness corrections from artificial star 
experiments. Assuming the reddening E(B-V)=0.37 and distance modulus (m-M)0=11.22 
the data were transformed through the [Fe/H]=-1.03, t=12 Gyr isoclirone. The isochrone 
only extends down to Mk,0=7 (Mv,o~ H )  and so the curve was extrapolated to Mk,o=10 
(Mv,0~14.5). The resulting synthetic V-magnitude luminosity function is shown in figure 
24. The number of stars is plotted as i'c.Ni the number of stars in a bin of width AV=0.5, 
corrected for incompleteness and normalized to a value of 50 stars between Mv,o=5.0 and 
5.5, as used by McClure et al.
The turn over in the Richer and Fahlman data is not seen in the present data, which 
extend to Mv,o>10 before the completeness correction factor exceeds 2. By Mv,0 = 12 this 
factor has reached 5. The dearth of stars around Mv,o=L.5 in the RF84 data is also not
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Figure 25: Luminosity function models from McClure et al (1986) matched to the present 
synthetic data.
found here, but the two data-sets are otherwise the same to within their errors.
Figure 25 shows the present, data, (resampled in half as many bins to make it smoother) 
plotted together with two of the models presented by McClure et al (1986). The faintest 
data point shown has been corrected with a factor of 1.9. The [Fe/H]=-0.5, x=0.0, 
Y=0.20 line is an excellent fit to the data - almost better than can be reasonably expected 
considering the process that the data have been through and the more probable values of 
[Fe/H]=-1 and Y=0.23 for M4. Also, no attempt lias been made to correct for field-star 
contamination or the steepening of the LF by fainter stars scattering into the brighter, 
less-populous bins.
Given a knowledge of how the mass of a. star is related to its K magnitude, it is possible to 
construct a model of the Iv luminosity function. Unfortunately, mass information is not 
available for the BBVB isochrones. Matching the BBVB and SC91 isoclirones, through 
the V magnitude, allows the masses of the SC91 models to be related to the K magnitudes 
of the BBVB isochrones. The power-law index has been taken as 0, although the effect of 
varying x is small for the bright stars under consideration. Figure 26 shows the result of
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Figure 26: K luminosity function, corrected for incompleteness, with a model curve. The two 
are normalized to be the same at Mk,0=3.4.
this calculation together with the completeness-corrected K data. The model fits the data 
very well for all the bins which are complete. Beyond Mk,o= 5 the K data are increasingly 
incomplete, although the completeness corrections would have to be considerably under­
estimated to explain the deficit of stars at the fainter magnitudes. Because the calibration 
of the mass-magnitude relation is so approximate, there is no need to further discuss this 
figure.
7.1 S u m m ary
No significant difference was found between the stellar populations of the inner and outer 
halves of the large mosaic, given that the crowding is most significant in the inner region. 
A rough conversion of the Iv luminosity function into a V luminosity function allowed 
comparison with previous observations and models, with the conclusion that the power- 
law index of the mass function is close to -1 (i.e. x=0.0). This fits into McClure et 
al’s (1987) x-metallicity correlation even better than their original result for the cluster, 
giving M4 a value of x between that of 47 Tuc and that of the combined intermediate-
metallicity clusters M5, M13 and NGC6752. On the other hand, Richer et al (1991) 
have used Cousins’ I-band LFs to construct deep mass functions for 6 clusters and find 
no correlation between the mass spectrum power-law and metallicity. At present, this 
probably says more about the models used to convert between luminosity and mass than 
about the data or the intrinsic relationship.
Since the fainter main-sequence stars are very red observations at Iv are more efficient 
than at V at sampling a cluster’s faint luminosity function.
8 C o n c l u d i n g  r e m a r k s
At the start of this chapter, it was shown that the reddening results from most previous 
studies of M4 are consistent with a value of R of 4.0 ±  0.2 and a reddening of E(B- 
V)=0.37 ± 0.01. Although the value of R. is important at optical wavelengths, it is only 
studies with large wavelength coverage that allow the value to be constrained. Important 
evidence for the larger value of R comes from several works:
1. Caputo (1987) conducted a. ‘self-consistent’ examination of the properties of the RR 
Lyrae variables in the cluster. The different results for the distance modulus of the 
cluster, using either (B-V) or (V-K) to determine the temperatures of the variables, 
can be made to agree with each other and with the adopted values by choosing 
R=4.
2. FCP83 proposed an increase in reddening and a. shift in their measured GB position 
to allow their M4 observations to fit their expectations in several observational dia­
grams. Simply, using R=4 and E(B-V) = 0.37 does equally well, whilst still agreeing 
with the majority of other reddening determinations.
3. Similarly, PR.MV86 invoked a. reddening increase to explain why M4 did not fit their 
models. Setting R to 4 allows the more normal reddening to be used.
4. The revised (V-K)0igBi found by re-examining FCP83’s observations in the light of 
the preferred form of the reddening law, allows M4 to agree better with correlations 
of this parameter with metallicity in the studies of Smith (1984) and Gratton, 
Quarta. and Ortolani (1986), as well as in the present comparison with the Zinn
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metallicities from Bell (1987).
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In addition, some mistakes in previous work were revealed and the anomalous reddening 
estimate of AL84 was re-interpreted and the data found to be consistent with the presently 
adopted value.
Although it is hard to work through the effects of the revised reddening parameters on the 
various estimates of metallicity in the literature, those estimates which were examined, 
mainly based on combined optical and infra-red observations, were found to be consistent 
and to suggest that a value of [Fe/H ]=-l.l ±  0.25 might be appropriate. A similar mean, 
although with larger scatter, is found by taking all the metallicity estimates as given in 
the literature.
Applying the revised reddening parameters to previous determinations of the distance 
modulus of M4 clearly improves the overall agreement of the results, with a best estimate 
of 11.22 ±  0.11.
Although the age estimates from the literature cover a large range, a mean of 16 ±  2 
Gyr was found. Fitting the ALA88 main-sequence fiducial with the new SC91 isoclirones 
produced a best-fit age of 18 ±  1.5 Gyr at a reddening and distance modulus consistent 
with the adopted values.
Unfortunately, optical studies in the region of the present observations were not available 
or proved unsuitable, so that very few of the present data, were used in the construction 
of CMDs and the 2CD. The RR Lyrae observations, based on LDSJF90 and further work 
by our group, fit well into the diagrams.
As in the last chapter, the present data were matched with the BBVB isochrones such 
that the reddening, distance modulus, age and metallicity were all left as free parameters. 
Although the results found for reddening, age and metallicity were consistent (within 
the errors) with the values found from the literature, the derived distance modulus was 
anomalous. If the possible zero-point error in the V magnitudes of AL84, mentioned in 
chapter 2, is included, the data are shown to fit the isochrones at the adopted reddening 
and distance modulus, with a derived age and metallicity consistent with the literature 
parameters. The AL84 zero-point uncertainty seriously compromises the usefulness of the 
data. Although the best-fit metallicity was well determined from the shape of the giant
branch observations, the derived age is very dependent on the main-sequence points. Thus 
the best that can be said is that the metallicity is found to be [Fe/H]=-1.0 ±  0.4, the 
age is t=16 ±  3 Gyr, and the giant-branch observations are consistent with the adopted 
reddening and distance modulus.
A comparison of the M4 CMD and (V-K)-(B-V) 2CD with those of M71 again suggested 
that a zero-point error in the AL84 magnitudes was spoiling an otherwise very satisfactory 
match. The match between the two-colour diagrams is in excellent agreement with the 
predictions of the BGVB models, based on the nominal metallicities of the two clusters.
Comparing the M4 data, to these models in the two-colour diagram, the giant and hori­
zontal branch stars agree well with the predictions of the models, although it again seems 
likely that the AL84 magnitudes contain a zero-point error.
Two-colour isochrones were constructed from the SC91 and BBVB colour-magnitude 
isochrones and were compared to the M4 data. These isochrones are rather uncertain 
because of the [O/Fe] enhancement difference between their progenitors and because of 
the possible scale errors in the reddest (B-V) colours, but are none-the-less of interest and 
certainly worthy of further work.
Throughout these comparisons it is evident that R=4 works very well for M4, certainly 
better than R=3. Where there are problems in comparing the M4 data with models this 
cannot be resolved by reverting to the standard value of R or changing the reddening.
The K-magnitude luminosity function for the large area mosaic image was converted into 
a V-magnitude LF, through an appropriate (V-Iv)-K isochrone, and found to compare 
very favourably with previous observations. Model LFs fit the data, surprisingly well and 
suggest that the mass function power-law index is close to -1, consistent with McClure et 
al’s (1987) assertion that the luminosity function is steeper for more metal-poor clusters.
The revision of the literature parameters has produced the most consistent set of pa­
rameters available for M4 and the present data, have confirmed these values. However, 
a. zero-point problem has meant that the parameters derived from the present data are 
rather uncertain. None-the-less the deepest globular cluster K-magnitude luminosity func­
tion yet published has been considered and the concept of two-colour isochrones has been 
introduced. There is much here to build on, for globular cluster studies in general and for 
M4 in particular when a deep optical study can be matched star-to-star with the K data.
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C o n c l u d i n g  R e m a r k s
What, has been found ? Have the airns stated in the Introduction been achieved ?
What next. ?
This thesis did not set out to solve all the important problems that remain in globular 
cluster astronomy- Rather I have shown that near-IR array photometry has a valuable 
contribution to make to our understanding of the globidar cluster system on a cluster-by- 
cluster basis. Observations at near-IR wavelengths have advantages over similar optical 
observations, particularly with regard to extinction and the stellar temperature scale, 
and it is clear that optical-IR CMDs are at least as good as traditional optical studies 
for assessing individual clusters and adding to the collection of reddenings, ages, and 
metallicities that are so vital to the study of the fundamental questions, such as the 
second parameter problem and the age range of the globular cluster system.
1 S u m m a r y  o f  c h a p t e r s
To begin with, here is a round-up of what happened in the last four chapters.
1.1 Chapter  1: p h otom etry  with IR C A M
The results of imaging observations of bright and faint standards in the J- and K-bands 
were presented. It was shown that IR.CAM is certainly capable of photometry to better 
than the 1% level when appropriate flat-field frames are used. Linearity corrections were 
successful and any residual non-linearity is small over a large range of magnitude (<2% 
in the range 6T5-13T0). Zero-point stability of the camera/telescope/atmosphere system 
was also found to be good.
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1.2 Chapter 2: reduction and analysis
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The present observations and observing philosophy were discussed. The reduction pro­
cedure for long exposure image frames, from raw frames to final mosaics, was discussed 
in detail. In particular, a mosaicing procedure involving fractional pixel shifts was inves­
tigated and found to improve, or at worst not change, the final measurements of stars. 
The use of D A O P H O T  to analyse such frames was examined, and tests showed that the 
results were repeatable. Contamination corrections were established from artificial star 
experiments. Software to facilitate the reduction of this type of data was described (see 
also appendix B).
The zero-point calibration of the observations in both clusters was discussed. In M71 the 
K-magnitudes were calibrated from previous photometry by Frogel, Persson and Cohen 
(1979), specially-taken single-channel observations by ourselves and the I R C A M  instru­
mental zero-points derived from the observations of standards discussed in chapter 1. For 
M 4  specially taken single channel photometry of two stars and the chapter 1 results pro­
vided calibration. The K-pliotometry in both clusters is believed to be within 2% of the 
standard Johnson system.
The relative zero-points of different optical studies, were found to disagree, in the regions 
of interest, so they were put onto a common system.
1.3 C hapter  3: M71
Chapter 3 presented the observations of M71. A  re-assessment of previous studies found 
the best set of self-consistent cluster parameters.
Newly calculated (V-K)-V and (V-K)-K isoclirones were fitted to the data such that metal- 
licity, age, distance modulus and reddening were all left as free parameters. The resulting 
best-fit estimates for these parameters were: -0.78 ± 0.3, 13 ± 1 Gyr (including oxygen 
enhancement), 12.S5 ± 0.15 and 0.26 ± 0.03. These agree very well with the adopted 
values and are a more consistent and accurate set of parameters than has previously been 
derived from any single study of this cluster. Combining these with the parameters from 
the literature produces the finally adopted parameters: -0.7 ± 0.4, 14.5 ± 2 Gyr, 12.87 ± 
0.07 and 0.266 ± 0.015.
A  new scheme was proposed by which the C M D s  of two clusters can be matched together 
in a ‘self-consistent’ manner, using models to relate the displacements of various mor­
phological features to metallicity and age. In the present case, the solution is dominated 
by observational and theoretical uncertainties, but this is still, potentially, the way to 
maximize the use of the available information between two CMDs. (This scheme could 
equally well be applied to purely optical C M D s  or to any combination of different CMDs).
A  giant branch clump was discovered in the (V-K) CMDs. Fusi Pecci et al’s (1990) 
A M y B clump parameter was used to derive a metallicity of -0.78. A  second differential 
parameter, AVf_c. being the V-magnitude difference between the G B  clump and the mid­
point of the sub-giant branch, was defined and calibrated against models as a function of 
metallicity and age, confirming that the models predict the clump to be brighter than it 
is actually observed to be.
Two-colour models in (B-V) and (V-K) were constructed from various models in the 
literature. Comparison between observations and theory in the (V-K)-(B-V) two-colour 
diagram showed an excellent agreement between expected and predicted stellar gravities. 
In particular, the available spectroscopic estimates of log g were found to agree well with 
the [Fe/H]=-0.5 models.
The model K  fluxes, used in both the C M D  isoclirones and the 2CD, were made 0"'i2 
fainter, as recommended by Bell (1992). The present (independent) results confirm that 
this shift is appropriate, at least to first order.
1.4 C h a p ter  4: M 4
A  re-appraisal of all previous studies of M 4  leads to the conclusion that R=4.0 ±  0.2. 
Using this value makes the metallicity, age, distance modulus and reddening more con­
sistent between studies, and leads to the (revised) adopted parameters: [Fe/H]=-l.l ± 
0.25, age=16 ± 2 Gyr, (m-M)0=11.22 ± 0.11 and E(B-V)=0.37 ± 0.01.
Unfortunately the Alcaino and Liller (1984, AL84) V-pliotometry that was used to pro­
duce (V-K) from the present observations, was suspected of containing a. zero-point, error. 
From comparison with other studies a. correction was approximated by simply making V  
18% fainter. It was not possible to further quantify the error but, since the V-magnitudes
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come from Pickering-Racine wedge observations, it could be magnitude and/or colour 
dependent. Use of these data in the C M D s  and 2 C D  confirmed that a zero-point error 
existed and suggested that the correction necessary might be closer to 0‘1‘23, if a simple 
correction was appropriate. The main-sequence points are thus unreliable, although the 
conclusions drawn from the giant and H B  stars are unaffected.
The suspect zero-point meant that a four free-parameter fit of the isochrones, like that 
for M71, could not be made, and the reddening and distance modulus were fixed at the 
adopted values, to derive a best-fit metallicity and age of -1.0 ±  0.4 and 16 ± 3 Gyr. 
These are in excellent agreement with the adopted values. The large uncertainty in the 
age determination reflects the zero-point difficulties.
The two-colour models predict exactly the offset that is seen between the dereddened M71 
and M 4  2CDs. The M 4  data, are well fitted by the [Fe/H]=-1 models, but unfortunately 
there are no spectroscopically determined gravities to compare with the model predictions.
Two-colour isochrones - a new concept - were constructed from normal C M D  isochrones. 
Their use is limited, in this case, because the parent isochrones contain rather different 
physics, and, in particular, one set contains oxygen enhancement and the other does not. 
Also, the (B-V) colours for the reddest giants are uncertain. Thus the comparison with 
the data was inconclusive, but it is clear that 2C isochrones contain features that will be 
useful as age-independent metallicity and combined age and metallicity indicators, once a 
better set can be constructed (for instance, as soon as the Bergbusch &: VandenBerg (1992) 
(B-V)-V isochrones become available, they can be matched with the B B V B  (V-K)-K set, 
which they helped to generate).
The K-magnitude luminosity function was examined briefly. A  comparison, through an 
appropriate isoclrrone, with models and previous observations of the V-magnitude LF 
shows close agreement, with a mass-spectrum power-law index of -1 (x=0.0) - consistent 
with the metallicity of M 4  if McClure et al’s (1987) power-law index - metallicity correla­
tion is correct. This correlation is rather controversial and is discussed further in section
3.4 of this chapter.
Once again the Bell (1992) 12% shift in the model K  magnitudes has been successful in 
the isochrones, the two-colour models, the two-colour isochrones and in the luminosity 
function colour transformation.
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2  H a v e  t h e  a i m s  s t a t e d  i n  t h e  I n t r o d u c t i o n  b e e n  f u l f i l l e d  ?
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To show  that IR  arrays are capable o f reliable and accurate photom etry, and 
that im ages from such arrays can be analysed w ith  profile fitting softw are, 
such as D A O PH O T .
Both of these have certainly been achieved.
To derive estim ates for the physical param eters o f reddening, d istance m od­
ulus, m eta llic ity  and age for M 4 and M 71.
The isocliroue fitting in both clusters has produced values of the cluster parameters in 
excellent agreement with the adopted values. The normally adopted method of fitting 
isochrones is to place the cluster data at the predicted absolute, dereddened colour and 
magnitude, and overlay the metallicity families of isochrones to find the best-matching 
age. For the M71 fit the data, were sufficiently good to allow the isochrones to be fitted 
freely to the upper MS, T O  and SGB. Thus the curve with the shape closest to that of 
the data was selected as best fit. The excellent agreement of the derived reddening and 
distance modulus with the adopted values, shows clearly the success of this approach and 
the accuracy of the models. The present agreement could not really be better, considering 
the discrepancies found between different optical C C D  studies of a single cluster (see, for 
example, VaudenBerg and Bell, 1985; Buonanno, Corsi and Fusi Pecci, 1989; Straniero 
and Chieffi, 1991).
To look for m ain-sequence binaries.
No significant number of binary candidates were found in the C M D  of M71. M 4  could 
not be searched because no colour information was available for the main-sequence stars. 
Potentially, examining the colour residuals from a. main-sequence fiducial is a good way 
to find parallel sequences of binaries. Such binaries should be apparent in the IR because 
the main sequence has a. gradient of about 4 in the (V-K)-V C M D ,  whereas in the optical 
the sequence is much more nearly vertical, so that any vertical shift translates into only 
a small colour shift away from the mean of the data.
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To show  that (V -K ) C M D s are less affected by photom etric scatter than (B- 
V ).
This is obvious in the comparisons between the optical and optical-IR C M D s  for the two 
clusters.
2.1 Addit ional ly  ...
Part of the motivation for exploring the new field of optical-IR C M D s  and 2CDs was to 
look for unexpected effects. One such serendipitous discovery was the position of the three 
M71 blue straggler candidates in the two-colour diagram, showing them to be consistent 
with being field dwarfs.
3  O b s e r v a t i o n a l  a n d  a s t r o p h y s i c a l  i m p l i c a t i o n s
3.1 Optical-IR studies
Clearly, if all other things were equal - that is, if IR. astronomy were easy, arrays large 
and efficient and the (V-K) isochrones and models well developed - every-one should be 
observing clusters in V  and K, because:
- photometric scatter in (V-K) translates into smaller scatter in T  than for optical 
colours;
- (V-K) is likely to be more closely related to temperature than (B-V) and less metal- 
licity sensitive;
- K-magnitude luminosity functions can sample the cluster mass function far more 
easily than observations at B, V  or even I;
- reddening errors are lOx less important at K  than at V  (although they are 3x more 
important in (V-K) than (B-V) this is made up for by the 2-3x expansion in the 
colour axis in the move from (B-V) to (V-K));
- for clusters where R may be anomalous the long colour baseline confers good diag­
nostic powers.
Even though IR array photometry has yet to achieve the ease and convenience of similar 
work with CCDs, the rate of improvement of technology in the IR. is swift and observing 
and reduction techniques can be automated to a large degree. There is certainly a large 
contribution to be made to the field of globular cluster research by optical-IR studies.
3 .2  P h o to m e tr y  is d ifficu lt
One of the conclusions that can be drawn from the previous chapters is that photometry 
is difficult ! Even a. very careful calibration cannot eliminate zero-point error, and this 
thesis contains numerous examples were errors are unreasonably large. Hesser et al (1987) 
state that the zero-points for their 47 Tue B V  observations are uncertain, in that the (B- 
V) colours may be 2% too blue. However, Straniero and Chieffi (1991) found a. colour 
zero-point discrepancy of 4 %  between Hesser et al and another study. Cudworth (1985) 
found Arp and Hartwick’s (1971) photometry to be out by 5 %  in both B and V. In M4, I 
find Lloyd-Evans’ (1977) B and V  magnitudes to be 7% different from those of Cudworth 
and Rees (1990), and of course, the worst of all, despite their careful discussion of the 
pitfalls of using the Pickering-Racine wedge, AL84’s V  magnitudes have turned out to be 
in error by perhaps 20% ! All of these discrepancies are larger than the various authors’ 
estimates of how closely they were tied to the Johnson system.
Clearly, the lesson to be learnt is not to trust any-one else’s photometry !
3 .3  L u m in o s ity  fu n ctio n s
Although we did not start out intending to construct main-sequence luminosity functions 
for these two clusters, observations in the IR. are very good for sampling LFs because (a) 
the stars are red and (b) the main sequence is quite flat in the (V-K)-V C M D  so that, 
unlike in the V-band, a. great many stars are packed into only a few magnitudes (that 
is, the stars are red and get redder). Also the V  magnitude becomes a. poor estimator of 
total luminosity for cool stars, since the peak of the energy distribution is to the red of 
the V  filter and the bolometric correction is large (see figure 2 of the Introduction). On 
the other hand, the K  filter provides a. uniform measurement of energy output, sampling 
the tail to the red of the peak for objects hotter than ~1500K. The peak of the energy 




Clearly it makes sense to observe in the near-IR to study the lowest mass stars, since they 
are also the reddest stars.
3 .4  M ass fu n c tio n s
The observed present-day mass function, which is derived from the observed LF and 
an appropriate mass-luminosity relation, is not necessarily very closely related to the 
initial mass function of the cluster because of the effects of dynamical evolution (Lee, 
Fahlman and Richer, 1991) and of Galactic disc-passages (Chernoff and Shapiro, 1987). 
Also the derived mass function applies only to the stars at the radius of observation - 
if the relaxation time is short enough that significant mass segregation has taken place 
the global mass function must be estimated from the observed mass function and model 
calculations (as in Capaccioli, Ortolani and Piotto (1991, C0P91).
The present result for the mass function power-law gradient for M 4  (x=0.0) adds a little
to the recent discussion of whether the present-day mass function of a cluster is dependant
on its met alii city, as show by McClure et al (1987). Although Richer et al (1991) find there
to be no such correlation in their data., Piotto (1991) and Ferraro and Piotto (1992) find
very flat mass functions for the metal-rich clusters M 4  and M107, respectively. COP91
suggest that the metal-ricli clusters may have rather flat main-sequence mass functions,
while those for intermediate and metal-poor clusters are not correlated with metallicity. It
is interesting to note that if the M 4  point in C O P 9 1’s [Fe/H]-x correlation is moved from
where it is plotted ([Fe/H]=-1.28, x=-0.7) to the values found here ([Fe/H]=-l.l, x=0.0),
aor
tliere are only two clusters (M12 and NGCG397) that do (agree with a correlation with a 
gradient, of ~1, albeit with large scatter (particularly at. the metal-poor end). McClure 
et al’s (1987) gradient for the same relation was ~2.5. The revised M 4  point still fits in 
with C O P 9 1’s correlation between distance from the Galactic plane, Z, and x.
C0P91 suggest that the Z-x correlation may be caused by the tidal stripping of low mass 
stars, and hence the flattening of the present mass function, during the passage of a 
cluster through the Galactic plane. However, they also point out that a correlation of any 
intrinsic parameter with the present distance of a. cluster from the plane is suspicious, 
since that distance changes, at, least for the halo clusters, quite rapidly. On this point,
the metallicity of the clusters in the C0P91 sample is also reasonably well correlated with 
their distance from the plane (something they do not mention), so it is not possible to 
dis-entangle the effects of Galactic position and metallicity on the cluster mass functions.
Since there are a number of completing processes acting on the stellar population of a 
cluster, it is to be expected that the [Fe/H]-x diagram will show large scatter. Also some 
clusters simply will not fit because one of the normaily-less-important processes has had 
a large effect on a particular cluster. For instance, it may be that M 1 2  and NGC6397, 
which have flatter mass functions than predicted by the tentative [Fe/H]-x relation, may 
have ended up closer to the Galactic plane than most clusters of similarly low metallicity, 
with the result that tidal stripping has flattened their mass functions.
It is likely that the current differences between studies are partly due to their use of 
different mass-luminosity functions, which are very sensitive to the input physics for the 
lowest mass stars, to generate the mass functions and partly due to the small sample 
sizes, the intrinsic scatter of which obscure any relationship that exists.
It could be that the position at which a. cluster formed in the Galaxy determines its 
metallicity directly and its present mass function slope indirectly, through the action of 
the Galactic potential and disc-passages. In this way a [Fe/H]-x relationship would be 
seen where there is in fact little or 110 causal connection between the two.
Another use of deep luminosity and mass functions is to look for the change in slope of the 
lower main sequence that should occur at < ~ 0.5 . V i w h e n  the effects of H 2 molecules 
become important in the stellar atmospheres (see Renzini and Fusi Pecci, 1988).
3.5  T h e  S P S E  and th e  age o f  th e  g lo b u la r  c lu s te r  sy s te m
Since M71 is too metal-ricli to contain any RR. Lyra.es it cannot be directly assessed for 
the Sandage Period Shift Effect. However the derived values of Mv(HB) and [Fe/H] can 
be compared with the various forms of the relation between the two quantities to be found 
in the literature.
The ages derived for the two clusters, 14.5 ± 2 Gyr for M71 and 16 ± 2 Gyr for M4, 
are not significantly different from Sandage and Cacciari’s (1990) oxygen-enhanced result 
of 15.5 Gyr for all the clusters. However, since both clusters are metal-rich these ages
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are also consistent with the Carney, Storm and Jones (1992, CSJ92) scenario of a simple 
oxygen-enha.ncement of 0.3 and a range of ages among the clusters of 15-20 Gyr.
Age determinations are one of the most significant astrophysical parameters to come from 
globular clusters. The ages of the clusters constrain the age of the Universe and hence the 
Hubble time, and the age range of the clusters constrains the speed at which the Galaxy 
formed.
At present there is a discrepancy between the ages of the globular clusters, as the oldest 
objects in the Galaxy, and the ages derived from nucleocosmochemistry - the use of the 
production and decay of radioactive nuclei to determine the duration of nucleosynthesis 
in the Galaxy before the formation of the Solar System, from the presently observed 
isotopic abundances. For instance. Fowler (1987) finds the age of the Universe to be
11.0 ± 1.6 Gyr from thorium and uranium isotopes, whilst Sandage and Cacciari (1990) 
find 15.5 Gyr for all of the Galactic globular clusters (including oxygen enhancement). 
Since the globular clusters probably did not form until at least 1 Gyr after the Big Bang 
(Fowler, 1987, for example) the discrepancy between the two ages is even worse. Also, 
Winget et al (1987) find the age of the Galaxy to be 9.3 ± 2 Gyr from the observed 
numbers of white dwarfs and models of their cooling rate. Many mechanisms have been 
proposed to produce younger ages for the globular clusters: rotation was mentioned in the 
Introduction, Willson, Bowen and Struck-Marcell (1987) proposed heavy main-sequence 
mass loss in the early stages of a star’s life to reduce stellar ages to a m a x i m u m  of ~10 
Gyr, and Noerdlinger and Arigo (1980) and Stringfellow et al (1983) constructed stellar 
models allowing ionic diffusion with the result that ages derived from present isochrones 
could be more than 20% too long. Although the tightness of the observed M S T O s  of 
many clusters cast doubts on processes that rely on rotation or magnetic fields, where 
significant star-to-star variations might be expected (Renzini and Fusi Pecci, 1988), and 
ionic diffusion might be ruled out because it predicts an increase in the number of solar 
neutrinos where there is already a dearth, it is quite plausible that some form of one of 
these effects, or a combination of them, or even another as yet unidentified mechanism, 
does indeed reduce stellar ages from the high values presently favoured.
O n  the other hand, (if i2 = 0) there are other results which support the longer timescale 
suggested by the globular cluster studies. For instance, Wheeler and Harkness (1986) find 
a Hubble time of 16.8 ± 1.4 Gyr (error estimate from Fowler, 1987) from studies of 56Ni
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in extraga.la.ctic supernovae. If 0 = 1 this becomes 11 Gyr.
The problem seems intractable. At present, the weight of evidence points to an error in 
the stellar evolutionary models that are used to construct isochrones. Very accurate C M D  
and LF studies are crucial to the detailed testing of models to confirm or deny the various 
mechanisms proposed to reduce the cluster ages.
3 .6  T h e  fo rm a tio n  o f  th e  G a la x y
The Eggen, Lyndeu-Bell and Sandage (1962) model of the formation of the Galaxy and 
its revision by Sea.rle and Zinn (1978) are still controversial (see Sandage, 1986). The 
most important factor in approving or disproving this model is the age range (or lack 
of it.) amongst the globular clusters, which is still uncertain. Clearly the question of 
oxygen-enhancement must be addressed, since the currently proposed age range among 
the clusters depends crucially upon the correlation, or lack of it, of oxygen enhancement 
with metallicity. One complication is that the metal-rich clusters, being members of the 
thick disc subsystem, are generally more heavily obscured than the metal-poor clusters 
(47 Tuc is the only bright, metal-rich cluster to suffer very little extinction). Also the 
metal-rich end of the metallicity scale is the most controversial (see Bell, 1987). Both 
of these effects conspire to make the parameters for these clusters systematically less 
well determined than those for the more metal-poor ones. As has been shown, the use 
of IR magnitudes in C M D  studies reduces the effect of reddening errors on the derived 
parameters and allows departures from the normal value of R  to be detected.
3 .7  S u b -d w a rf fitt in g
The present, data in M71 were not deep enough to match with the infamous sub-dwarf 
parallax stars, and there were no V  magnitudes available to use with the faint M 4  data. 
However, fitting sub-dwarf sequences in the optical-IR C M D  is clearly a sensible thing to 
do, not just because of the reduced importance of reddening errors, but because of the 
reduced sensitivity of both (V-K)and K  to metallicity in comparison with (B-V) and V. 
The sub-dwarfs are all of intermediate metallicity, averaging [Fe/H]=-1.4, so that model- 
derived corrections must be made if they are to be compared to cluster main-sequences 
of significantly different metal content. In the optical-IR C M D  these corrections are
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minimised (see Buckley and Longmore, 1992).
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3.8 The  optical-IR C M D s
The (V-K)-V C M D  is morphologically very similar to the (B-V)-V C M D ,  albeit with an 
expanded colour scale.
Because (V-K) is more closely related to stellar temperature than is (B-V) (and less 
affected by metallicity), the (V-K)-V C M D  is closer to the T-L plane of the theoretical 
H R  diagram. All other factors being equal, this would mean that errors introduced by the 
colour-temperature and magnitude-bolometric correction relations, derived from model 
atmospheres, would be of less importance. Thus, with reduced sensitivity to systematic 
errors, the (V-Iv)-V C M D  is a better diagram in which to fit isochrones than the (B- 
V)-V C M D .  This is doubly the case when the smaller effects of reddening errors on 
the derived parameters are considered. In particular, the de-reddening of the distance 
modulus derived from fitting isochrones or sub-dwarfs in the (V-K)-K C M D  depends on 
~0.1E(V-K), whereas in the (B-V)-V C M D  it depends on ~3E(B-V). Thus any error in 
the derived reddening has far less effect on the cluster distance found.
3.9 Two-colour diagrams
Two-colour diagrams are clearly useful because by assuming only the reddening (and 
the form of the reddening law) cluster data, may be compared to other clusters or to 
the results of model calculations. The 2 C D  can be used to separate field and cluster 
populations because of both their differing reddenings and met alii cities. Both M 4  and 
M71 are close to the metallicity of the population I field stars, but for more metal-poor 
clusters this metallicity-induced separation will be more marked.
Another important use of the 2 C D  is to estimate physical parameters for the stars by 
overlaying a set of models of different gravity and appropriate metallicity. Thus the 
gravity of each star can be estimated and combined with a temperature derived from the 
(V-K) colour and the luminosity from the K-magnitude to calculate the stellar mass. This 
may prove important in testing whether the run of stellar masses near the turn-off agree 
with the predictions of standard isochrones, or with those that allow ionic diffusion. It
was seen in chapter 3 that the presently available models adequately predict gravities that 
are consistent with those derived from higli-resolution spectral observations (although it 
must be remembered that these are also model dependent, so that a certain amount of 
circularity is involved).
Another approach is to use the (V-Iv) colour to estimate the effective temperature and 
the K  magnitude to estimate the luminosity to calculate the stellar radius, which can be 
compared to model calculations. Again a certain amount of circularity is involved, since 
the necessary colour-temperature and BC-colonr-magnitude relations are derived from 
models, with observational calibrations. The stellar models can thus be made to produce 
self-consistent physical parameters, constrained by observations.
3 .1 0  M ix in g -le n g th  th eo ry
Since there is no adequate analytical treatment of convection, the mixing-length theory 
has to be employed when building stellar models (see, for example, Renzini and Fusi 
Pecci, 1988). While this approximation lias been remarkably successful, there is still 
some controversy over its fundamental input parameter a , the ratio of the mixing length 
to the pressure scale height, and whether n is constant for all stars or a function of size, 
density, luminosity, temperature, metallicity, etc.
Because convection is important in the envelopes of M S  and lower G B  stars it is the values 
of radii and temperatures of these stars that must be used to test the results of the mixing- 
length theory. The current value of a ~1.6 comes from solar models, M S  models of young 
open clusters, sub-dwarfs with trigonometric parallaxes, binary star studies and detailed 
globular cluster C M D  modelling (again, see Renzini and Fusi Pecci, 1988). In the present 
context the most important calibration of a  comes from modelling the structure of the 
R G B  and the T-[Fe/H] relation for R G B  stars, with the temperature being determined 
from (V-K). Although there is generally good agreement, and a again comes out as ~1.6 
there is so far a discrepancy between the models and observations for the temperature of 
stars at the tip of the giant, branch (VandenBerg, 1984).
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Concluding Rema r k s  
3.11 Interesting objects
249
The three blue straggler candidates in M71 have, unfortunately, been shown to be most 
likely to be field stars. White dwarfs and cataclysmic variables (CVs) are too blue and 
too faint to be found in the present study and, as intrinsically blue objects, it does not 
make sense to seek them in the infra-red. No cluster photometry yet goes deep enough 
to detect brown dwarfs.
3.12 T he  ( V - K ) 0 gb metall ic ity  indicator
It is well known that the giant branch becomes bluer for lower metallicity clusters. The 
Frogel, Cohen and Persson (1983) ( V - I v ) 0 , g b  metallicity parameter quantifies this change. 
For M 4  the revised value of R  and distance modulus changed this parameter by ~0"13, 
with a change of ~ 0 n-'2 in M71. Figure 1 shows the relation between (V-Iy )0ig b  and [Fe/H]
[Fe/H ]
Figure 1: The relation between metallicity and (V-K)0igb- The points for M71 and M4  use 
the values adopted in this thesis. The curves are those derived from the BBVB isochrones 
(see section 2.1.5 of chapter 4 for further discussion).
(coming from Smith’s (1984) compilation of A S  metallicities), with M71 and M 4  placed
according to the metallicities adopted here. (Smith’s metallicities have been shifted onto 
a comparable metallicity scale by making them all 0.17dex more metal rich. This comes 
from a. comparison ol the Butler (1975) scale (as used by Smith) and the more recent AS 
calibration by Walker and Terndrup (1991)). Clearly the M 4  and M71 points lie almost 
exactly on the mean line. This will perhaps convince researchers that the [Fe/H]-(V- 
K)0,g b  relation has been rather under-valued, due to uncertainties in cluster parameters 
rather than any failing of the intrinsic relationship between the colour of the upper giant 
branch and a cluster’s metallicity. Interestingly the third most metal-rich cluster in the 
plot is M107, for which a revised value of R  may be appropriate, since it lies near M 4  in 
the sky (see Longmore et al, 1990).
The lines of equal age, derived from the B B V B  isochrones and plotted in figure 1, imply 
an age-metallicity relation covering ~  14-25 Gyr over the range of cluster metallicities. 
Although these absolute values are rather higher, implying a. low value of ~40 (0=0) or 
~25 km/s/Mpc (17 = 1) for the Hubble constant for instance, this could easily be due to a. 
small error in the [Fe/H]-AS relationship, meaning that the derived cluster metallicities 
are not quite on the same scale as those of the isochrones. The range of ~10 Gyr disagrees 
with the predictions of CSJ92, who found no significant age range amongst the clusters 
if the oxygen enhancement were correlated with [Fe/H]. The B B V B  isochrones already 
contain [O/Fe] correlated with [Fe/H] with a similar gradient to tha.t used by CSJ92, 
but a. smaller zero-point so that, for instance, at [Fe/H] = -1.5 the B B V B  isochrones have 
[O/Fe]=0.60 and CSJ92 [O/Fe] = 0.85. Even though CSJ92 were comparing the turn-off 
luminosity with the Revised Yale Isochrones and the comparison here is between the 
colour at the top of the giant branch and the B B V B  isochrones, there is clearly a serious 
discrepancy. Since it cannot Ire that the GBs cover a. 10 Gyr range of ages while the turn­
off stars are all the same age. there must be a problem with either one set of isochrones 
or with CSJ92’s procedure to simulate an oxygen enhancement by calculating an effective 
Z for the RYIs.
3 .1 3  E t c e te r a
There are areas of astrophysics that have not been mentioned where an accurate knowledge 
of the distance modulus, reddening, ages and metallicities of the globular clusters can be 
useful. T w o  of the most significant concern Galactic structure and the extragalactic
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distance scale.
The metal-rich clusters delineate the thick disc, the metal-poor ones the halo. Both 
are useful to study the structure, kinematics and chemical composition of these Galactic 
subsystems.
Globular clusters in other galaxies can be used as distance indicators, for which a knowl­
edge of the integrated light properties of those in our Galaxy is essential.
4  F u t u r e  p r o s p e c t s
The future of IR imaging is rosy: ever larger and more efficient arrays are arriving at tele­
scopes, and the currently-planned generation of very large telescopes are being designed 
with the needs of IR astronomy in mind. Buckley and Longmore’s (1992, in preparation) 
47 Tuc observations are an example of data taken with the next generation of instruments, 
in this case the Anglo-Australian Observatory’s 128x128 pixel IRIS array camera. Already 
some 256x256 HgCdTe arrays are in operation in the 1-2.5p m  region and 256x256 InSb 
arrays, capable of working upto 5 //.m, should be available on large telescopes in 1992.
N o w  that (V-K)-V isochrones are available there are many opportunities for optical-IR 
studies to make significant contributions to our understanding of individual clusters and 
the globular cluster system in general. In particular, Djorgovski’s (1987) IRAS sample 
of ~200 highly obscured globular cluster candidates are prime targets for optical-IR or 
purely IR studies. These objects are particularly important because many of them are 
likely to be metal-rich and members of the tliick-disc population.
A  precedent has been set in the determination of R = 4  for M4. Several bright clusters 
need to be re-examined for a higher value of R . particularly M107 which also lies near 
the p Oph cloud. Recent. C C D  photometry of the cluster exists by Ferraro and Piotto 
(1992), who find that either a reddening almost 0"'l larger than the accepted value or 
a o-element enhancement is desirable for their isoclirone fitting. Amongst other clusters 
worthy of study are NGC6144. which is only 1° from M 4  on the sky, and M69, a. metal-ricli 
cluster lying in Sagittarius which Frogel, Cohen and Persson (1983) found to be discrepant 
in several plots (see also Smith, 1989).
The G B  clump certainly deserves further study, since its location is determined by pro­
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cesses deep within the stars, and connected with predicted surface abundance changes 
(Rood and Crocker, 1985). Current models do not predict its location correctly (Fusi 
Pecci et al, 1990), so thorough observations could constrain the next generation of stellar 
models.
Observations in the turn-off/sub-giant region are particularly useful for isoclirone fitting 
studies. A  program of observations aimed at just this region could provide age and 
metallicity information on a uniform scale for a large sample of clusters, without using 
too large an amount of telescope time.
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A p p e n d i x  A :  T h e  D a t a
This appendix lists the results of D A O P H O T  runs 011 the m71 and M 4  mosaics. The data 
are listed in two columns of stars per page. For each star the following information is 
listed: number, x, v, instrumental magnitude, D A O P H O T  error estimate.
M 7 1 D K
621 40.15 132.80 15.130 0.082 506 118.28 107.50 17.707 0.028
957 209.10 107.55 15.192 0.060 664 174.16 139.43 17.738 0.048
540 27.94 114.06 15.234 0.034 515 76.41 110.42 17.756 0.035
3 285.32 2.84 15.965 0.078 195 252.41 45.03 17.813 0.013
414 184.36 89.45 16.068 0.026 609 154.91 128.57 17.999 0.025
593 67.79 126.46 16.451 0.021 642 148.03 136.35 18.082 0.016
45 157.76 11.87 16.457 0.021 160 266.25 37.06 18.176 0.022
675 115.61 142.43 16.685 0.034 212 23.16 49.09 18.251 0.046
405 113.06 87.70 16.754 0.026 418 260.42 89.18 18.289 0.026
570 109.75 121.11 16.775 0.033 1114 212.35 133.62 18.315 0.026
395 218.30 85.95 16.802 0.024 569 87.64 121.14 18.355 0.031
109 75.74 25.64 16.815 0.045 433 153.47 92.44 18.372 0.024
421 131.21 90.41 16.831 0.023 34 227.21 10.31 18.403 0.017
652 73.27 138.12 16.832 0.029 360 282.53 79.03 18.417 0.027
702 43.12 146.84 16.839 0.032 401 82.94 88.09 18.431 0.023
647 116.00 136.96 16.842 0.019 548 244.76 115.18 18.482 0.037
614 87.89 130.22 16.844 0.021 42 41.92 12.29 18.484 0.037
640 86.83 136.29 16.858 0.033 541 182.75 114.55 18.494 0.042
594 88.19 125.68 16.866 0.039 501 126.85 107.24 18.505 0.017
243 200.68 55.10 16.895 0.018 625 135.84 133.71 18.510 0.032
37 68.07 10.90 16.897 0.030 636 122.12 135.20 18.550 0.018
121 185.51 28.08 16.899 0.024 453 249.11 96.13 18.556 0.046
354 61.60 77.72 16.905 0.031 298 150.37 66.85 18.605 0.041
729 140.03 151.80 16.910 0.032 495 297.23 105.51 18.627 0.085
219 189.72 49.77 16.919 0.014 561 142.03 119.04 18.630 0.032
551 272.25 115.69 16.933 0.031 338 179.75 75.06 18.635 0.015
448 234.52 94.99 16.939 0.017 592 59.68 125.55 18.727 0.032
518 132.72 110.32 16.951 0.016 173 175.46 40.30 18.779 0.036
496 46.50 105.58 16.955 0.038 555 176.57 118.45 18.785 0.033
591 255.94 124.59 16.978 0.031 344 164.98 75.84 18.798 0.038
231 263.56 52.09 16.998 0.012 556 278.78 117.74 18.840 0.036
105 170.74 25.36 17.035 0.042 451 201.52 96.08 18.841 0.061
643 209.09 135.55 17.045 0.013 533 116.15 112.58 18.850 0.041
84 77.51 20.87 17.147 0.043 927 111.73 120.51 18.884 0.222
369 177.23 81.32 17.153 0.019 585 241.79 124.07 18.905 0.048
505 24.30 107.74 17.168 0.045 412 62.89 89.42 18.937 0.045
409 278.93 88.35 17.199 0.036 610 190.06 128.74 18.970 0.040
510 264.13 108.48 17.208 0.028 116 98.78 27.43 18.982 0.041
20 293.05 6.98 17.210 0.035 367 215.71 80.20 18.986 0.028
388 140.17 84.01 17.236 0.015 227 71.60 51.66 19.018 0.033
480 93.54 102.01 17.278 0.018 124 16.64 29.14 19.043 0.059
617 47.42 130.92 17.343 0.035 328 255.81 73.01 19.047 0.032
509 258.56 107.51 17.374 0.029 193 84.64 45.37 19.066 0.034
626 142.48 133.88 17.472 0.021 300 254.39 66.71 19.069 0.026
577 71.28 122.67 17.490 0.044 598 172.86 127.16 19.077 0.084
565 60.65 119.81 17.530 0.034 684 219.88 143.34 19.101 0.033
645 35.16 137.17 17.628 0.016 488 142.75 103.64 19.148 0.031
524 250.63 110.53 17.649 0.026 553 167.15 116.50 19.199 0.074
8 7.98 5.05 17.688 0.076 291 53.47 65.72 19.203 0.058
470 109.39 100.48 17.696 0.026 597 19.39 126.73 19.206 0.051
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1110 140.02 133.66 19.215 0.094
323 63.29 73.11 19.226 0.035
669 184.00 140.85 19.227 0.101
960 203.57 96.60 19.230 0.089
284 207.29 63.81 19.250 0.030
444 189.93 94.02 19.264 0.025
707 137.39 146.52 19.267 0.034
727 119.52 151.21 19.278 0.126
499 78.54 107.61 19.287 0.078
711 76.25 147.84 19.303 0.040
44 153.09 11.63 19.303 0.029
599 226.93 126.90 19.308 0.051
504 239.66 106.78 19.314 0.101
327 237.73 72.67 19.326 0.019
637 152.58 135.17 19.334 0.025
391 248.55 85.20 19.358 0.026
324 88.92 73.50 19.364 0.033
81 142.86 19.78 19.386 0.035
234 130.69 53.36 19.408 0.036
1113 215.85 133.26 19.431 0.069
215 8.74 50.02 19.432 0.066
611 232.81 128.82 19.440 0.041
486 200.12 103.43 19.456 0.048
170 66.19 39.59 19.465 0.038
283 190.62 63.90 19.470 0.033
313 188.60 70.53 19.473 0.040
350 253.53 77.26 19.483 0.036
310 262.03 69.29 19.484 0.033
337 160.97 74.73 19.508 0.035
390 64.00 85.04 19.511 0.049
269 277.64 61.51 19.548 0.040
339 230.80 74.91 19.552 0.049
91 179.71 22.30 19.573 0.031
184 124.45 42.93 19.598 0.027
52 36.22 15.30 19.615 0.035
189 229.95 44.45 19.617 0.047
473 175.53 100.70 19.641 0.050
422 139.87 90.00 19.649 0.053
682 125.71 143.13 19.664 0.032
528 193.85 111.98 19.674 0.041
271 183.91 62.01 19.682 0.059
210 131.02 47.89 19.689 0.066
349 97.70 77.45 19.699 0.081
406 175.44 87.85 19.707 0.031
590 199.97 125.30 19.711 0.074
493 133.92 104.52 19.733 0.065
618 76.69 131.50 19.735 0.049
416 235.34 88.85 19.742 0.051
481 121.21 101.74 19.760 0.066
649 203.71 136.98 19.775 0.049
83 42.05 20.78 19.784 0.054
596 176.24 127.02 19.793 0.205
11 63.88 6.45 19.802 0.155
334 22.42 75.29 19.830 0.065
872 280.86 88.12 19.854 0.425
159 249.01 37.49 19.860 0.041
115 88.94 27.29 19.860 0.060
698 288.88 145.39 19.875 0.050
169 186.45 39.37 19.876 0.044
194 157.96 45.26 19.878 0.068
47 12.40 12.65 19.888 0.075
521 217.09 109.88 19.892 0.069
454 261.74 96.25 19.894 0.057
955 190.70 131.77 19.900 0.093
397 211.70 86.61 19.902 0.048
717 103.02 149.43 19.913 0.093
503 198.85 107.29 19.915 0.043
1032 250.21 97.20 19.923 0.177
662 110.59 139.69 19.937 0.071
522 272.20 110.28 19.947 0.118
722 158.84 150.48 19.948 0.067
288 177.62 64.73 19.952 0.043
693 160.41 145.10 19.955 0.085
731 180.63 150.99 19.957 0.091
408 202.37 87.61 19.961 0.060
648 188.78 136.57 19.986 0.063
85 138.88 21.23 19.991 0.055
622 64.35 132.65 20.006 0.051
605 219.85 128.35 20.014 0.061
687 103.90 144.04 20.025 0.084
527 167.41 112.57 20.044 0.069
48 113.59 13.40 20.053 0.061
730 176.02 151.25 20.086 0.159
299 247.72 67.37 20.095 0.052
841 156.49 47.53 20.107 0.084
49 140.42 13.05 20.108 0.046
274 236.59 62.30 20.124 0.072
108 63.66 26.38 20.132 0.066
547 199.18 115.31 20.133 0.112
688 187.28 143.97 20.146 0.094
580 188.49 123.23 20.156 0.085
534 122.13 113.29 20.160 0.053
190 13.31 44.65 20.164 0.098
1112 196.76 115.00 20.169 0.113
924 72.80 142.38 20.180 0.078
256 172.25 57.90 20.197 0.072
443 182.26 93.92 20.200 0.081
424 200.08 89.66 20.205 0.127
1007 67.70 70.96 20.206 0.098
296 66.89 67.65 20.208 0.099
356 109.15 78.49 20.233 0.057
456 97.38 96.96 20.234 0.091
720 28.75 150.21 20.236 0.080
962 175.30 98.52 20.246 0.087
487 20.75 104.30 20.248 0.122
446 101.74 94.56 20.255 0.079
425 214.19 89.91 20.266 0.080
432 90.76 92.08 20.268 0.062
564 48.57 120.37 20.282 0.080
149 92.97 35.08 20.288 0.074
319 37.69 72.20 20.292 0.072
535 164.01 113.28 20.294 0.08S
560 53.55 118.87 20.315 0.066
644 262.82 136.30 20.319 0.060
440 31.97 93.71 20.322 0.062
653 216.42 138.11 20.326 0.104
366 183.46 80.20 20.331 0.08S
950 168.20 118.91 20.340 0.090
514 34.55 112.00 20.341 0.187
632 239.44 133.80 20.342 0.063
583 280.41 122.85 20.344 0.088
631 226.26 134.17 20.348 0.064
6 135.76 3.99 20.351 0.056
1031 246.97 95.09 20.356 0.102
199 79.19 45.68 20.360 0.095
122 211.58 27.84 20.363 0.077
200 209.36 45.96 20.364 0.087
111 225.41 25.74 20.385 0.077
706 108.69 147.35 20.387 0.121
312 79.24 69.82 20.388 0.087
961 179.66 87.64 20.397 0.095
714 170.69 147.68 20.400 0.087
363 71.28 79.52 20.400 0.111
54 135.00 14.58 20.401 0.061
549 124.92 116.36 20.403 0.057
567 130.99 120.19 20.403 0.085
73 299.05 18.34 20.406 0.067
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920 77.09 122.96 20.428 0.135
246 128.10 55.96 20.428 0.109
315 109.35 70.75 20.432 0.097
297 132.54 66.71 20.438 0.109
386 5.63 83.88 20.451 0.072
1111 179.11 117.96 20.456 0.155
325 143.15 73.16 20.461 0.094
25 86.48 9.03 20.462 0.058
699 120.48 145.97 20.466 0.083
630 222.32 133.71 20.466 0.069
126 259.03 29.46 20.467 0.068
656 100.48 139.29 20.470 0.074
27 127.56 8.98 20.479 0.063
1115 211.50 131.21 20.480 0.177
676 146.59 141.01 20.480 0.087
877 238.31 64.46 20.480 0.101
512 66.31 109.03 20.481 0.100
259 119.28 58.85 20.485 0.064
944 151.06 138.39 20.491 0.076
958 215.62 104.76 20.495 0.205
204 107.42 47.10 20.499 0.071
482 217.95 101.72 20.501 0.150
183 105.46 43.00 20.505 0.085
389 165.61 84.37 20.507 0.082
943 144.38 142.76 20.509 0.118
385 278.81 83.03 20.510 0.158
308 167.26 68.93 20.514 0.093
341 37.90 75.51 20.518 0.090
148 79.66 35.06 20.519 0.075
330 102.30 74.49 20.523 0.063
713 129.33 147.78 20.530 0.073
396 101.63 86.48 20.532 0.061
826 81.37 24.41 20.535 0.127
842 132.19 49.26 20.536 0.146
165 86.03 38.95 20.539 0.072
221 30.40 51.13 20.539 0.083
39 182.75 11.07 20.542 0.102
130 197.32 30.25 20.545 0.073
956 192.50 136.25 20.547 0.127
461 255.71 96.86 20.548 0.102
139 57.58 33.20 20.552 0.092
242 163.50 55.42 20.559 0.075
670 213.92 140.81 20.572 0.130
1203 41.30 137.88 20.576 0.164
365 171.67 80.35 20.586 0.098
164 297.03 38.06 20.587 0.102
536 175.04 112.81 20.594 0.140
571 171.79 120.50 20.602 0.110
562 203.36 119.00 20.605 0.084
705 95.66 146.97 20.606 0.092
378 250.86 82.46 20.606 0.067
125 130.04 29.10 20.608 0.066
94 236.88 22.37 20.618 0.121
627 159.11 134.09 20.624 0.130
383 199.21 83.09 20.627 0.098
725 81.07 151.36 20.634 0.109
358 128.21 79.29 20.635 0.075
133 2.14 32.37 20.637 8.581
860 267.08 39.24 20.656 0.204
76 173.61 19.23 20.657 0.093
264 37.18 60.24 20.658 0.084
697 282.02 145.57 20.665 0.089
732 187.17 150.79 20.668 0.167
1033 255.03 121.01 20.672 0.186
207 288.03 47.44 20.672 0.078
261 299.61 58.76 20.673 0.105
635 107.38 135.27 20.675 0.091
72 244.18 18.02 20.675 0.079
726 107.47 150.63 20.678 0.183
392 263.94 84.52 20.680 0.138
566 125.25 119.88 20.688 0.073
364 153.10 79.92 20.693 0.111
18 152.38 6.37 20.694 0.137
146 240.35 34.30 20.699 0.082
254 108.74 58.53 20.709 0.096
348 83.46 76.55 20.715 0.073
22 2.26 7.76 20.716 4.928
502 149.35 106.65 20.717 0.118
959 212.54 112.86 20.721 0.105
639 79.75 135.93 20.724 0.101
492 106.16 104.99 20.726 0.099
931 122.86 105.46 20.727 0.133
696 255.13 144.88 20.728 0.085
437 95.28 93.40 20.728 0.070
60 197.11 16.38 20.730 0.071
659 166.94 138.57 20.735 0.092
118 51.50 28.38 20.737 0.105
253 176.61 56.65 20.738 0.094
690 20.79 145.10 20.744 0.092
712 113.23 148.58 20.747 0.113
516 94.81 109.48 20.750 0.118
257 186.96 57.99 20.752 0.101
138 275.35 31.81 20.757 0.081
218 161.55 50.34 20.763 0.076
701 247.54 146.08 20.763 0.102
335 50.80 74.74 20.763 0.074
151 147.05 35.52 20.770 0.086
602 54.43 127.71 20.771 0.093
377 189.60 82.69 20.771 0.093
357 79.44 79.21 20.772 0.089
252 115.75 57.41 20.776 0.083
402 88.19 88.03 20.779 0.122
824 39.51 20.75 20.780 0.129
119 56.51 27.97 20.786 0.095
683 148.98 142.91 20.790 0.119
182 75.21 43.01 20.790 0.116
141 176.85 33.01 20.796 0.117
874 260.16 93.17 20.804 0.145
666 44.24 140.44 20.805 0.153
543 17.14 115.43 20.812 0.128
572 248.49 121.60 20.813 0.104
933 145.92 117.96 20.815 0.121
233 106.41 52.84 20.816 0.076
208 90.87 48.26 20.822 0.125
679 2.31 143.28 20.827 0.143
175 11.94 41.80 20.831 0.153
14 162.17 6.35 20.836 0.160
954 185.87 124.91 20.848 0.145
1029 265.72 52.85 20.854 0.281
439 293.82 92.66 20.855 0.106
260 163.28 58.80 20.861 0.098
600 275.24 127.49 20.866 0.112
101 127.19 23.65 20.871 0.084
663 132.38 140.00 20.871 0.088
16 25.82 7.10 20.873 0.158
846 136.35 11.77 20.874 0.138
721 69.83 149.42 20.876 0.133
41 4.92 12.45 20.879 0.201
172 160.02 39.91 20.881 0.066
668 162.80 141.60 20.885 0.144
619 245.52 131.31 20.888 0.096
971 255.59 99.49 20.888 0.139
373 297.33 81.11 20.889 0.110
21 300.44 6.51 20.889 0.089
849 201.38 32.25 20.892 0.119
1103 54.61 67.53 20.892 0.276
558 21.14 118.80 20.899 0.166
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430 42.24 92.03 20.902 0.151
217 53.15 49.97 20.903 0.118
925 73.93 145.93 20.914 0.122
86 258.92 21.06 20.915 0.094
431 51.67 92.17 20.922 0.177
209 98.45 47.94 20.923 0.108
123 245.94 28.34 20.929 0.089
80 35.71 19.97 20.932 0.103
10 233.77 5.49 20.934 0.108
303 171.76 68.11 20.939 0.118
110 161.57 26.11 20.942 0.091
129 135.95 29.52 20.943 0.133
563 212.52 118.83 20.945 0.091
399 301.76 86.94 20.947 0.103
604 132.86 128.15 20.947 0.090
657 104.03 138.88 20.953 0.145
464 215.47 97.92 20.953 0.103
374 45.53 81.54 20.953 0.134
941 124.36 133.47 20.955 0.139
434 159.89 92.04 20.956 0.103
368 39.32 80.93 20.958 0.105
104 141.68 25.34 20.964 0.091
99 52.82 24.15 20.969 0.114
301 89.51 68.41 20.969 0.087
1034 259.44 124.54 20.969 0.164
724 57.56 151.27 20.971 0.126
370 204.58 81.03 20.976 0.110
723 47.59 151.63 20.977 0.104
477 298.54 100.95 20.978 0.113
403 96.16 87.65 20.979 0.111
266 263.67 59.82 20.980 0.112
90 152.53 21.92 20.985 0.083
658 126.62 139.35 20.991 0.107
574 32.07 121.97 20.998 0.224
613 5.72 130.47 21.000 0.121
467 84.08 99.07 21.006 0.101
573 275.20 120.96 21.009 0.151
1116 208.24 129.90 21.009 0.311
232 19.66 53.27 21.020 0.125
460 241.57 96.74 21.021 0.176
153 180.95 35.61 21.021 0.099
191 30.44 44.91 21.022 0.116
46 270.71 12.37 21.032 0.105
949 162.73 120.30 21.038 0.154
309 198.27 68.72 21.046 0.120
450 170.04 95.75 21.046 0.149
249 268.02 55.68 21.047 0.137
805 29.52 140.60 21.049 0.153
624 23.55 134.28 21.050 0.153
667 57.12 140.79 21.051 0.157
939 132.99 130.83 21.054 0.119
681 34.75 142.72 21.063 0.576
361 20.58 80.01 21.070 0.240
106 13.77 26.12 21.073 0.183
248 259.88 56.15 21.081 0.117
823 65.07 36.84 21.082 0.111
155 21.80 36.71 21.084 0.149
875 238.29 89.93 21.095 0.180
695 234.73 144.82 21.100 0.120
280 73.03 64.26 21.102 0.131
69 239.40 17.41 21.102 0.110
964 154.07 46.91 21.105 0.192
98 296.52 22.88 21.110 0.142
537 219.13 113.14 21.113 0.174
929 99.58 101.06 21.115 0.110
19 243.23 7.16 21.116 0.124
362 53.80 80.33 21.116 0.108
53 83.19 14.82 21.117 0.094
531 65.13 112.95 21.120 0.136
607 97.49 128.89 21.125 0.138
455 267.78 95.68 21.125 0.136
546 106.95 115.00 21.126 0.142
733 190.67 149.11 21.127 0.194
972 262.12 98.32 21.131 0.154
840 152.21 70.39 21.136 0.129
873 284.48 90.78 21.142 0.124
1264 211.07 101.18 21.146 0.265
423 149.65 89.81 21.147 0.107
394 171.01 86.02 21.150 0.169
825 85.89 24.70 21.157 0.220
832 92.88 73.96 21.167 0.143
131 32.33 31.56 21.172 0.152
387 89.10 84.16 21.175 0.153
410 296.12 87.64 21.176 0.135
500 97.92 106.66 21.178 0.147
31 33.45 10.30 21.178 0.119
1205 29.40 118.73 21.179 0.207
578 102.68 122.92 21.179 0.121
237 223.63 53.90 21.179 0.122
582 219.08 123.16 21.182 0.165
36 300.90 10.33 21.182 0.121
484 156.36 102.79 21.183 0.151
286 261.60 63.53 21.183 0.160
855 231.33 37.31 21.185 0.131
462 44.61 97.65 21.189 0.143
458 187.06 96.21 21.191 0.143
801 22.35 146.95 21.192 0.146
871 281.91 82.10 21.193 0.247
719 276.25 149.31 21.193 0.158
96 209.89 23.47 21.194 0.138
811 39.53 92.33 21.195 0.192
457 115.99 96.71 21.195 0.183
371 238.16 80.99 21.196 0.130
559 24.33 119.39 21.197 0.208
638 15.20 136.06 21.198 0.165
273 220.82 61.93 21.202 0.161
206 215.79 46.60 21.202 0.137
1117 240.82 94.50 21.203 0.172
868 294.81 58.67 21.204 0.191
211 219.93 47.41 21.206 0.141
735 232.61 150.49 21.206 0.143
143 233.11 32.78 21.207 0.153
523 228.13 110.72 21.210 0.178
728 132.12 150.98 21.219 0.183
468 128.28 99.52 21.220 0.148
326 216.83 72.58 21.228 0.122
196 277.38 44.85 21.229 0.205
552 158.88 117.23 21.231 0.135
633 274.53 133.67 21.232 0.108
244 302.82 55.36 21.238 0.161
238 240.24 54.10 21.241 0.161
1016 120.21 86.66 21.241 0.165
942 122.07 139.64 21.241 0.157
466 53.32 98.60 21.242 0.127
1277 256.25 151.15 21.243 0.166
686 56.35 143.81 21.245 0.143
1220 66.68 13.36 21.252 0.384
239 52.44 54.42 21.252 0.125
938 131.81 125.81 21.254 0.143
186 101.38 44.53 21.256 0.132
848 179.72 30.94 21.262 0.163
262 22.77 60.16 21.266 0.146
479 79.81 102.23 21.266 0.166
428 266.23 90.96 21.269 0.165
472 167.58 99.57 21.270 0.132
294 288.89 66.03 21.274 0.186
187 166.53 44.28 21.275 0.126
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435 299.57 92.54 21.279 0.155
134 103.42 32.32 21.280 0.251
114 67.88 26.70 21.281 0.206
376 147.61 82.27 21.281 0.156
483 65.80 103.08 21.283 0.131
359 143.60 78.96 21.286 0.144
436 16.60 92.92 21.286 0.117
276 126.58 63.38 21.289 0.133
588 120.80 125.54 21.289 0.167
163 233.30 39.04 21.289 0.138
867 289.84 36.14 21.292 0.237
438 173.84 93.13 21.297 0.220
426 222.89 90.94 21.300 0.172
1228 108.40 3.62 21.302 0.281
1230 90.32 77.35 21.307 0.224
144 157.64 34.36 21.308 0.091
804 25.40 141.17 21.313 0.203
568 194.47 120.55 21.323 0.165
1258 109.00 142.85 21.329 0.193
58 146.17 16.46 21.330 0.136
878 204.25 85.20 21.332 0.186
520 157.10 110.28 21.333 0.167
258 73.14 58.86 21.340 0.181
623 5.88 134.37 21.345 0.149
136 220.08 32.43 21.349 0.151
581 212.15 123.00 21.350 0.157
407 193.57 88.50 21.351 0.245
902 55.46 100.31 21.352 0.143
427 252.78 91.03 21.354 0.180
40 296.69 10.55 21.359 0.165
932 143.15 113.38 21.359 0.215
441 83.32 93.70 21.362 0.137
837 130.21 59.01 21.363 0.188
230 208.28 52.24 21.364 0.190
292 225.04 66.19 21.366 0.139
311 285.46 68.75 21.367 0.167
225 247.92 51.17 21.369 0.145
220 292.85 50.08 21.371 0.169
289 195.97 65.20 21.376 0.148
694 208.43 145.37 21.379 0.219
459 193.13 96.59 21.379 0.172
511 283.15 108.35 21.380 0.153
181 89.43 41.94 21.386 0.131
63 89.79 17.58 21.387 0.146
844 143.14 28.59 21.389 0.152
445 282.25 94.05 21.389 0.181
834 114.13 81.36 21.392 0.241
128 38.57 30.46 21.395 0.218
715 261.16 147.49 21.400 0.181
802 23.28 142.55 21.403 0.216
413 123.36 89.35 21.405 0.162
1020 168.94 93.03 21.406 0.185
465 4.73 99.35 21.408 0.160
442 121.96 93.95 21.410 0.154
176 45.73 41.33 21.411 0.127
9 37.06 5.32 21.416 0.300
948 147.60 104.49 21.416 0.185
923 79.07 140.63 21.418 0.163
532 108.94 113.05 21.433 0.192
250 286.76 55.60 21.434 0.202
420 74.28 89.70 21.438 0.181
59 178.21 15.51 21.441 0.151
616 23.35 131.28 21.443 0.207
70 101.37 18.00 21.445 0.148
61 256.33 16.36 21.446 0.160
347 224.19 75.83 21.448 0.188
285 245.39 64.78 21.448 0.179
606 263.11 126.78 21.453 0.238
922 79.25 130.33 21.453 0.224
1030 277.10 81.07 21.454 0.308
222 97.02 51.24 21.457 0.179
318 243.19 70.72 21.462 0.125
1259 99.94 145.81 21.464 0.196
819 47.36 66.85 21.466 0.233
75 58.92 19.10 21.467 0.208
293 276.19 66.31 21.468 0.159
704 86.31 146.76 21.468 0.229
1018 165.19 81.70 21.469 0.149
709 242.12 147.59 21.481 0.197
1017 160.05 88.90 21.482 0.206
576 42.06 124.24 21.484 0.297
178 238.70 40.73 21.484 0.153
475 237.71 100.75 21.486 0.196
224 229.56 51.20 21.487 0.136
316 178.62 71.23 21.490 0.144
381 121.50 82.59 21.493 0.117
329 80.85 74.34 21.494 0.133
1266 221.61 77.43 21.496 0.193
95 112.56 23.43 21.499 0.163
586 294.89 124.49 21.501 0.167
158 115.86 37.15 21.505 0.228
65 137.91 16.89 21.505 0.190
554 225.59 116.85 21.506 0.157
32 145.82 10.03 21.507 0.204
166 121.58 39.31 21.507 0.202
608 102.07 129.17 21.519 0.216
1265 208.97 96.56 21.519 0.211
478 68.91 101.74 21.525 0.168
379 300.97 82.55 21.526 0.201
35 233.80 9.38 21.531 0.165
908 59.56 34.99 21.535 0.239
393 16.69 86.11 21.539 0.158
921 73.94 134.79 21.542 0.891
858 252.99 36.18 21.545 0.215
449 163.41 96.05 21.545 0.232
691 36.92 145.32 21.550 0.187
270 85.36 61.65 21.558 0.142
404 106.54 88.25 21.558 0.141
861 268.82 41.34 21.562 0.308
93 198.33 22.25 21.563 0.142
641 97.23 136.40 21.566 0.202
235 140.75 52.93 21.566 0.140
142 228.93 32.80 21.566 0.213
557 14.16 118.95 21.570 0.265
263 27.51 59.96 21.570 0.196
978 279.31 124.88 21.571 0.241
140 64.26 33.44 21.572 0.173
517 99.99 110.07 21.576 0.253
281 87.95 63.99 21.579 0.153
661 93.68 139.63 21.583 0.176
708 198.62 147.02 21.583 0.145
26 103.73 8.95 21.584 0.181
275 49.01 63.18 21.585 0.223
167 128.80 39.57 21.588 0.214
171 140.67 40.12 21.591 0.233
382 126.82 83.27 21.591 0.168
489 276.37 103.89 21.596 0.195
835 107.85 68.49 21.596 0.276
429 21.51 92.67 21.601 0.222
447 137.64 94.57 21.602 0.171
198 8.52 45.94 21.606 0.341
807 9.35 129.72 21.608 0.216
692 67.01 144.53 21.610 0.276
307 33.64 68.89 21.615 0.216
137 246.55 31.81 21.616 0.166
384 225.64 83.39 21.618 0.242
162 171.10 37.77 21.622 0.185
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1262 201.24 113.35 21.626 0.215
117 119.29 27.44 21.629 0.186
30 28.99 10.25 21.633 0.223
818 41.87 70.10 21.636 0.249
491 59.98 104.86 21.636 0.205
419 31.82 89.85 21.637 0.217
928 119.65 115.49 21.639 0.194
620 28.08 132.18 21.640 0.277
833 87.22 66.82 21.640 0.164
56 17.93 16.09 21.640 0.275
513 279.45 108.60 21.648 0.190
411 15.95 89.07 21.648 0.171
827 87.58 21.67 21.649 0.292
353 48.97 77.77 21.649 0.230
672 255.35 141.79 21.653 0.197
494 231.51 104.83 21.655 0.177
914 85.27 95.97 21.663 0.192
1212 50.33 67.36 21.664 0.311
57 129.34 15.33 21.666 0.209
64 124.31 16.72 21.667 0.213
62 62.96 16.89 21.670 0.212
1268 212.15 46.21 21.673 0.303
718 151.89 148.35 21.673 0.252
544 82.78 114.88 21.673 0.217
1 132.51 2.53 21.674 0.186
595 101.09 126.22 21.674 0.192
342 115.59 76.12 21.674 0.225
1263 209.21 115.58 21.675 0.245
803 22.84 139.44 21.676 0.215
295 32.20 66.69 21.676 0.224
550 150.16 116.32 21.678 0.160
38 110.10 10.97 21.679 0.222
333 152.53 74.22 21.679 0.160
703 51.17 147.22 21.679 0.276
135 141.06 31.51 21.680 0.166
1222 73.98 9.75 21.686 0.316
302 119.53 68.40 21.688 0.201
127 27.38 30.51 21.691 0.214
66 168.15 17.66 21.697 0.216
180 25.26 42.69 21.699 0.284
538 287.76 112.72 21.699 0.244
314 96.04 71.43 21.706 0.204
974 226.09 119.41 21.706 0.191
940 131.05 133.55 21.707 0.216
23 45.39 7.73 21.710 0.287
331 119.75 73.71 21.710 0.265
400 4.63 87.70 21.712 0.228
1210 51.94 77.65 21.713 0.207
290 301.69 65.02 21.714 0.267
213 140.02 49.15 21.715 0.161
120 111.60 28.37 21.716 0.197
716 60.63 148.71 21.717 0.250
304 232.39 68.40 21.722 0.208
33 173.87 10.48 21.723 0.221
463 155.61 98.45 21.727 0.184
7 274.63 4.09 21.727 0.213
584 46.14 124.18 21.728 0.286
317 206.88 71.37 21.728 0.224
152 107.11 35.72 21.732 0.246
828 95.60 33.82 21.733 0.234
279 37.46 63.46 21.734 0.226
700 202.20 146.10 21.738 0.164
340 262.84 74.70 21.738 0.182
1270 262.85 45.43 21.739 0.210
336 136.40 74.90 21.742 0.253
255 159.22 57.56 21.744 0.213
236 219.37 53.95 21.753 0.236
1015 130.91 101.07 21.758 0.242
866 287.84 26.13 21.758 0.312
1003 117.67 117.75 21.759 0.215
485 192.58 102.80 21.760 0.193
251 56.46 56.70 21.761 0.173
174 219.74 39.62 21.766 0.184
808 7.34 120.04 21.767 0.315
677 232.02 142.34 21.777 0.223
869 276.23 63.52 21.783 0.273
912 75.98 68.09 21.784 0.222
24 278.19 7.83 21.789 0.246
157 44.95 37.46 21.791 0.184
380 16.27 82.85 21.793 0.203
876 240.81 73.97 21.794 0.221
343 129.83 76.41 21.795 0.220
205 114.93 46.48 21.799 0.226
809 9.88 120.87 21.799 0.335
476 278.21 101.54 21.802 0.239
216 38.75 49.78 21.802 0.253
29 260.86 8.44 21.802 0.185
680 12.72 143.36 21.807 0.266
973 229.89 123.63 21.813 0.279
77 199.66 19.40 21.815 0.187
247 225.88 55.62 21.826 0.226
272 215.77 62.37 21.833 0.219
287 296.41 63.80 21.835 0.237
909 33.46 16.96 21.836 0.230
332 123.05 73.52 21.839 0.307
147 69.65 34.93 21.840 0.249
689 195.95 144.60 21.840 0.183
177 182.12 40.79 21.842 0.230
201 281.79 45.80 21.844 0.225
629 197.54 133.79 21.846 0.260
497 226.11 105.33 21.853 0.230
71 116.81 17.58 21.854 0.218
185 200.40 42.82 21.860 0.256
1224 83.09 37.90 21.866 0.245
321 276.21 72.01 21.874 0.255
278 30.81 63.89 21.877 0.263
154 218.47 35.49 21.879 0.242
268 194.89 60.90 21.881 0.274
507 162.55 108.01 21.882 0.244
1102 31.83 87.50 21.888 0.227
103 135.19 24.90 21.890 0.279
145 169.48 34.12 21.892 0.235
89 116.95 21.90 21.900 0.230
28 198.51 9.18 21.900 0.225
1209 56.76 80.81 21.908 0.307
1208 63.52 93.78 21.910 0.189
372 265.97 81.02 21.913 0.272
87 273.02 21.19 21.916 0.217
92 191.43 22.40 21.917 0.285
734 228.74 151.54 21.926 0.269
1211 57.38 70.82 21.928 0.223
88 105.35 22.21 21.929 0.242
1242 139.48 79.92 21.930 0.300
352 5.14 78.09 21.935 0.368
74 53.40 18.87 21.951 0.319
671 228.08 140.79 21.956 0.282
228 122.31 51.91 21.958 0.226
812 21.28 84.02 21.964 0.374
226 254.76 51.34 21.965 0.211
IS 186.93 5.90 21.967 0.353
322 3.47 73.35 21.974 0.299
816 17.11 37.52 21.977 0.299
979 301.21 117.83 21.981 0.446
545 90.50 115.12 21.983 0.350
188 224.55 43.89 21.985 0.261
79 32.17 19.72 21.988 0.270
1241 124.60 81.41 21.990 0.233
Appendix A: The Data 261
490 54.30 104.83 21.990 0.238
2 192.23 3.23 21.991 0.281
100 96.94 23.85 21.997 0.347
179 281.57 41.47 21.998 0.317
1250 151.10 131.67 21.998 0.294
575 154.80 121.62 21.998 0.309
55 235.41 15.48 22.002 0.281
1244 119.53 91.48 22.003 0.262
197 4.51 46.17 22.007 0.419
113 42.41 26.82 22.008 0.250
917 83.40 109.16 22.011 0.248
1119 230.80 5.67 22.012 0.284
13 144.89 6.12 22.013 0.326
673 279.18 141.25 22.021 0.356
911 82.28 64.33 22.025 0.257
710 2.78 147.84 22.045 0.371
1026 233.74 42.62 22.045 0.301
1221 66.66 8.10 22.046 1.637
913 72.20 94.73 22.055 0.344
305 240.39 67.93 22.055 0.240
51 302.13 14.10 22.055 0.245
1225 100.51 32.66 22.058 0.500
214 147.10 49.44 22.074 0.169
1261 124.26 146.08 22.085 0.405
346 205.65 76.03 22.086 0.335
112 8.10 27.08 22.086 0.395
320 212.30 71.64 22.087 0.339
1006 118.77 80.23 22.090 0.183
813 18.49 67.15 22.091 0.357
132 149.37 30.99 22.093 0.279
229 149.53 51.98 22.098 0.172
1269 261.91 39.21 22.103 0.380
863 280.15 20.20 22.106 0.338
612 269.95 129.44 22.110 0.287
1013 120.76 43.39 22.112 0.267
839 137.04 66.11 22.119 0.234
810 29.16 101.14 22.119 0.335
665 240.68 139.76 22.121 0.282
603 107.63 128.00 22.121 0.421
375 134.04 82.25 22.124 0.342
469 139.65 99.04 22.124 0.364
415 208.61 89.11 22.126 0.365
814 33.57 75.19 22.145 0.315
102 201.96 24.04 22.145 0.339
685 292.90 143.41 22.147 0.402
845 145.68 29.30 22.150 0.319
1271 267.51 47.11 22.150 0.793
968 268.94 58.00 22.151 0.379
12 72.34 5.78 22.155 0.402
678 248.66 142.01 22.156 0.277
1014 139.77 46.28 22.157 0.270
977 251.76 129.84 22.163 0.271
615 121.63 129.99 22.165 0.400
937 128.80 124.04 22.168 0.263
1009 88.56 36.92 22.169 0.344
82 255.37 20.35 22.177 0.291
654 233.74 137.43 22.182 0.302
1243 132.39 95.90 22.185 0.300
1008 81.10 44.19 22.186 0.518
847 177.63 43.67 22.187 0.386
1267 234.28 79.70 22.194 0.411
1010 83.67 11.88 22.194 0.271
859 263.02 31.74 22.194 0.331
277 251.96 63.62 22.197 0.337
1274 280.22 61.15 22.198 0.428
519 149.30 110.00 22.198 0.345
1219 60.38 28.65 22.201 0.354
223 172.75 50.57 22.201 0.283
351 272.13 77.06 22.211 0.327
1035 266.01 145.35 22.212 0.334
1272 274.29 40.06 22.220 0.360
1216 13.42 19.72 22.228 0.408
203 34.41 47.40 22.236 0.427
17 54.67 6.64 22.237 0.292
68 192.45 16.43 22.248 0.459
345 194.39 75.81 22.250 0.345
589 159.70 124.96 22.251 0.497
1215 24.59 35.27 22.251 0.521
1257 134.26 147.99 22.264 0.519
471 135.15 100.29 22.268 0.335
1240 121.45 66.47 22.272 0.375
1239 129.67 68.11 22.273 0.578
1028 255.73 47.07 22.273 0.732
1109 153.92 51.86 22.280 0.349
963 173.03 45.77 22.280 0.476
1027 259.05 42.73 22.282 0.416
107 30.37 26.14 22.283 0.436
1120 284.70 48.19 22.286 0.416
398 288.97 87.72 22.288 0.409
854 219.09 20.55 22.289 0.320
1207 56.60 91.34 22.289 0.315
862 276.44 19.71 22.291 0.273
660 199.62 137.98 22.292 0.360
306 25.10 69.22 22.300 0.432
1256 131.88 143.06 22.305 0.392
417 246.20 89.15 22.307 0.299
474 39.88 100.83 22.313 0.3SS
4 79.09 4.12 22.317 0.465
240 102.42 55.28 22.325 0.254
97 268.26 22.80 22.327 0.340
865 280.50 15.12 22.330 0.406
1260 94.54 149.58 22.333 0.450
192 62.07 44.94 22.335 0.423
1012 127.94 26.84 22.338 0.363
856 227.74 48.45 22.344 0.300
1227 112.26 16.50 22.352 0.506
168 149.16 38.89 22.362 0.369
1232 125.38 55.18 22.364 0.517
1229 86.71 70.80 22.365 0.367
1118 230.19 12.25 22.366 0.650
150 129.68 35.13 22.373 0.361
245 5.06 55.63 22.376 0.372
1226 101.02 30.18 22.381 0.412
906 47.77 50.04 22.384 0.334
965 153.85 42.27 22.390 0.531
1245 137.47 86.68 22.393 0.478
651 300.17 137.72 22.406 0.491
542 5.20 114.99 22.411 0.506
1273 260.13 79.30 22.420 0.382
156 35.00 36.86 22.421 0.535
241 147.69 54.81 22.429 0.252
1214 10.43 67.46 22.434 0.603
529 233.98 112.56 22.435 0.349
1223 80.72 30.69 22.437 0.358
1235 144.89 53.88 22.440 0.454
1218 49.14 23.55 22.441 0.495
50 102.81 13.73 22.459 0.352
1238 146.09 66.59 22.483 0.449
78 207.47 18.45 22.504 0.345
43 61.13 12.07 22.508 0.427
907 43.65 44.02 22.529 0.363
1023 191.22 7.53 22.540 0.448
817 19.73 43.53 22.541 0.600
202 296.80 46.26 22.552 0.523
452 225.53 96.07 22.557 0.353
1233 125.46 48.55 22.559 0.376
1234 136.63 59.09 22.566 0.443
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1019 161.32 85.01 22.566 0.436
1206 27.73 82.01 22.570 0.410
539 302.14 113.67 22.574 1.061
1106 105.61 50.12 22.606 0.488
966 157.64 37.95 22.610 0.380
650 271.85 136.37 22.640 0.398
1251 154.50 137.45 22.653 0.530
161 9.54 37.85 22.659 0.644
936 138.31 112.02 22.663 0.528
1024 203.53 15.94 22.669 0.487
601 287.84 126.60 22.690 0.627
1236 141.65 68.72 22.698 0.413
857 238.15 49.75 22.711 0.438
864 278.35 13.31 22.711 0.508
901 34 .65 101.51 22.713 0.502
587 5.74 124.78 22.715 0.493
530 54.37 113.12 22.733 0.637
853 219.54 27.15 22.740 0.469
1107 116.56 66.15 22.746 0.451
1237 138.09 69.80 22.758 0.427
821 70.68 48.18 22.783 0.527
935 134.45 116.03 22.794 0.598
655 286.52 138.28 22.801 0.533
67 187.75 17.44 22.841 0.523
919 86.67 106.97 22.846 0.593
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80 70.48 58.63 18.599 0.019
26 19.20 18.87 19.082 0.020
51 4.91 36.62 19.220 0.024
1 73.83 3.76 19.303 0.175
15 63.35 11.75 19.437 0.027
86 8.77 64.71 19.518 0.019
49 44.87 34.83 19.660 0.023
57 51.42 39.75 19.769 0.045
65 51.08 44.81 19.784 0.055
95 17.48 68.83 19.871 0.069
3 34.01 5.09 20.053 0.031
25 9.13 18.66 20.130 0.049
4 60.78 5.12 20.199 0.042
250 50.39 46.12 20.293 0.081
96 29.06 69.79 20.305 0.030
17 59.55 13.33 20.319 0.038
68 48.25 47.99 20.405 0.050
270 77.10 40.04 20.441 0.275
84 29.35 62.12 20.469 0.066
71 39.31 50.39 20.499 0.045
76 17.00 52.69 20.499 0.036
254 52.58 58.52 20.511 0.125
6 55.44 6.44 20.528 0.039
88 63.23 64.96 20.583 0.036
55 27.84 38.76 20.597 0.044
36 13.29 26.60 20.620 0.084
29 50.53 20.91 20.637 0.036
98 48.18 70.88 20.640 0.089
248 52.38 41.11 20.668 0.101
47 25.81 34.55 20.673 0.031
39 67.55 27.62 20.716 0.041
89 22.21 65.85 20.718 0.043
41 6.31 30.15 20.755 0.064
232 2.80 15.25 20.828 0.173
62 26.55 44.37 20.838 0.038
22 47.59 15.37 20.845 0.043
54 18.94 39.39 20.912 0.036
1011 118.89 34.08 22.850 0.629
1252 160.60 137.32 22.865 0.591
903 62.61 98.70 22.906 0.558
905 27.40 88.79 22.916 0.564
526 48.16 112.32 22.989 0.813
1254 149.36 125.46 23.001 0.794
1101 16.75 98.84 23.017 0.7SS
850 203.53 36.92 23.020 0.640
508 175.59 108.04 23.036 0.736
1022 163.91 29.14 23.111 0.675
967 210.28 6.84 23.149 0.803
1105 97.07 56.23 23.192 0.738
1217 36.88 25.99 23.225 1.112
930 105.15 111.25 23.294 1.156
634 285.85 133.78 23.342 1.410
870 292.26 68.43 23.374 1.127
525 295.01 110.50 23.393 1.653
579 136.36 123.26 23.476 1.384
970 291.67 60.42 23.490 1.315
1249 140.88 128.11 23.560 1.712
674 63.77 142.37 23.571 1.652
646 60.13 137.50 23.920 2.108
1246 142.84 95.73 24.026 1.895
498 287.96 105.58 24.141 3.597
1247 148.19 95.44 24.971 4.278
70 28.83 49.84 20.927 0.051
69 35.87 49.01 20.975 0.061
56 11.42 39.91 21.050 0.074
204 12.55 65.24 21.086 0.116
92 3.23 67.57 21.106 0.092
24 62.24 17.43 21.186 0.068
30 56.28 21.41 21.189 0.0S8
19 72.73 14.25 21.250 0.128
100 73.20 71.53 21.257 0.445
227 5.74 15.58 21.258 0.176
99 63.54 71.06 21.286 0.149
77 46.65 55.03 21.289 0.126
50 21.94 36.22 21.324 0.053
231 30.29 2.66 21.356 0.106
269 73.46 37.46 21.370 0.250
5 3.46 6.04 21.379 0.131
13 58.56 8.75 21.383 0.079
10 66.79 8.66 21.397 0.157
34 23.42 23.91 21.424 0.155
11 22.11 9.31 21.429 0.097
220 15.31 25.46 21.448 0.180
81 9.07 59.59 21.454 0.102
60 17.35 42.52 21.490 0.090
93 49.87 68.31 21.576 0.198
72 21.68 51.57 21.581 0.092
261 63.55 20.47 21.597 0.086
73 25.38 51.36 21.608 0.098
87 40.23 64.83 21.615 0.185
66 61.07 45.05 21.652 0.086
85 72.30 62.14 21.655 0.342
42 42.12 31.14 21.659 0.258
75 5.38 52.74 21.683 0.098
40 36.39 29.01 21.724 0.106
258 59.73 71.80 21.730 3.684
31 61.56 23.41 21.732 0.095
9 44.23 8.62 21.742 0.199
43 49.16 31.48 21.750 0.174
A p p e n d ix  A: T h e  D a ta 263
8 1 0 .5 6 8 .6 8 2 1 .7 6 7 0 .1 8 0
18 2 5 .7 0 1 3 .8 2 2 1 .7 8 1 0 . 1 2 4
230 3 2 .4 2 7 .9 8 2 1 .7 9 3 0 .1 5 5
91 5 6 .2 0 6 6 .7 3 2 1 .7 9 8 0 . 1 0 9
235 2 8 .2 1 5 9 .4 3 2 1 .8 1 4 0 . 2 2 0
82 3 9 .2 1 6 0 .2 9 2 1 .8 2 2 0 .1 4 4
45 6 1 .3 0 3 1 .9 8 2 1 .8 3 4 0 . 0 9 7
28 3 1 .8 6 1 9 .9 0 2 1 .8 4 2 0 . 1 1 8
83 1 6 .0 4 6 2 .5 3 2 1 .8 4 2 0 . 1 3 8
21 3 2 .8 8 1 4 .9 9 2 1 .8 4 9 0 . 0 8 6
268 7 7 .5 3 2 6 .3 5 2 1 .8 5 0 0 .2 6 0
78 2 0 .7 0 5 5 .5 4 2 1 .8 5 4 0 .0 9 3
27 3 9 .5 6 1 9 .0 2 2 1 .8 6 7 0 .0 8 1
64 7 4 .2 4 4 4 .0 0 2 1 .8 7 6 0 .1 6 1
16 3 7 .1 1 1 3 .6 4 2 1 .9 0 7 0 . 0 9 3
14 8 . 0 9 1 2 .6 9 2 1 .9 2 9 0 .2 3 2
263 7 1 . 3 3 9 .3 5 2 1 .9 4 0 0 . 1 4 0
48 7 4 .2 1 3 4 .3 4 2 1 .9 9 5 0 .1 7 4
74 5 0 .3 6 5 2 .2 5 2 1 .9 9 7 0 .2 1 3
37 2 7 .5 3 2 7 .4 5 2 2 .0 0 4 0 . 1 9 2
90 3 5 . 1 3 6 7 .1 9 2 2 .0 0 4 0 .1 6 9
2 2 3 .0 4 5 .3 2 2 2 .0 0 5 0 .1 6 5
202 7 . 2 5 5 7 .8 4 2 2 .0 0 6 0 .1 5 1
58 6 0 .2 8 4 1 .3 2 2 2 .0 2 0 0 .1 2 1
20 1 7 .8 9 1 5 .0 9 2 2 .0 4 2 0 . 2 4 4
12 3 7 .4 5 9 .3 0 2 2 .0 4 9 0 .1 0 3
219 4 .1 2 2 9 .5 0 2 2 .0 6 3 0 .2 1 9
260 6 5 .1 7 4 5 .7 6 2 2 .0 7 1 0 . 1 3 2
59 6 7 .4 6 4 1 .6 6 2 2 .0 7 7 0 .1 3 0
201 7 .3 7 5 4 .9 7 2 2 .0 7 8 0 .1 3 8
7 4 9 .7 4 7 .4 3 2 2 .1 7 5 0 . 1 7 7
52 3 5 . 2 0 3 8 .1 1 2 2 .1 8 8 0 .1 5 9
67 6 7 .7 0 4 7 .0 4 2 2 .1 9 2 0 . 1 4 7
61 4 2 .4 3 4 3 .6 0 2 2 .2 1 2 0 .1 5 1
213 2 6 .1 0 4 1 .5 4 2 2 .2 2 5 0 . 1 9 8
223 2 6 .1 4 2 5 .1 2 2 2 .2 2 9 0 .3 0 0
97 3 8 .7 4 7 1 .8 6 22 .2 3 1 4 .2 6 1
243 4 7 .7 7 1 8 .4 3 2 2 .2 3 1 0 .1 7 6
217 9 .8 2 3 8 .0 9 2 2 .2 3 5 0 .2 0 6
46 9 . 9 7 3 3 .2 7 2 2 .2 3 7 0 .2 0 2
63 6 9 . 9 6 4 3 .9 5 2 2 .2 3 8 0 . 1 5 0
M71DEEP1_2
80 6 9 .7 4 5 7 .6 9 1 8 .8 2 0 0 .0 7 0
51 4 .1 2 3 5 .9 0 1 8 .9 1 0 0 . 0 2 5
225 1 8 .3 2 1 7 .9 3 1 8 .9 5 5 0 .0 0 9
1 7 2 .8 5 2 .2 9 1 9 .1 7 2 0 .0 8 7
86 8 .0 5 6 4 .0 4 1 9 .2 7 9 0 . 0 2 2
249 5 0 .0 9 4 4 .3 7 1 9 .4 3 2 0 .0 9 9
15 6 2 .5 1 1 0 .5 3 1 9 .4 3 5 0 . 0 3 3
49 4 4 .0 6 3 3 .8 5 1 9 .5 9 7 0 .0 2 2
95 1 6 .9 3 6 7 .9 8 1 9 .6 1 2 0 .0 7 1
57 5 0 .6 2 3 8 .8 2 1 9 .7 1 8 0 .0 9 2
25 8 . 3 6 1 7 .9 0 1 9 .7 9 5 0 .0 5 1
3 3 3 .0 2 4 .0 2 1 9 .9 2 4 0 .0 3 2
4 5 9 .7 9 4 .0 1 1 9 .9 8 5 0 .0 3 2
96 2 8 .4 5 6 8 .9 8 2 0 .0 8 5 0 .0 3 3
17 5 8 .5 7 1 2 .1 9 2 0 .2 4 2 0 .0 4 8
68 4 7 .4 9 4 6 .9 3 2 0 .2 7 2 0 . 1 0 3
6 5 4 .5 0 5 .3 0 2 0 .3 0 7 0 .0 3 4
232 0 . 8 9 1 4 .5 7 2 0 .3 7 2 0 .2 2 7
84 2 8 .6 6 6 1 .2 5 2 0 .3 9 1 0 .0 7 6
76 1 6 .2 0 5 1 .8 4 2 0 .4 0 0 0 .0 3 6
71 3 8 .4 5 4 9 .5 2 2 0 .4 2 2 0 .0 4 4
41 5 . 5 7 2 9 .4 0 2 0 .4 2 9 0 .0 5 9
98 4 7 .6 7 7 0 .0 4 2 0 .4 5 3 0 . 0 9 5
212 2 2 .7 4 4 7 .2 7 2 2 .2 7 7 0 .1 4 0
252 5 0 .1 4 4 9 . 9 0 2 2 .2 7 7 0 . 2 7 4
94 1 0 .2 0 6 8 . 6 3 2 2 .2 8 9 0 . 2 5 0
272 7 2 . 2 6 6 6 .0 7 2 2 .3 4 4 0 .2 7 9
278 4 3 .6 0 6 4 . 8 8 2 2 .3 7 2 0 .2 3 8
273 7 5 . 6 3 7 0 . 1 0 2 2 .4 0 1 0 .4 1 1
38 5 0 .3 8 2 7 .1 1 2 2 .4 0 2 0 .2 9 9
207 2 0 .1 5 6 9 .3 1 2 2 .4 1 1 0 .3 2 8
23 5 6 .3 4 1 6 .7 4 2 2 .4 1 9 0 . 1 9 6
253 4 9 . 7 0 6 0 . 4 0 2 2 .4 3 2 0 . 2 3 4
203 6 . 9 8 6 2 . 1 6 2 2 .4 3 9 0 .2 0 6
32 6 9 .5 1 2 2 .9 6 2 2 .4 4 3 0 .2 2 1
256 5 6 .7 9 6 4 . 1 5 2 2 .4 5 0 0 .1 9 4
53 6 0 .2 2 3 8 .2 2 2 2 .4 5 7 0 .1 8 1
280 6 2 . 0 9 6 0 .9 4 2 2 .4 9 9 0 . 2 0 0
275 4 0 . 8 3 5 8 .2 1 2 2 .5 3 3 0 .2 5 4
244 5 3 .1 1 1 7 .8 9 2 2 .5 6 6 0 . 2 1 0
35 3 9 . 2 8 2 5 .8 9 2 2 .6 3 4 0 .2 4 7
279 4 1 .9 2 7 0 . 5 4 2 2 .6 3 4 0 . 3 6 5
264 6 7 . 6 9 1 1 .8 5 2 2 .6 7 3 0 .5 5 9
277 4 5 .7 4 6 1 . 8 2 2 2 .6 8 0 0 .2 7 4
257 5 8 .4 6 6 2 .0 0 2 2 .7 6 6 0 .2 5 8
286 8 .1 1 2 8 .7 7 2 2 .7 8 0 0 .3 6 1
221 2 1 .1 9 2 5 .4 6 2 2 .8 1 4 0 . 4 7 4
33 7 3 . 8 4 2 3 .3 3 2 2 .8 2 2 0 . 3 1 3
237 3 4 .2 5 7 1 . 2 6 2 2 .8 3 8 0 . 7 4 2
44 7 0 . 2 0 3 1 .0 8 2 2 .8 5 9 0 .2 9 3
284 2 5 .5 6 6 8 .6 4 2 2 .8 9 2 0 .3 2 1
229 1 8 .3 1 4 . 9 5 2 2 .9 7 2 0 .4 0 1
282 6 6 . 8 3 5 1 .9 0 2 3 .0 2 2 0 .3 3 3
240 4 0 .0 5 1 4 .4 7 2 3 .0 8 0 0 .2 9 7
241 4 1 . 5 3 1 6 .2 1 2 3 .1 6 0 0 .3 2 0
267 7 4 .0 5 3 0 .3 2 2 3 .2 4 0 0 . 5 3 7
283 3 0 .7 4 5 6 .0 6 2 3 .3 4 5 0 .6 3 7
274 4 1 .4 7 3 5 . 0 3 2 3 .3 4 6 0 .4 6 5
216 1 5 .0 4 3 4 .8 2 2 3 .3 7 3 0 .4 4 2
236 2 9 .2 2 6 6 .2 2 2 3 .5 8 1 0 .8 5 3
224 2 1 .4 1 2 1 .9 9 2 3 .6 4 9 1 .0 5 8
239 3 4 . 7 0 2 3 .4 5 2 3 .7 3 6 0 . 6 8 9
208 1 5 .4 3 5 7 .9 0 2 4 .3 2 0 1 .3 4 8
281 6 7 .0 9 5 5 .6 3 2 4 .4 6 0 1 .8 5 5
248 5 1 .6 2 4 0 .2 2 2 0 .4 6 2 0 .1 6 5
271 7 6 . 4 0 3 8 .0 1 2 0 .4 6 9 0 . 2 7 2
55 2 7 .0 2 3 7 . 7 9 2 0 .4 9 0 0 . 0 4 0
29 4 9 .7 3 1 9 .9 1 2 0 .5 1 7 0 .0 3 4
36 1 2 .3 5 2 5 .8 2 2 0 .5 7 5 0 .0 5 7
47 2 5 .0 2 3 3 .6 2 2 0 .5 8 0 0 .0 2 8
270 7 4 . 7 0 3 8 . 8 0 2 0 .5 8 4 0 .1 1 7
88 6 2 .5 4 6 3 .8 8 2 0 .6 8 2 0 .0 3 9
100 7 2 .4 4 7 0 . 8 4 2 0 .7 0 4 0 . 0 8 9
62 2 5 .7 3 4 3 .4 4 2 0 .7 2 4 0 . 0 3 5
92 2 .6 9 6 6 .9 1 2 0 .7 3 0 0 . 0 9 8
39 6 6 .7 1 2 6 .5 7 2 0 .7 5 9 0 . 0 4 4
89 2 1 .5 8 6 4 .9 8 2 0 .7 6 2 0 . 1 0 2
70 2 8 .0 6 4 8 .9 2 2 0 .7 8 1 0 . 0 3 7
54 1 8 .0 1 3 8 .4 5 2 0 .8 1 9 0 . 0 3 4
79 5 1 .0 5 5 7 .3 0 2 0 .8 3 1 0 .0 6 7
22 4 6 .6 6 1 4 .3 5 2 0 .8 4 7 0 .0 4 7
69 3 5 .0 4 4 8 .0 8 2 0 .8 7 3 0 . 0 4 7
5 2 .3 8 5 .1 9 2 0 .8 9 3 0 .0 7 7
258 5 9 .0 7 7 1 .6 4 2 0 .9 0 7 0 .1 0 9
204 1 1 .9 5 6 4 . 5 9 2 0 .9 2 6 0 .1 1 4
255 5 3 .0 4 5 8 .1 7 2 0 .9 3 3 0 .0 6 1
56 1 0 .6 4 3 9 .1 0 2 0 .9 9 2 0 . 1 2 4
A p p e n d ix  A: T h e  D a ta 264
265 7 2 .0 6 1 3 .0 3 2 0 .9 9 4 0 .0 7 2
227 4 .1 5 1 4 .2 8 2 1 .0 2 0 0 . 1 2 7
231 2 9 .5 8 1 .4 4 2 1 .0 8 8 0 . 1 2 9
85 7 1 .4 8 6 1 .1 7 2 1 .0 9 2 0 .3 0 1
30 5 5 .4 6 2 0 .3 9 2 1 .1 0 8 0 . 0 5 3
269 7 2 .8 0 3 6 .6 2 2 1 .1 3 8 0 . 1 9 0
24 6 1 .3 3 1 6 .1 6 2 1 .1 4 2 0 . 0 7 8
99 6 2 .7 8 6 9 .9 8 2 1 .1 8 1 0 . 1 4 0
10 6 5 .7 7 7 .2 5 2 1 .2 1 0 0 .0 9 5
14 7 .1 9 1 1 .9 7 2 1 .2 4 3 0 .1 3 7
50 2 1 .0 1 3 5 .1 8 2 1 .2 4 4 0 .0 5 1
224 2 0 .7 0 2 0 .5 0 2 1 .2 6 8 0 .1 0 9
81 8 . 2 9 5 8 .9 0 2 1 .2 8 2 0 .1 1 4
11 2 0 .9 4 8 .2 9 2 1 .2 9 1 0 .1 0 2
77 4 5 .7 7 5 4 .1 0 2 1 .2 9 7 0 .1 3 4
34 2 2 .6 0 2 2 .9 4 2 1 .3 0 9 0 .0 7 1
75 4 .5 2 51 .98 2 1 .3 9 7 0 .1 0 9
60 1 6 .4 7 4 1 .6 7 2 1 .4 0 7 0 .0 5 8
13 5 7 .6 0 7 .6 5 2 1 .4 1 8 0 . 1 3 6
220 1 4 .3 7 2 4 .8 1 2 1 .4 2 3 0 . 1 2 6
93 4 9 .3 4 6 7 .3 2 2 1 .4 5 6 0 .2 0 9
73 2 4 .4 8 5 0 .4 3 2 1 .4 5 6 0 .0 9 7
261 6 2 .6 6 1 9 .3 0 2 1 .4 6 2 0 .0 9 5
72 2 0 .9 1 5 0 .5 8 2 1 .4 7 0 0 . 0 6 6
78 1 9 .8 7 5 4 .5 3 2 1 .4 8 6 0 . 0 6 7
9 4 3 .2 7 7 . 7 6 2 1 .5 3 3 0 . 2 1 0
237 3 3 .2 8 7 1 .4 6 2 1 .5 7 3 0 . 1 4 7
43 4 8 .3 0 3 0 .0 8 2 1 .5 7 6 0 . 1 6 6
40 3 5 .5 4 2 7 .9 8 2 1 .5 8 2 0 .1 0 5
2 2 1 .9 8 4 .6 5 2 1 .6 0 0 0 .1 4 8
42 4 1 .1 3 3 0 .2 1 2 1 .6 2 0 0 .1 2 8
12 3 6 .5 0 8 .1 4 2 1 .6 2 3 0 .0 6 9
262 6 0 .6 8 1 0 .1 0 2 1 .6 2 9 0 .2 4 7
66 6 0 .2 9 4 4 .0 4 2 1 .6 3 5 0 . 0 9 0
21 3 1 .8 3 1 4 .01 2 1 .6 6 5 0 .0 6 6
31 6 0 .6 9 2 2 .4 3 2 1 .6 6 8 0 .1 0 3
27 3 8 . 7 7 1 8 .0 8 2 1 .6 7 1 0 .0 6 3
28 3 1 . 1 0 1 8 .9 2 2 1 .6 7 8 0 .0 6 4
202 6 . 4 2 5 7 .0 6 2 1 .6 9 9 0 . 1 5 2
91 5 5 .6 3 6 5 .9 7 2 1 .7 2 1 0 . 0 9 0
18 2 4 .5 8 1 2 .6 6 2 1 .7 4 5 0 .1 1 4
7 4 8 .8 1 6 . 2 9 2 1 .7 5 1 0 . 1 4 2
90 3 4 . 6 8 6 6 .5 3 2 1 .7 7 0 0 . 1 4 6
45 6 0 .2 8 3 1 . 0 3 2 1 .7 7 8 0 . 0 8 8
63 6 9 .2 1 4 2 .9 4 2 1 .7 8 2 0 .1 0 6
8 9 .0 4 7 . 8 0 2 1 .7 9 6 0 . 1 5 4
252 4 9 .4 8 4 9 .0 1 2 1 .8 0 0 0 .3 8 7
74 4 9 .6 2 5 1 .1 3 2 1 .8 1 6 0 .2 4 9
83 1 5 .4 4 6 1 .7 3 2 1 .8 2 1 0 .1 8 9
217 8 . 7 0 3 8 .0 5 2 1 .8 2 8 0 .2 6 4
37 2 6 .9 8 2 6 .5 8 2 1 .8 3 8 0 .1 0 7
64 7 3 .1 9 4 2 .8 5 2 1 .8 4 4 0 .1 7 0
16 3 6 . 2 9 1 2 .6 2 2 1 .8 4 9 0 .0 8 4
48 7 3 .4 9 3 3 .2 9 2 1 .8 5 4 0 .1 6 1
219 2 .8 9 2 8 .5 1 2 1 .8 5 6 0 .1 7 1
97 3 7 .7 3 7 1 .1 5 2 1 .8 5 9 0 .1 5 9
201 6 .6 2 5 4 .2 3 2 1 .8 5 9 0 . 1 6 9
M71DEEP2_1
102 4 0 .6 9 7 0 .2 5 1 7 .2 0 5 0 .0 3 1
206 1 8 .2 8 7 1 .8 3 1 7 .2 2 0 0 .0 2 0
59 5 5 .9 5 4 2 .7 5 1 7 .2 3 6 0 .0 0 8
60 7 1 .9 2 4 2 .8 1 1 8 .5 0 3 0 .0 2 8
17 1 7 .6 6 1 3 .9 8 1 8 .5 7 0 0 .0 2 1
78 5 7 .3 3 5 4 .4 5 1 9 .2 4 4 0 .0 2 6
23 6 6 .3 7 1 6 .8 1 1 9 .3 4 1 0 .0 2 3
82 3 8 .5 1 5 9 .3 3 2 1 .8 6 1 0 . 1 0 5
246 4 5 . 6 3 3 5 . 7 7 2 1 .8 6 5 0 .1 8 5
263 6 9 . 6 3 8 .0 2 2 1 .9 0 3 0 .1 9 4
260 6 4 .1 7 4 4 .7 1 2 1 .9 1 9 0 .1 1 9
87 3 9 . 3 0 6 4 . 2 3 2 1 .9 2 3 0 . 1 2 0
234 2 7 .2 6 5 8 .4 1 2 1 .9 4 8 0 .2 7 1
230 3 1 . 5 0 6 . 9 9 2 1 .9 6 2 0 . 2 0 4
52 3 4 .2 8 3 7 . 1 6 2 1 .9 6 4 0 . 1 3 8
94 9 .4 2 6 7 .9 1 2 1 .9 7 7 0 . 2 7 8
272 7 1 . 5 0 6 4 . 9 9 2 1 .9 8 6 0 .1 8 0
58 5 9 . 5 6 4 0 . 3 3 2 2 .0 0 6 0 .1 2 5
59 6 6 . 4 9 4 0 .5 8 2 2 .0 2 2 0 .1 2 8
61 4 1 . 7 9 4 2 .7 2 2 2 .0 2 6 0 .1 2 1
243 4 6 . 9 7 1 7 .5 8 2 2 .0 2 8 0 .1 7 3
46 9 . 2 4 3 2 . 4 2 2 2 .0 3 5 0 .1 9 9
268 7 6 . 3 6 2 5 . 2 3 2 2 .0 3 5 0 .2 8 8
44 6 9 .2 1 2 9 .5 1 2 2 .0 4 6 0 .1 3 8
67 6 6 . 8 9 4 6 . 0 9 2 2 .0 7 2 0 .1 3 6
223 2 5 .0 2 2 5 .4 0 2 2 .0 9 5 0 . 1 5 6
284 2 5 .0 5 6 7 . 7 7 2 2 .1 0 8 0 .2 1 1
20 1 6 .7 9 1 4 .1 4 2 2 .1 3 7 0 .1 5 4
278 4 2 . 5 6 6 4 .1 4 2 2 .1 9 1 0 .1 4 3
205 1 1 .4 1 6 7 .4 2 2 2 .2 0 7 0 .3 3 3
212 2 1 .6 8 4 6 .0 7 2 2 .2 2 2 0 .1 8 2
276 4 0 . 0 3 6 2 . 0 8 2 2 .2 3 4 0 .1 9 3
222 2 5 .3 7 2 3 .3 5 2 2 .2 3 6 0 .1 7 4
213 2 5 .0 7 4 0 . 4 3 2 2 .2 3 9 0 .1 9 4
53 5 9 .1 6 3 7 .3 4 2 2 .3 0 1 0 .1 6 2
273 7 4 . 4 3 6 8 .7 5 2 2 .3 0 7 0 .3 8 3
32 6 8 .5 4 2 2 .1 7 2 2 .3 2 3 0 . 1 9 2
38 4 9 . 5 0 2 6 .0 5 2 2 .3 3 9 0 .2 9 3
257 5 7 .0 8 6 1 .0 1 2 2 .3 7 3 0 . 1 8 5
256 5 6 .1 8 6 3 .1 1 2 2 .4 0 1 0 .1 9 7
35 3 8 . 5 7 2 4 .8 1 2 2 .4 2 2 0 . 2 2 5
253 4 8 .9 4 5 9 .3 4 2 2 .4 3 7 0 . 1 8 9
244 5 1 .9 5 1 6 .8 8 2 2 .4 6 3 0 . 1 9 9
264 6 6 .9 1 1 0 .2 7 2 2 .4 8 0 0 .3 7 6
221 2 0 .4 1 2 4 .3 5 2 2 .4 8 8 0 . 2 4 7
203 5 . 7 0 6 1 .3 5 2 2 .5 1 1 0 .3 2 8
280 6 1 .7 2 6 0 .1 3 2 2 .5 1 4 0 .2 0 4
286 7 . 8 5 2 7 .7 8 2 2 .5 2 0 0 .4 1 5
23 5 5 .0 9 1 5 .6 9 2 2 .5 3 2 0 .2 2 8
279 4 1 .2 1 6 9 .6 1 2 2 .5 5 8 0 . 3 0 4
33 7 3 . 2 4 2 1 .9 9 2 2 .6 6 7 0 .2 5 4
285 4 0 .0 5 3 4 . 1 4 2 2 .6 9 3 0 .3 2 3
275 4 0 .1 4 5 7 .2 5 2 2 .7 1 5 0 .2 1 9
277 4 4 .9 3 6 0 .8 2 2 2 .7 2 3 0 .2 2 5
241 4 1 .1 1 1 5 .2 4 2 2 .8 3 7 0 .3 5 7
240 3 8 . 8 3 1 3 .6 8 2 2 .9 2 3 0 . 3 9 2
282 6 6 .1 5 5 0 .8 6 2 3 .0 6 4 0 . 3 4 2
216 1 4 .5 2 3 4 .4 8 2 3 .1 0 7 0 . 4 0 8
229 1 4 .1 9 4 . 3 8 2 3 .3 7 3 0 . 5 8 3
239 3 3 . 1 9 2 2 .1 4 2 3 .4 1 0 0 .3 1 3
236 2 9 .0 9 6 4 .6 7 2 3 .6 6 7 1 .3 7 1
283 2 9 .6 0 5 4 .5 3 2 4 .0 1 8 1 .3 8 2
208 1 4 .6 5 5 7 .6 7 2 4 .1 6 5 1 .3 0 5
267 7 4 . 0 7 2 9 .2 4 2 4 .3 0 0 1 .3 7 8
41 4 7 .9 5 3 0 .9 0 1 9 .4 0 1 0 . 0 3 5
5 6 0 .9 7 4 . 6 9 1 9 .5 3 2 0 . 0 4 6
53 5 7 .6 7 3 8 .3 3 1 9 .6 5 4 0 .0 4 2
19 2 .6 8 1 5 .1 2 1 9 .6 6 2 0 .0 3 7
70 5 8 .3 4 5 0 .1 5 1 9 .8 6 6 0 .0 4 3
55 1 6 .4 1 4 0 .1 7 2 0 .1 4 2 0 . 0 5 8
18 3 3 .6 4 1 3 .9 6 2 0 .2 1 0 0 .0 4 7
A p p e n d ix  A: T h e  D a ta 265
12 7 . 8 8 9 . 7 7 20 .3 3 1 0 .0 6 2 47 3 6 .0 1 3 5 .2 5 2 1 .9 3 6 0 .1 5 4
57 3 2 .2 2 4 0 .3 0 2 0 .5 4 2 0 .0 6 1 7 4 0 .3 7 6 . 2 7 2 1 .9 4 6 0 .1 5 1
50 6 2 .1 9 3 6 .0 5 2 0 .5 8 5 0 .1 0 6 28 5 1 .1 5 2 1 .7 5 2 1 .9 7 5 0 .1 4 7
81 7 3 .3 9 5 4 .5 5 2 0 .6 1 5 0 . 1 1 6 8 1 9 .6 4 7 . 1 2 2 1 .9 9 0 0 . 1 8 6
89 2 6 .3 4 5 8 .4 8 2 0 .6 5 4 0 .0 7 8 3 3 9 . 2 9 2 .4 4 2 2 .0 0 5 0 .1 5 5
43 6 1 .4 5 3 2 .7 9 2 0 .6 5 9 0 . 0 8 9 99 7 4 .7 5 6 6 . 9 7 2 2 .0 7 2 0 .2 8 8
51 3 2 .0 1 3 6 .9 8 2 0 .6 7 2 0 .0 5 4 36 3 1 . 4 0 2 8 .3 2 2 2 .1 4 5 0 .1 8 7
100 1 4 .7 4 6 8 .6 0 2 0 .8 4 5 0 .1 0 7 35 4 2 . 6 4 2 8 .0 5 2 2 .1 5 1 0 .2 5 1
15 7 4 .0 8 1 0 .81 2 0 .8 4 9 0 .0 9 0 307 4 5 .3 1 3 2 .2 1 2 2 .1 8 4 0 .3 5 9
54 7 3 .8 3 3 8 .5 8 2 0 .9 4 9 0 .1 4 6 69 1 5 .3 3 4 8 .7 2 2 2 .1 9 2 0 . 3 2 9
33 3 1 .5 2 2 5 .1 9 2 0 .9 6 3 0 . 0 6 4 97 2 9 .3 7 6 6 . 2 3 2 2 .3 1 2 0 . 1 9 9
201 3 5 .6 8 5 7 .0 4 2 0 .9 8 8 0 .1 1 0 14 . 5 6 .3 3 1 0 .2 1 2 2 .3 5 1 0 . 1 9 9
229 6 . 3 3 7 .0 1 2 1 .0 0 0 0 . 1 0 7 20 4 1 .5 9 1 6 .1 7 2 2 .3 7 4 0 . 2 6 9
21 4 7 .6 7 1 5 .0 3 2 1 .0 2 1 0 .0 6 8 103 4 9 . 2 6 6 9 . 6 6 2 2 .4 0 0 0 .3 5 1
9 7 0 .1 9 8 .0 8 2 1 .0 4 2 0 . 1 0 4 86 6 1 .9 1 5 7 .4 9 2 2 .4 8 4 0 .3 3 2
22 2 5 .0 2 1 6 .0 1 2 1 .0 4 7 0 . 0 8 7 42 1 2 .7 2 3 1 .7 1 2 2 .5 1 6 0 .2 1 7
203 1 4 .7 5 4 5 .1 2 2 1 .1 1 6 0 . 1 2 5 80 6 8 . 5 3 5 5 .1 1 2 2 .5 3 0 0 .5 3 3
58 4 5 .0 7 3 9 .8 3 2 1 .1 2 0 0 . 0 8 9 16 2 9 .1 3 1 2 .5 3 2 2 .5 8 2 0 . 3 6 7
101 6 0 .1 9 6 8 .2 5 2 1 .1 6 3 0 .1 0 6 68 2 1 .8 6 4 6 .8 4 2 2 .6 1 0 0 .2 3 1
48 7 4 .2 4 3 4 .6 5 2 1 .1 6 3 0 .1 8 7 85 5 0 .8 9 5 6 .7 9 2 2 .6 4 1 0 .2 9 9
13 2 5 .1 9 9 .9 7 2 1 .2 3 1 0 .0 9 1 49 5 1 .6 8 3 5 .4 5 2 2 .6 5 1 0 .2 3 5
96 4 9 .5 6 6 5 .1 1 2 1 .2 7 1 0 .1 1 3 44 1 8 .8 9 3 4 . 2 9 2 2 .6 5 9 0 .2 8 6
67 6 4 .8 1 4 5 .4 1 2 1 .2 9 8 0 .1 6 3 10 3 8 . 2 6 9 . 1 8 2 2 .7 0 6 0 .2 9 2
84 4 5 .9 6 5 7 .3 2 2 1 .3 6 1 0 . 0 9 7 302 3 . 8 2 3 2 . 2 3 2 2 .7 7 4 0 . 3 0 0
92 3 8 .9 5 6 2 .2 2 2 1 .3 9 4 0 .0 7 6 46 5 .3 3 3 5 . 6 7 2 2 .7 9 9 0 .3 1 4
65 3 3 .5 4 4 5 .7 9 2 1 .4 0 6 0 .0 8 5 205 9 . 5 9 4 8 . 5 7 2 2 .8 5 7 0 .5 0 8
71 7 4 .5 0 5 0 .0 6 2 1 .4 1 8 0 .1 8 6 218 2 7 .9 4 4 0 .0 1 2 2 .9 2 2 0 .3 1 8
26 4 6 .9 9 1 9 .3 4 2 1 .4 6 1 0 . 0 9 4 207 3 4 . 1 9 6 5 .4 0 2 3 .0 6 0 0 . 4 4 6
231 1 6 .0 9 1 .4 8 2 1 .4 7 4 1 .2 5 8 52 1 0 .7 3 3 7 . 1 8 2 3 .0 6 8 0 . 3 8 6
64 4 8 .2 1 4 4 .8 6 2 1 .4 7 6 0 . 2 2 8 40 3 8 . 4 0 3 1 .2 8 2 3 .1 5 5 0 . 4 9 8
66 3 9 .6 4 4 6 .2 8 2 1 .4 8 5 0 .1 3 4 312 7 1 . 1 0 3 3 .3 2 2 3 .2 1 1 1 .2 5 6
98 6 3 .3 5 6 6 .6 5 2 1 .4 8 6 0 .1 4 4 211 5 9 .9 3 6 0 .2 1 2 3 .2 2 1 0 . 6 4 4
224 6 4 .0 4 31 .12 2 1 .4 8 9 0 . 1 8 3 1 3 . 9 4 3 . 0 7 2 3 .2 5 8 0 . 7 3 4
76 1 0 .2 3 5 3 .6 0 2 1 .5 3 2 0 . 1 1 9 305 3 5 .5 5 2 5 .0 7 2 3 .3 1 4 0 . 5 5 2
77 2 6 .5 6 5 3 .7 0 2 1 .5 5 6 0 .2 0 2 2 1 0 .4 3 2 .7 4 2 3 .4 1 8 0 .8 6 2
311 6 0 .5 9 3 9 .8 1 2 1 .6 0 2 0 .1 7 8 209 4 2 .6 5 5 8 .4 3 2 3 .4 8 1 0 . 7 2 7
24 1 3 .5 6 1 8 .5 9 2 1 .6 3 9 0 .1 6 7 4 2 8 .5 0 4 . 0 0 2 3 .6 1 3 0 . 7 0 6
11 2 .3 2 1 0 .9 9 2 1 .6 4 1 0 . 2 2 5 30 4 . 7 6 2 5 .1 2 2 3 .6 1 7 0 .7 8 5
87 1 0 .8 3 5 7 .5 9 2 1 .6 9 6 0 .1 3 6 34 4 6 .9 2 2 5 .0 7 2 3 .6 2 7 0 . 6 7 6
32 2 1 .7 7 2 5 .0 9 2 1 .7 5 6 0 . 0 9 9 6 3 6 . 7 3 6 . 0 9 2 3 .8 1 1 0 . 8 2 8
37 6 7 .8 9 2 9 .2 9 2 1 .7 6 2 0 .2 0 1 93 1 1 .2 7 6 3 .5 3 2 3 .9 1 4 0 . 9 5 8
29 6 7 .5 2 2 4 .0 4 2 1 .7 7 0 0 . 1 2 4 73 3 9 .4 8 5 1 .2 6 2 3 .9 2 8 1 .2 1 4
82 1 5 .4 6 5 7 .3 7 2 1 .7 8 6 0 . 1 4 2 61 4 . 7 9 4 4 .5 2 2 3 .9 4 1 0 .7 3 9
104 5 4 .1 3 6 9 .7 5 2 1 .7 9 3 0 .1 6 6 91 6 4 .2 7 5 9 .9 1 2 4 .1 6 1 1 .8 5 3
31 1 6 .6 6 2 4 .7 9 2 1 .8 6 0 0 .1 4 0 38 7 . 7 0 2 9 .6 9 2 4 .2 3 0 1 .1 0 6
220 4 1 .8 7 3 1 .9 3 2 1 .8 6 8 0 .2 1 1 304 1 7 .3 6 2 0 .4 5 2 4 .3 4 3 1 .4 9 7
75 6 0 .1 3 5 3 .6 0 2 1 .9 0 3 0 .2 6 8 88 6 . 5 8 5 8 .8 3 2 4 .8 9 6 2 .3 1 9
94 2 3 .0 9 6 5 .4 1 2 1 .9 1 9 0 .2 0 0 27 5 .3 3 1 9 .9 4 2 5 .0 1 6 2 .0 5 5
232 5 4 .3 5 1 .6 6 2 1 .9 2 2 0 .2 3 7 25 2 9 .3 3 1 8 .7 8 2 7 .6 2 2 9 . 9 9 9
M71DEEP2_2
102 4 0 .8 2 6 7 .3 0 1 7 .3 9 3 0 .0 3 6 70 5 8 .4 0 4 7 .2 0 2 0 .1 1 0 0 .0 4 3
206 1 8 .6 4 6 9 .0 3 1 7 .4 9 4 0 . 0 4 4 5 6 0 . 8 8 1 .5 0 2 0 .1 5 0 0 .0 6 3
59 5 6 .0 3 3 9 .8 8 1 7 .5 1 4 0 . 0 0 6 55 1 6 .6 3 3 7 .1 6 2 0 .4 9 3 0 .0 5 1
17 1 7 .6 9 1 0 .9 4 1 8 .8 4 1 0 . 0 2 8 100 1 5 .2 8 6 5 .6 5 2 0 .5 6 4 0 . 3 4 0
81 7 7 .6 0 5 0 .5 8 1 8 .9 7 1 0 .0 6 7 12 8 . 0 3 6 . 6 6 2 0 .7 1 5 0 .1 0 9
78 5 7 .2 7 5 1 .5 7 1 9 .5 4 8 0 . 0 3 2 50 6 2 . 2 8 3 3 . 0 9 2 0 .8 7 0 0 .0 6 9
23 6 6 .3 6 1 3 .8 7 1 9 .6 3 4 0 . 0 2 2 43 6 1 .4 5 2 9 .8 7 2 0 .8 7 3 0 . 0 6 5
41 4 7 .9 8 2 7 .9 4 1 9 .6 5 2 0 . 0 3 2 51 3 2 .0 3 3 4 .1 0 2 0 .9 3 1 0 .0 4 5
19 3 . 0 3 1 1 .9 9 1 9 .8 9 7 0 .0 4 7 89 2 6 .4 4 5 5 .7 9 2 0 .9 3 5 0 .0 7 2
53 5 7 .8 0 3 5 .2 1 1 9 .9 2 5 0 . 0 3 5 57 3 2 . 2 3 3 7 .4 3 2 1 .0 2 1 0 .0 5 0
A p p e n d ix  A: T h e  D a ta 266
15 7 4 .1 6 7 . 4 9 2 1 .1 4 5 0 .1 0 5
22 2 4 .7 8 1 3 .1 0 2 1 .1 7 3 0 .0 7 1
54 7 8 .0 1 3 9 .0 0 2 1 .1 7 4 0 .5 6 3
48 7 3 .9 1 3 1 .9 0 2 1 .1 9 2 0 .0 8 5
229 6 . 2 6 3 . 8 9 2 1 .1 9 4 0 .1 6 7
33 3 1 .5 1 2 2 .2 5 2 1 .2 6 5 0 .0 7 1
201 3 6 .2 5 5 4 .0 7 2 1 .3 8 0 0 .1 1 7
58 4 5 .1 4 3 6 .7 5 2 1 .4 1 3 0 .0 9 5
63 1 4 .9 0 4 2 .0 5 2 1 .4 3 1 0 . 1 2 3
21 4 7 .6 7 1 2 .1 1 2 1 .4 3 9 0 .0 8 3
92 3 8 .9 0 5 9 .4 0 2 1 .5 2 8 0 .1 0 4
101 6 0 .2 7 6 5 .2 3 2 1 .5 2 8 0 .1 0 6
67 6 5 .4 1 4 2 .1 2 2 1 .5 6 6 0 .2 3 8
84 4 5 .9 2 5 4 .4 7 2 1 .6 2 3 0 .1 1 6
98 6 3 .5 8 6 3 .9 2 2 1 .6 3 9 0 . 1 1 7
65 3 3 .6 5 4 2 .9 3 2 1 .6 4 2 0 . 1 1 6
66 3 9 .7 3 4 3 .3 9 2 1 .6 4 5 0 . 1 1 5
26 4 6 .9 7 1 6 .5 0 2 1 .6 4 9 0 . 0 9 4
9 7 0 .2 4 5 .1 3 2 1 .7 2 5 0 . 1 7 7
96 4 9 .9 6 6 2 .1 2 2 1 .7 4 4 0 .1 1 3
99 7 4 .1 6 6 4 .2 7 2 1 .7 8 3 0 .1 3 6
13 2 4 .9 8 6 .7 0 2 1 .8 0 1 0 . 1 1 9
208 4 7 .6 1 6 0 .8 3 2 1 .8 1 6 0 . 1 5 8
215 5 9 .8 2 5 0 .8 3 2 1 .8 3 2 0 .2 6 5
24 1 4 .0 4 1 5 .31 2 1 .8 4 0 0 .1 7 5
37 6 7 .7 2 2 6 .3 8 2 1 .8 5 3 0 .1 4 3
29 6 7 .5 9 2 1 .1 8 2 1 .8 7 8 0 .1 0 7
87 1 0 .8 1 5 4 .8 9 2 1 .8 9 3 0 . 1 5 0
76 1 0 .2 1 5 0 .8 3 2 1 .9 2 7 0 .1 8 7
60 7 3 .9 4 4 1 .4 7 2 1 .9 6 6 0 . 2 3 8
1 4 . 4 9 - 0 . 1 1 2 2 .0 0 4 9 . 9 9 9
11 2 .8 3 7 . 5 3 2 2 .0 2 1 0 . 3 2 3
31 1 6 .9 3 2 1 .9 1 2 2 .0 2 2 0 .1 6 4
72 1 0 .9 0 4 8 .0 2 2 2 .0 3 3 0 .1 3 1
104 5 4 .4 4 6 6 .8 8 2 2 .0 3 6 0 .1 6 7
311 5 9 .9 3 3 6 .8 0 2 2 .0 5 7 0 .2 6 0
82 1 5 .4 3 5 4 .3 6 2 2 .0 7 3 0 .1 7 0
32 2 1 .6 2 2 1 .9 6 2 2 .0 7 7 0 .1 7 3
64 4 8 .2 3 4 2 .2 5 2 2 .0 7 9 0 .1 9 4
35 4 3 .3 2 2 5 .1 1 2 2 .1 9 0 0 .2 3 8
47 3 6 .1 5 3 2 .2 1 2 2 .1 9 5 0 .1 3 9
28 5 0 .9 7 1 8 .8 5 2 2 .2 0 0 0 .1 4 7
80 6 8 .7 2 5 2 .1 3 2 2 .2 0 7 0 .1 9 6
7 4 0 .4 6 2 .8 9 2 2 .2 2 4 0 .1 9 9
220 4 1 .9 2 2 8 .9 2 2 2 .2 3 7 0 .2 5 8
202 2 6 .2 1 5 0 .2 3 2 2 .2 4 0 0 .2 7 2
312 7 0 .8 1 3 0 .2 4 2 2 .2 9 1 0 .2 2 2
222 4 5 .1 5 3 9 .9 6 2 2 .3 0 3 0 . 2 1 0
8 2 0 .0 0 4 . 2 0 2 2 .3 2 9 0 . 1 9 7
16 2 9 .0 5 9 .5 2 2 2 .4 3 1 0 .2 1 5
M4SM6
344 1 2 .7 8 7 7 .9 5 1 4 .2 4 5 0 . 0 5 5
704 1 9 0 .3 9 2 1 .7 6 1 5 .7 5 8 0 .0 5 6
308 1 1 .1 4 7 0 .0 7 1 5 .9 8 3 0 . 0 2 0
289 5 9 .6 0 6 3 .8 5 1 6 .4 9 6 0 .0 1 3
365 1 2 4 .5 0 8 2 .3 0 1 7 .1 2 1 0 .0 0 4
10 1 1 4 .5 2 3 .3 3 1 7 .6 7 6 0 .0 1 7
644 2 .3 9 1 4 6 .9 6 1 7 .9 3 2 0 .0 3 1
421 2 1 3 .9 0 9 2 .2 9 1 8 .2 5 0 0 .0 0 5
313 1 0 8 .0 9 7 1 .2 2 1 8 .2 8 1 0 .0 0 8
63 1 6 0 .2 8 1 4 .1 2 1 8 .2 9 3 0 .0 1 1
36 3 1 . 7 4 2 5 .6 2 2 2 .4 7 4 0 .2 1 5
18 3 3 .2 1 1 1 .0 2 2 2 .5 4 9 0 .2 4 5
103 4 9 . 3 3 6 6 .9 5 2 2 .5 5 2 0 .2 7 8
69 1 5 .5 6 4 5 .7 4 2 2 .6 0 2 0 .3 3 0
307 4 4 .6 3 2 9 .3 8 2 2 .6 1 8 0 .4 8 8
310 4 8 . 5 8 3 9 .4 5 2 2 .6 1 8 0 . 2 9 4
4 2 6 .1 8 0 .8 1 2 2 .7 2 1 0 . 6 7 7
42 1 2 .7 8 2 8 .8 5 2 2 .7 2 7 0 . 2 2 0
97 2 9 .2 2 6 3 .3 5 2 2 .7 3 6 0 .2 4 8
95 3 4 .1 5 6 2 . 5 6 2 2 .7 8 2 0 .3 9 5
302 4 . 3 6 2 9 .2 6 2 2 .7 8 2 0 .2 4 2
46 5 .9 6 3 2 .6 3 2 2 .8 0 0 0 .2 4 8
205 9 . 7 5 4 4 .8 9 2 2 .8 4 8 0 . 3 5 7
3 3 9 . 5 3 - 0 . 4 2 2 2 .8 7 9 9 . 9 9 9
56 2 7 .9 3 3 7 . 0 9 2 2 .8 9 5 0 .2 8 3
94 2 4 .6 2 6 0 .9 5 2 2 .9 1 9 0 . 3 0 9
44 1 8 .6 2 3 1 . 3 0 2 2 .9 3 5 0 .3 5 2
210 5 8 .0 2 5 6 .0 1 2 3 .0 3 7 0 . 4 0 8
49 5 2 .1 8 3 2 .6 8 2 3 .0 5 0 0 .3 3 6
207 3 5 . 1 3 6 6 .4 3 2 3 .0 5 3 0 .5 2 1
30 5 .1 4 2 1 .9 2 2 3 .0 6 0 0 .3 5 0
10 3 8 .6 9 5 .9 0 2 3 .1 0 4 0 .3 6 9
68 2 1 .7 2 4 3 .5 7 2 3 .1 2 8 0 .3 9 8
75 6 3 . 2 8 4 8 .9 7 2 3 .1 5 5 0 .4 2 5
306 4 1 .9 0 1 5 .0 3 2 3 .1 7 8 0 .3 9 9
2 1 1 .5 4 0 .2 4 2 3 .2 0 9 4 .3 2 3
93 1 1 .2 3 6 0 .7 9 2 3 .2 2 5 0 .4 1 2
40 3 8 . 2 8 2 8 .3 0 2 3 .2 6 1 0 . 3 7 3
61 5 .3 7 4 0 .7 9 2 3 .3 4 7 0 . 5 3 4
52 1 1 .6 7 3 4 .7 9 2 3 .3 5 8 0 .4 3 4
14 5 6 .4 8 6 . 9 6 2 3 .3 5 8 0 .4 2 2
91 6 4 . 7 6 5 7 .9 5 2 3 .3 6 9 0 .5 2 9
6 3 6 .5 1 3 . 0 3 2 3 .4 3 0 0 .7 0 1
20 4 2 . 1 0 1 2 .0 7 2 3 .4 3 8 0 . 5 0 8
88 6 . 1 7 5 6 .6 3 2 3 .4 4 4 0 .5 5 1
305 3 5 . 2 0 2 2 .1 9 2 3 .4 4 5 0 .5 2 5
211 6 0 .6 2 5 7 .7 7 2 3 .5 1 3 0 .4 9 2
38 6 . 6 4 2 7 .2 2 2 3 .6 6 7 0 .5 6 2
85 5 1 .1 4 5 3 .0 1 2 3 .6 8 1 0 .5 8 0
79 1 8 .0 5 5 2 .2 8 2 3 .6 8 7 0 .7 5 3
27 6 . 1 0 1 6 .9 5 2 3 .7 4 2 0 .7 1 0
86 6 2 .0 4 5 4 .2 0 2 3 .7 6 9 0 .7 1 7
224 6 5 .3 5 2 8 .8 3 2 3 .7 9 7 0 .9 2 0
304 1 6 .9 8 1 6 .4 7 2 4 .2 7 5 1 .6 4 5
34 4 6 . 3 6 2 2 .4 6 2 4 .2 9 1 0 . 9 3 7
73 3 9 . 9 0 4 7 .9 8 2 4 .4 7 2 1 .5 2 9
74 4 7 .0 2 4 8 .1 7 2 5 .8 5 5 4 .8 4 7
25 2 9 .2 2 1 6 .6 4 2 6 .9 4 9 9 . 9 9 9
90 6 5 . 0 8 5 7 .4 5 3 1 .9 7 4 9 .9 9 9
225 6 1 . 1 8 1 7 .1 0 3 3 .2 4 1 9 .9 9 9
56 1 3 9 .3 1 1 3 .1 2 1 8 .5 0 0 0 .0 0 9
129 1 4 6 .5 9 2 9 .0 4 1 8 .5 6 4 0 .0 0 9
398 1 7 .7 0 7 9 .6 1 1 8 .7 0 3 0 .2 1 7
657 1 8 .5 3 1 4 9 .2 6 1 8 .7 1 2 0 .0 7 0
311 2 0 4 .7 1 6 9 .9 6 1 8 .7 3 5 0 .0 1 5
327 1 9 .6 9 7 4 .7 6 1 8 .791 0 . 0 9 7
473 9 7 . 8 9 1 0 5 .3 8 1 8 .7 9 4 0 .0 3 7
613 2 4 .0 8 1 4 0 .0 9 1 8 .7 9 8 0 .0 2 4
353 2 3 .6 1 7 9 .5 1 1 8 .8 6 9 0 .1 0 2
440 7 9 . 9 6 9 5 .4 3 1 8 .8 8 6 0 . 0 1 8
A p p e n d ix  A: T h e  D a ta 267
702 1 7 3 .5 0 6 3 .4 7 1 8 .9 5 3 0 . 0 3 3
485 1 8 5 .3 6 1 0 9 .3 3 1 8 .9 9 2 0 . 0 1 9
575 4 3 .0 2 1 3 0 .6 6 1 9 .0 2 0 0 . 0 4 6
326 1 4 5 .3 6 7 3 .1 5 1 9 .0 4 3 0 . 0 0 9
196 1 0 6 .5 6 4 2 .5 7 1 9 .1 3 9 0 . 0 1 3
562 4 4 .5 7 1 2 7 .3 6 1 9 .1 7 5 0 .0 4 5
113 1 1 .9 3 2 6 .2 0 1 9 .1 8 6 0 . 0 1 3
57 2 0 5 .0 6 1 3 .1 4 1 9 .2 3 9 0 .0 2 6
141 6 . 0 9 3 2 .6 5 1 9 .2 5 5 0 .0 1 5
703 1 7 4 .8 3 6 1 .5 2 1 9 .2 5 7 0 .0 4 3
329 8 8 .8 5 7 4 .2 1 1 9 .2 8 0 0 .0 0 8
239 1 5 9 .8 5 5 1 .3 4 1 9 .2 8 6 0 .0 1 5
333 3 3 .2 7 7 5 .6 9 1 9 .3 3 0 0 .0 2 9
356 1 0 5 .5 4 7 9 .4 8 1 9 .3 4 5 0 .0 1 0
297 1 6 .2 5 7 2 .3 0 1 9 .3 5 4 0 .0 9 6
449 8 3 .3 1 9 9 .1 2 1 9 .4 0 8 0 .0 3 2
134 2 6 1 .6 1 2 9 .4 6 1 9 .4 1 3 0 .0 3 1
29 2 9 1 .3 8 6 . 6 0 1 9 .4 2 5 0 .0 3 8
153 1 3 0 .5 7 3 3 .6 7 1 9 .4 3 9 0 .0 1 9
247 1 1 1 .4 4 5 4 .1 3 1 9 .4 4 0 0 .0 1 1
126 2 9 5 .1 6 2 7 .9 8 1 9 .4 4 2 0 .0 4 3
656 2 2 4 .0 5 1 4 8 .0 5 1 9 .4 6 7 0 .0 2 0
551 1 0 1 .3 8 1 2 5 .3 8 1 9 .4 6 9 0 . 0 2 9
59 7 2 .0 1 1 3 .4 0 1 9 .4 6 9 0 . 0 1 9
370 1 3 3 .7 8 8 2 .8 0 1 9 .481 0 .0 1 4
106 7 9 . 8 0 2 3 .3 2 1 9 .4 9 0 0 .0 1 3
62 1 2 5 .6 9 1 3 .8 6 1 9 .5 8 2 0 . 0 1 3
151 1 1 2 .9 0 3 4 .2 2 1 9 .5 9 0 0 .0 1 4
610 2 6 2 .9 2 1 39 .01 1 9 .5 9 7 0 . 0 1 8
360 1 6 8 .7 6 8 0 .6 2 1 9 .6 2 6 0 .0 2 1
638 1 8 8 .5 9 1 4 4 .4 0 1 9 .6 3 0 0 . 0 1 5
472 4 8 .3 0 1 0 5 .3 2 1 9 .6 3 7 0 .0 3 3
552 1 6 1 .9 6 1 2 5 .0 0 1 9 .6 6 2 0 . 0 2 0
496 1 7 0 .2 1 1 1 1 .1 3 1 9 .6 7 3 0 .0 1 8
482 7 . 8 7 1 0 8 .5 8 1 9 .6 9 9 0 .0 4 3
48 1 8 6 .5 9 1 1 .3 8 1 9 .7 0 2 0 . 0 2 7
50 2 9 .8 5 1 1 .6 1 1 9 .7 1 9 0 . 0 4 4
574 2 0 .3 9 1 3 0 .4 6 1 9 .7 5 0 0 . 0 3 6
8 7 3 .2 4 4 .1 7 1 9 .7 6 8 0 . 0 6 9
369 6 .4 1 8 2 .9 6 1 9 .8 0 5 0 .0 8 1
49 1 9 1 .9 1 1 0 .8 5 1 9 .8 1 7 0 .0 2 9
545 2 0 5 .0 8 1 2 3 .2 8 1 9 .8 2 4 0 .0 1 3
84 6 0 .7 4 1 8 .3 3 1 9 .8 6 3 0 . 0 2 9
348 2 7 7 .6 9 7 7 .8 5 1 9 .8 7 3 0 . 0 2 3
454 9 0 .7 4 9 9 .5 1 1 9 .8 8 4 0 .0 3 3
661 2 6 4 .2 9 1 4 8 .5 2 1 9 .8 8 7 0 .0 2 6
609 1 8 9 .0 9 1 3 9 .3 6 1 9 .8 9 4 0 .0 1 9
649 2 0 1 .9 0 1 4 7 .0 0 1 9 .9 0 4 0 . 0 1 7
37 4 3 .6 7 8 . 6 7 1 9 .9 0 6 0 . 0 5 0
150 8 1 .4 9 3 4 .0 6 19 .9 1 5 0 . 0 1 8
179 1 9 0 .0 5 3 8 .8 6 1 9 .9 1 7 0 . 0 2 6
441 1 2 5 .5 3 9 6 .1 9 1 9 .9 4 4 0 .0 2 1
185 2 0 4 .9 2 3 9 .8 1 1 9 .9 6 1 0 . 0 2 4
281 2 8 7 .7 6 6 0 .3 4 1 9 .9 8 9 0 .0 2 1
319 2 4 4 .8 7 7 1 .2 1 2 0 .0 1 3 0 .0 2 2
39 9 2 .6 5 8 .7 1 2 0 .0 1 8 0 . 0 2 7
532 1 9 9 .8 5 1 1 9 .8 2 2 0 .0 2 0 0 .0 1 6
513 1 4 6 .0 6 1 1 6 .0 7 2 0 .0 3 4 0 .0 2 3
607 1 0 7 .8 9 1 3 8 .3 3 2 0 .0 4 1 0 .0 4 1
266 1 8 .0 1 6 7 .7 4 2 0 .0 9 3 0 . 1 2 8
583 9 . 1 4 1 3 2 .6 7 2 0 .1 0 5 0 . 0 2 9
620 7 4 .4 2 1 4 1 .1 8 2 0 .1 2 6 0 . 0 2 9
503 2 1 7 .8 3 1 1 2 .5 5 2 0 .1 6 2 0 .0 1 8
246 9 5 .5 5 5 3 .5 5 2 0 .1 9 3 0 .0 1 9
217 2 2 .1 2 4 6 .3 6 2 0 .2 0 0 0 .0 2 5
603 1 5 5 .5 4 1 3 8 .0 8 2 0 .2 0 3 0 .0 3 1
362 2 2 4 .0 2 8 0 .6 4 2 0 .2 2 0 0 .0 4 9
280 2 2 5 .3 5 6 0 .9 1 20 .2 2 1 0 .0 2 1
578 1 8 1 .3 9 1 3 0 .5 1 2 0 .2 2 3 0 . 0 1 9
309 2 2 .4 8 7 2 . 2 8 2 0 .2 2 4 0 . 1 5 7
463 1 7 6 .8 8 1 0 3 .8 4 2 0 .2 2 9 0 . 0 2 6
558 2 0 8 .8 4 1 2 6 .1 0 2 0 .2 3 1 0 .0 1 8
103 1 4 3 .3 1 2 3 .1 4 2 0 .2 4 9 0 . 0 2 8
254 2 9 8 .2 8 5 5 .8 2 2 0 .2 5 0 0 . 0 3 6
376 1 6 6 .3 6 8 3 . 4 2 2 0 .2 8 4 0 . 0 3 6
594 2 6 7 .1 6 1 3 3 .4 5 2 0 .2 9 8 0 .0 2 8
324 9 2 . 8 0 7 1 . 5 6 2 0 .3 0 8 0 .0 2 1
201 2 1 6 .4 5 4 3 . 6 3 2 0 .3 0 8 0 .0 2 6
542 1 3 8 .4 5 1 2 2 .4 4 2 0 .3 1 4 0 .0 2 9
706 8 4 .0 9 9 5 . 3 0 2 0 .3 5 3 0 .0 7 2
166 2 8 7 .7 0 3 5 . 5 0 2 0 .3 8 1 0 .0 5 8
476 7 9 . 0 0 1 0 6 .6 7 2 0 .3 9 5 0 . 0 3 9
437 6 2 . 6 9 9 5 .0 4 2 0 .4 0 8 0 .0 4 3
33 1 0 7 .0 8 8 . 1 6 2 0 .4 1 0 0 .0 2 3
387 1 3 0 .1 9 8 5 .3 1 2 0 .4 3 1 0 .0 4 8
420 1 6 2 .1 8 9 1 . 8 4 2 0 .4 3 7 0 .0 3 6
520 2 3 .2 1 1 1 7 .7 5 2 0 .4 4 5 0 . 0 3 6
640 2 1 6 .1 7 1 4 5 .6 2 2 0 .4 5 0 0 . 0 2 8
237 6 4 .2 6 5 1 .4 7 2 0 .4 6 7 0 . 0 5 7
291 4 .2 1 6 4 .8 5 2 0 .4 7 5 0 . 0 4 5
238 1 5 2 .5 9 5 1 .8 2 2 0 .4 9 0 0 . 0 1 9
616 2 4 1 .3 7 1 4 0 .0 0 2 0 .5 1 2 0 . 0 3 7
250 2 7 5 .5 7 5 3 .5 3 2 0 .5 1 3 0 .0 1 9
410 1 1 .3 9 9 0 .7 2 2 0 .5 1 5 0 . 0 5 6
510 0 . 3 9 1 1 5 .9 8 2 0 .5 3 1 0 . 2 1 7
46 1 5 3 .7 7 1 0 .9 4 2 0 .5 3 5 0 .0 3 0
11 1 9 7 .3 5 4 . 0 9 2 0 .5 3 8 0 .0 3 4
284 2 0 6 .2 9 6 1 .9 4 2 0 .5 5 9 0 .0 3 4
654 1 0 6 .7 7 1 4 8 .0 9 2 0 .5 7 2 0 . 0 4 4
140 2 0 7 .9 6 3 1 .5 1 2 0 .5 7 8 0 . 0 3 7
336 1 8 4 .4 2 7 5 .7 2 2 0 .5 8 9 0 .0 2 6
7 2 7 8 .4 3 1 .6 6 2 0 .6 0 0 0 .0 6 7
664 2 3 5 .2 3 1 5 0 .8 9 2 0 .6 0 3 0 .0 5 1
127 9 3 .1 5 2 8 .4 1 2 0 .6 0 8 0 .0 3 6
128 1 1 7 .0 9 2 8 .9 3 2 0 .6 1 2 0 . 0 3 4
645 8 0 .3 6 1 4 6 .7 3 2 0 .6 1 6 0 .0 4 1
167 6 . 5 2 3 6 .6 8 2 0 .6 1 8 0 . 0 5 2
321 2 6 7 .1 7 7 0 .2 1 2 0 .6 3 3 0 .0 2 3
71 6 7 . 9 0 1 5 .7 8 2 0 .6 4 5 0 .0 5 1
517 1 0 8 .8 7 1 1 6 .4 6 2 0 .6 7 2 0 . 0 3 2
606 6 8 . 8 4 1 3 8 .8 4 2 0 .6 7 4 0 . 0 4 0
338 4 . 9 8 7 6 .2 2 2 0 .6 8 7 0 . 2 3 9
705 1 1 .3 6 3 1 . 2 6 2 0 .6 9 1 0 .0 5 6
602 1 4 7 .9 6 1 3 8 .0 8 2 0 .7 2 3 0 . 0 3 9
169 1 2 2 .7 7 3 6 . 2 8 2 0 .7 3 3 0 . 0 3 7
203 5 0 .1 2 4 4 .6 7 2 0 .7 4 0 0 . 0 3 9
660 1 8 6 .8 6 1 4 9 .2 0 2 0 .7 4 3 0 .0 3 9
588 3 6 . 5 8 1 3 3 .5 5 2 0 .7 4 9 0 .0 4 5
214 2 5 2 .8 9 4 6 .0 5 2 0 .7 7 3 0 .0 4 4
466 5 5 .9 6 1 0 5 .1 7 2 0 .7 8 4 0 .0 7 4
418 9 5 .4 4 9 2 .0 3 2 0 .8 1 7 0 .0 3 0
122 8 2 .7 8 2 7 .6 8 2 0 .8 2 4 0 .0 4 5
505 1 4 .1 4 1 1 3 .7 4 2 0 .8 3 5 0 .0 4 9
263 2 0 5 .6 3 5 8 .2 8 2 0 .8 4 0 0 .0 4 3
625 2 2 9 .0 2 1 4 1 .8 1 2 0 .8 4 4 0 .0 2 6
701 2 2 8 .1 1 1 4 9 .2 2 2 0 .8 5 0 0 .0 6 8
614 1 5 8 .7 8 1 3 9 .6 7 2 0 .8 5 5 0 . 0 5 6
417 7 7 .3 1 9 1 . 9 8 2 0 .8 6 9 0 . 0 9 9
526 1 7 .3 0 1 1 9 .1 7 2 0 .8 7 3 0 . 0 5 3
79 1 7 9 .4 9 1 7 .8 1 2 0 .8 8 0 0 . 0 4 8
392 3 0 . 2 7 8 6 .3 4 2 0 .8 8 3 0 . 0 5 4
15 1 0 2 .6 4 4 .6 2 2 0 .8 8 8 0 . 0 3 7
567 4 .5 4 1 2 8 .9 1 2 0 .8 9 6 0 .0 5 7
653 9 5 .1 1 1 4 7 .5 4 2 0 .9 0 0 0 . 0 7 6
547 1 0 .3 9 1 2 4 .1 6 2 0 .9 0 0 0 . 0 4 8
40 1 3 5 .4 3 8 . 7 6 2 0 .9 0 1 0 .0 5 5
213 2 4 2 .4 5 4 6 .1 2 2 0 .9 0 5 0 .0 5 7
A p p e n d ix  A: T h e  D a ta 268
114 2 4 .3 9 2 5 .4 6 2 0 .9 1 3 0 . 0 5 8
411 1 5 .5 7 91 .04 2 0 .9 1 5 0 . 0 7 8
528 1 7 0 .4 0 1 1 9 .3 2 2 0 .9 1 7 0 . 0 3 6
639 2 5 4 .0 1 1 4 4 .7 7 2 0 .9 2 1 0 .0 4 2
521 4 4 .9 6 1 1 8 .2 3 2 0 .9 2 4 0 .0 4 3
388 1 4 5 .8 6 8 5 .6 1 2 0 .9 4 1 0 .0 3 5
286 4 3 .5 9 6 3 .0 2 2 0 .9 5 8 0 . 0 4 9
277 9 6 .5 4 6 1 .1 8 2 0 .9 5 8 0 . 0 3 6
97 1 2 3 .8 7 2 1 .5 2 2 0 .9 6 2 0 . 0 4 3
174 1 1 7 .0 4 3 7 .4 9 2 0 .9 6 3 0 .0 4 8
2 4 6 .8 0 2 .4 8 2 0 .9 6 6 0 .0 5 9
206 2 6 8 .7 4 4 4 .5 0 2 0 .9 7 1 0 .0 3 5
556 7 2 .0 6 1 2 5 .4 4 2 0 .9 7 9 0 .0 6 1
259 2 2 1 .7 6 5 6 .8 3 2 0 .9 8 5 0 .0 4 4
530 2 5 0 .6 0 1 1 9 .2 5 2 0 .9 8 6 0 .0 2 8
216 1 0 .1 2 4 6 .5 0 2 0 .9 9 4 0 .0 5 3
157 2 9 2 .5 2 3 3 .8 0 2 0 .9 9 6 0 .1 1 1
233 2 8 6 .2 8 5 0 .4 0 2 1 .0 1 7 0 .0 9 4
467 6 3 .8 2 1 0 4 .7 5 2 1 .0 3 6 0 .0 4 5
563 6 8 .3 8 1 2 7 .3 3 2 1 .0 4 3 0 .0 6 1
253 2 5 0 .1 4 5 5 .7 1 2 1 .0 5 0 0 . 0 4 9
98 1 2 8 .7 3 2 1 .4 7 2 1 .0 6 9 0 .0 4 7
91 2 3 4 .3 6 2 0 .5 8 2 1 .0 7 0 0 .0 3 3
479 1 1 5 .9 1 1 0 7 .9 0 2 1 .0 7 6 0 .0 3 6
592 1 3 5 .6 3 1 3 4 .3 2 2 1 .0 8 9 0 . 0 3 2
45 1 3 0 .2 7 1 0 .6 8 2 1 .0 9 6 0 .0 5 1
229 9 4 . 2 0 4 9 .9 4 2 1 .1 1 8 0 . 0 4 9
152 1 1 9 .8 1 3 4 .2 6 2 1 .1 3 5 0 .0 S 8
232 2 5 1 .1 9 5 0 .4 7 2 1 .1 6 6 0 . 0 5 9
707 6 1 .3 5 9 2 .1 8 2 1 .1 9 2 0 .0 8 6
101 3 3 . 4 9 2 3 .2 0 2 1 .2 0 5 0 .0 7 3
448 1 8 9 .2 3 9 7 .6 0 2 1 .2 0 5 0 . 0 7 9
334 4 4 .5 5 7 5 .2 4 2 1 .2 1 1 0 . 0 9 7
176 2 0 9 .4 3 3 8 .7 4 2 1 .2 2 5 0 . 0 7 8
663 1 2 6 .3 0 1 5 0 .1 9 2 1 .2 4 4 0 . 0 5 8
629 3 1 . 7 6 1 4 2 .6 2 2 1 .2 5 0 0 .0 6 7
226 6 0 .8 6 4 9 .1 6 2 1 .2 5 3 0 .1 1 1
538 2 2 1 .5 1 1 2 1 .4 2 2 1 .2 5 4 0 .0 4 9
82 4 .8 4 1 8 .4 3 2 1 .2 5 8 0 .1 3 1
591 1 2 0 .3 8 1 3 3 .7 8 2 1 .2 5 9 0 .0 4 0
119 1 5 8 .5 2 2 7 .1 7 2 1 .2 7 2 0 .0 5 8
243 6 0 . 0 7 5 2 .9 3 2 1 .2 7 4 0 .1 1 6
77 1 2 8 .7 9 1 7 .6 9 2 1 .2 7 5 0 . 0 6 0
623 1 3 6 .2 0 1 4 0 .5 4 2 1 .2 8 2 0 .0 3 8
615 2 2 0 .7 9 1 3 9 .3 7 2 1 .2 9 5 0 .0 4 3
536 2 5 8 .6 6 1 2 0 .9 4 2 1 .3 1 2 0 . 0 6 2
322 4 4 .6 8 7 1 .6 8 2 1 .3 1 3 0 . 1 0 9
19 1 2 8 .0 9 5 .7 7 2 1 .3 2 0 0 . 0 5 4
402 1 2 3 .1 4 8 9 .2 8 2 1 .3 2 1 0 . 0 7 0
367 2 5 0 .9 8 8 1 .9 6 2 1 .3 3 0 0 .0 3 8
131 1 9 9 .1 1 2 7 .9 4 2 1 .3 3 7 0 .1 3 0
136 2 4 5 .8 9 3 1 .4 7 2 1 .3 4 0 0 . 0 4 5
624 8 6 . 0 3 1 4 2 .1 5 2 1 .3 4 3 0 . 0 7 5
590 1 0 5 .3 7 1 3 3 .8 8 2 1 .3 4 4 0 . 1 0 7
115 4 5 .0 0 2 5 .3 4 2 1 .3 5 5 0 . 0 8 4
601 1 2 5 .7 1 1 3 7 .3 4 2 1 .3 5 6 0 . 0 4 6
181 5 2 .4 0 3 9 .6 4 2 1 .3 6 2 0 . 0 7 3
164 1 8 0 .2 3 3 5 .4 8 2 1 .3 6 3 0 . 0 5 8
102 5 8 .2 0 2 2 .9 9 2 1 .3 8 2 0 .0 7 1
135 4 4 .1 0 3 0 .4 1 2 1 .3 8 4 0 .0 9 1
597 1 6 5 .8 8 1 3 5 .3 0 2 1 .4 0 3 0 .0 5 1
105 5 2 .9 0 2 3 .6 1 2 1 .4 0 9 0 .0 5 4
621 9 9 . 8 9 1 4 1 .2 1 2 1 .4 3 4 0 .0 7 8
335 1 2 6 .1 2 7 5 .6 7 2 1 .4 3 6 0 .1 1 7
323 7 4 . 7 8 7 2 . 0 0 2 1 .4 7 4 0 .0 4 5
90 1 6 6 .7 7 2 0 .5 4 2 1 .4 9 0 0 . 0 7 4
593 1 4 7 .5 4 1 3 4 .4 4 2 1 .4 9 6 0 .0 7 9
438 2 0 8 .1 8 9 5 .2 2 2 1 .5 0 2 0 . 0 8 0
519 2 7 0 .6 6 1 1 6 .6 7 2 1 .5 0 3 0 .0 S 4
211 1 6 4 .6 4 4 5 . 4 8 21 .5 1 1 0 .0 5 9
199 1 1 3 .9 7 4 3 . 4 7 2 1 .5 1 8 0 .0 6 5
89 2 4 1 .3 2 1 9 .3 9 2 1 .5 2 2 0 .0 5 4
120 1 8 4 .4 3 2 6 .3 7 2 1 .5 2 9 0 .1 0 5
340 9 7 .5 4 7 6 . 4 3 2 1 .5 3 8 0 .0 5 1
132 5 3 .6 7 3 0 .2 5 2 1 .5 5 9 0 . 0 6 8
527 3 9 .3 4 1 1 9 .3 8 2 1 .6 0 2 0 . 0 7 6
301 1 1 4 .4 9 6 6 . 8 9 2 1 .6 1 9 0 . 0 6 9
450 1 1 6 .0 0 9 9 .1 2 2 1 .6 2 4 0 . 0 5 6
444 2 5 .7 5 9 6 . 7 6 2 1 .6 2 4 0 . 0 8 8
94 2 7 9 .5 5 2 0 .6 2 2 1 .6 6 2 0 . 0 9 8
124 2 3 7 .2 5 2 7 .6 8 2 1 .6 7 6 0 .0 5 7
564 2 9 6 .1 3 1 2 6 .7 8 2 1 .7 0 9 0 .0 8 2
453 3 . 5 4 1 0 0 .1 2 2 1 .7 1 1 0 . 0 7 4
5 1 6 3 .5 6 1 .5 4 2 1 .7 1 4 0 . 1 3 2
9 8 5 .8 5 3 . 7 8 2 1 .7 1 5 0 . 0 9 7
565 3 4 .8 2 1 2 7 .9 1 2 1 .7 2 7 0 .1 0 2
397 2 0 4 .2 8 8 8 .1 7 2 1 .7 4 6 0 .0 8 1
632 1 0 3 .6 9 1 4 2 .7 7 2 1 .7 6 9 0 .1 2 1
445 1 0 .6 6 9 8 . 3 4 2 1 .7 7 9 0 .0 8 8
379 5 0 .6 6 8 4 . 0 9 2 1 .7 9 9 0 .1 2 9
650 2 4 8 .9 0 1 4 7 .3 2 2 1 .8 0 5 0 .0 8 5
355 9 5 .3 4 8 0 . 1 6 2 1 .8 1 7 0 . 0 6 4
428 3 2 .0 2 9 3 . 9 0 2 1 .8 1 9 0 .1 0 0
258 1 8 2 .7 3 5 6 .7 4 2 1 .8 2 1 0 . 0 8 0
207 2 8 6 .9 3 4 4 . 5 8 2 1 .8 2 4 0 .1 5 1
598 1 9 7 .2 2 1 3 5 .5 5 2 1 .8 3 8 0 .0 6 1
478 7 4 .4 5 1 0 7 .4 6 2 1 .8 4 4 0 . 1 4 7
3 9 9 . 2 9 - 1 . 2 7 2 1 .8 5 0 9 . 9 9 9
32 8 0 .7 7 8 . 0 7 2 1 .8 5 2 0 .1 1 7
20 1 8 1 .6 6 7 . 0 9 2 1 .8 6 3 0 . 1 4 8
304 4 0 .8 2 6 8 .1 4 2 1 .8 6 7 0 .1 3 3
294 2 2 3 .4 3 6 4 .7 1 2 1 .8 7 0 0 .0 9 5
230 2 4 2 .5 7 4 9 .5 8 2 1 .8 8 1 0 . 1 4 0
261 1 2 .1 9 5 7 .9 4 2 1 .8 8 5 0 .1 5 5
342 1 9 3 .8 5 7 7 . 1 0 2 1 .9 0 5 0 . 0 7 9
310 1 1 8 .4 2 6 9 .9 1 2 1 .9 0 6 0 .0 9 4
587 2 9 .2 1 1 3 3 .9 1 2 1 .9 1 0 0 .0 8 3
182 5 7 .6 1 3 9 .5 1 2 1 .9 1 6 0 .1 1 2
477 7 1 . 0 0 1 0 8 .1 8 2 1 .9 2 6 0 .1 3 4
403 1 7 7 .6 1 8 8 .6 6 2 1 .9 3 3 0 .0 7 4
459 1 1 0 .8 1 1 0 3 .3 1 2 1 .9 4 2 0 .0 7 2
139 1 9 1 .8 7 3 1 . 7 0 2 1 .9 4 8 0 .1 0 3
447 1 4 6 .3 9 9 7 . 6 3 2 1 .9 5 4 0 . 0 8 7
509 2 9 3 .7 8 1 1 5 .4 0 2 1 .9 9 7 0 . 0 9 9
4 1 3 9 .7 7 2 .7 7 2 2 .0 0 4 0 .0 8 5
231 1 0 .0 1 5 5 .0 2 2 2 .0 0 6 0 . 1 3 5
271 2 2 .3 9 6 0 .3 5 2 2 .0 0 9 0 . 1 8 2
572 2 4 4 .5 0 1 3 0 .2 6 2 2 .0 1 8 0 . 0 8 8
406 1 4 1 .4 9 8 9 . 7 9 2 2 .0 2 7 0 . 0 9 6
109 7 . 7 5 2 6 .9 2 2 2 .0 3 2 0 .1 4 7
641 2 3 8 .5 7 1 4 9 .0 0 2 2 .0 3 3 0 .1 0 1
525 2 1 5 .1 2 1 1 7 .8 0 2 2 .0 3 3 0 .0 9 4
290 2 6 7 .2 4 6 3 .7 2 2 2 .0 3 3 0 .0 7 3
461 2 1 .5 5 1 0 4 .0 2 2 2 .0 5 4 0 .1 4 8
634 2 7 5 .6 0 1 4 2 .6 4 2 2 .0 5 5 0 .0 9 9
55 1 0 4 .3 4 1 2 .2 9 2 2 .0 6 6 0 .1 0 3
251 3 7 .3 1 5 5 .8 0 2 2 .0 6 7 0 .1 3 5
107 2 1 7 .9 8 2 3 .3 6 2 2 .0 7 5 0 . 1 0 7
160 2 0 4 .7 0 3 4 .8 1 2 2 .0 7 6 0 . 1 6 0
658 5 7 .6 7 1 4 9 .6 3 2 2 .1 1 0 0 . 1 2 6
34 1 2 0 .5 3 7 . 4 3 2 2 .1 3 5 0 . 1 7 8
241 6 .6 1 5 3 .0 7 2 2 .1 3 8 0 .1 8 2
96 8 8 . 6 0 2 2 .2 3 2 2 .1 4 5 0 . 0 7 6
183 1 3 4 .8 5 4 0 .0 1 2 2 .1 5 4 0 .1 0 1
512 9 9 . 6 3 1 1 5 .4 0 2 2 .1 5 7 0 .0 9 6
550 9 1 .9 3 1 2 3 .8 8 2 2 .1 8 1 0 .0 8 8
375 1 5 2 .2 2 8 3 . 6 0 2 2 .1 8 8 0 .1 3 9
A p p e n d ix  A: T h e  D a ta 269
357 1 6 0 .7 6 8 0 .2 8 2 2 .2 0 5 0 .1 5 7
480 163 .21 1 0 7 .8 1 2 2 .2 1 1 0 .0 8 8
659 1 1 0 .2 9 1 4 7 .8 2 2 2 .2 1 6 0 .1 3 9
424 2 3 5 .6 3 9 3 .1 6 2 2 .2 2 1 0 .1 3 0
236 53 .11 5 2 .0 3 2 2 .2 4 4 0 .1 2 3
504 2 8 9 .7 8 1 1 2 .8 6 2 2 .2 5 0 0 .1 2 0
451 2 1 6 .7 5 9 8 .3 4 22 .2 6 1 0 .1 3 2
121 2 7 .6 4 2 8 .0 9 2 2 .2 7 5 0 .2 0 5
498 2 2 3 .1 7 1 1 1 .56 2 2 .2 7 5 0 .1 2 6
24 2 6 6 .2 5 5 .1 0 2 2 .2 8 2 0 .1 4 1
67 14 7 .0 3 1 4 .4 2 2 2 .3 2 4 0 .1 8 1
223 1 9 1 .1 2 4 8 .1 5 2 2 .3 3 0 0 .1 1 5
581 2 6 3 .6 0 1 3 1 .0 9 2 2 .3 4 8 0 .1 7 1
275 1 4 9 .3 0 5 9 .6 1 2 2 .3 5 0 0 .1 1 5
306 5 3 .3 6 6 9 .0 0 2 2 .3 5 7 0 . 1 4 7
497 1 0 6 .3 3 1 1 2 .7 4 2 2 .3 7 1 0 .1 3 9
276 2 7 2 .1 7 5 9 .6 8 2 2 .3 7 5 0 .1 0 6
76 7 8 .7 2 1 7 .6 4 2 2 .3 9 0 0 . 1 6 4
531 8 . 3 3 1 1 9 .7 9 2 2 .4 0 4 0 . 1 8 9
429 4 8 .2 0 9 3 .7 9 2 2 .4 0 4 0 .1 2 9
458 1 4 6 .6 7 1 0 1 .2 3 2 2 .4 1 8 0 .1 3 4
219 1 3 8 .5 3 4 6 .4 9 2 2 .4 3 8 0 .1 4 6
180 2 3 .7 1 4 0 .0 7 2 2 .4 4 0 0 .1 9 3
293 1 6 1 .2 2 6 4 .6 5 2 2 .4 4 5 0 .2 0 7
47 17 0 .5 1 1 0 .5 9 2 2 .4 4 9 0 .1 9 1
381 1 8 6 .7 9 8 5 .3 5 2 2 .4 5 6 0 .1 3 3
604 1 8 4 .9 7 1 3 7 .7 3 2 2 .4 5 8 0 .1 8 3
605 2 7 0 .0 3 1 3 7 .1 6 2 2 .4 5 9 0 .2 0 5
221 1 1 8 .2 0 4 7 .7 0 2 2 .4 8 3 0 .1 5 2
431 1 6 8 .9 9 9 3 .4 6 2 2 .4 9 7 0 .2 1 4
358 1 8 8 .1 6 7 9 .5 0 2 2 .5 1 0 0 . 1 3 9
72 1 7 2 .1 2 1 6 .0 8 2 2 .5 1 5 0 .2 1 4
442 2 2 6 .7 2 9 5 .8 8 2 2 .5 2 4 0 . 1 4 3
474 14 4 .3 1 1 0 5 .4 6 2 2 .5 4 4 0 .1 4 5
30 8 .1 3 7 . 6 0 2 2 .5 4 5 0 . 3 3 9
154 155 .11 3 4 . 2 6 2 2 .5 5 3 0 .1 3 2
209 4 4 .7 4 4 6 .0 3 2 2 .5 6 0 0 . 1 9 3
475 2 0 2 .6 7 1 0 6 .3 2 2 2 .5 8 4 0 .1 2 4
662 2 8 5 .3 7 1 4 8 .8 0 2 2 .5 8 7 0 .1 5 6
244 1 8 1 .8 2 5 3 .2 8 2 2 .6 0 6 0 .1 6 7
395 8 4 .0 8 8 8 .0 9 2 2 .6 1 1 0 .1 3 2
6 2 5 4 .3 9 2 .6 0 2 2 .6 2 0 0 .1 9 0
192 7 2 .5 1 4 1 .7 0 2 2 .6 2 3 0 . 1 6 4
252 7 5 .9 7 5 5 .6 0 2 2 .6 2 5 0 . 1 4 6
270 2 3 5 .3 2 5 8 .8 5 2 2 .6 3 6 0 .1 2 8
396 1 1 6 .8 0 8 7 .1 7 2 2 .6 3 7 0 .2 1 1
400 5 1 .8 7 8 7 .7 9 2 2 .6 4 3 0 .2 0 3
87 1 3 9 .4 1 1 9 .7 7 2 2 .6 4 9 0 .2 9 4
413 6 5 .6 3 9 1 .5 3 2 2 .6 6 5 0 . 1 8 6
240 2 3 3 .7 6 5 1 .2 1 2 2 .6 6 6 0 .1 2 5
523 6 4 .7 6 1 1 7 .9 3 2 2 .6 7 6 0 .2 1 1
78 1 4 4 .6 2 1 7 .2 8 2 2 .7 2 6 0 .3 1 8
81 2 5 8 .5 3 1 7 .8 6 2 2 .7 3 5 0 .2 0 3
407 2 4 8 .0 1 9 0 .4 2 2 2 .7 4 2 0 . 1 3 4
541 5 .7 6 1 2 3 .4 4 2 2 .7 7 6 0 .2 8 2
296 2 8 1 .5 0 6 4 .0 2 2 2 .7 8 8 0 . 2 5 8
386 4 4 .1 9 8 6 .0 1 2 2 .7 8 9 0 .2 2 3
630 5 0 .8 0 1 4 3 .5 9 2 2 .7 9 5 0 .2 0 6
302 1 6 8 .7 1 6 6 .5 1 2 2 .7 9 7 0 .3 7 8
41 1 7 5 .4 0 9 . 1 3 2 2 .8 0 4 0 . 2 6 8
307 2 1 3 .1 7 6 8 .3 9 2 2 .8 1 8 0 . 1 7 8
23 2 3 1 .6 3 5 .8 5 2 2 .8 2 8 0 . 1 4 4
409 2 9 7 .8 4 8 9 .1 5 2 2 .8 3 1 0 . 2 4 6
267 2 6 .4 6 5 9 .5 5 2 2 .8 3 7 0 .3 1 8
298 9 9 .5 4 6 6 .3 4 2 2 .8 4 4 0 .1 9 7
436 2 2 .6 1 9 5 .1 3 2 2 .8 4 7 0 . 2 7 7
341 1 1 9 .5 6 7 6 .5 4 2 2 .8 6 0 0 .2 3 0
13 2 2 4 .5 3 3 . 1 9 2 2 .8 6 1 0 .1 8 4
222 1 8 5 .0 8 4 9 . 6 8 2 2 .8 6 5 0 . 1 9 9
168 6 8 .1 4 3 6 . 3 9 2 2 .8 7 1 0 . 1 9 6
543 1 7 6 .3 7 1 2 2 .0 8 2 2 .8 7 5 0 . 2 1 5
272 1 0 3 .0 7 5 8 .9 6 2 2 .8 8 4 0 . 2 0 6
100 1 8 .0 0 2 3 .6 2 2 2 .8 8 6 0 .3 2 1
260 2 6 9 .5 9 5 6 .1 7 2 2 .8 8 7 0 . 1 6 0
399 4 7 .1 4 8 8 . 9 0 2 2 .9 1 0 0 .2 4 4
456 2 2 9 .7 1 1 0 0 .8 1 2 2 .9 1 5 0 .2 0 6
184 1 9 7 .5 9 3 9 . 2 6 2 2 .9 1 7 0 .1 7 3
548 5 1 .3 8 1 2 5 .2 3 2 2 .9 2 4 0 .2 9 2
292 1 4 4 .5 9 6 5 .4 9 2 2 .9 3 0 0 .2 2 6
225 2 9 9 .5 1 4 8 .6 5 2 2 .9 3 8 0 .4 5 5
312 2 3 9 .9 2 6 8 . 4 7 22 .9 4 1 0 .3 0 4
35 1 4 6 .7 7 8 . 6 6 2 2 .9 4 6 0 .2 5 7
380 6 4 . 9 8 8 3 . 2 6 2 2 .9 5 1 0 . 2 2 5
204 1 8 0 .2 9 4 4 . 5 0 2 2 .9 5 3 0 .2 2 5
143 7 2 . 3 9 3 2 . 9 6 2 2 .9 5 7 0 . 2 4 3
173 2 9 .9 3 41 .12 2 2 .9 6 0 0 . 2 3 2
622 1 3 0 .5 7 1 4 0 .2 0 2 2 .9 6 7 0 . 1 8 6
371 1 8 0 .6 3 8 2 . 7 9 2 2 .9 7 8 0 . 2 1 9
393 1 9 2 .3 1 8 7 .0 2 2 2 .9 9 6 0 .1 9 7
518 2 0 6 .5 6 1 1 6 .8 3 2 2 .9 9 7 0 . 1 9 7
483 6 2 .0 9 1 0 8 .4 2 2 2 .9 9 7 0 .2 9 5
514 1 5 4 .0 4 1 1 5 .3 2 2 2 .9 9 7 0 . 1 8 9
560 2 6 4 .8 6 1 2 6 .3 2 2 3 .0 1 1 0 .2 6 5
314 1 2 5 .7 7 7 0 . 6 0 2 3 .0 1 9 0 .3 7 7
144 1 3 8 .9 9 3 2 .7 1 2 3 .0 2 1 0 .2 8 6
146 1 7 7 .1 8 3 3 . 9 0 2 3 .0 2 3 0 .2 6 5
60 1 1 1 .5 6 1 3 .4 2 2 3 .0 2 5 0 . 2 9 0
274 1 4 2 .0 5 5 8 .3 5 2 3 .0 3 8 0 .2 8 8
147 2 7 4 .2 6 3 2 . 0 4 2 3 .0 4 4 0 .3 4 8
529 1 8 7 .4 7 1 1 8 .1 9 2 3 .0 4 4 0 .1 7 4
318 1 8 0 .5 8 6 9 .0 4 2 3 .0 5 0 0 .2 5 5
337 2 5 1 .6 5 7 5 .2 3 2 3 .0 6 2 0 . 1 7 4
382 2 3 1 .4 7 8 5 .4 6 2 3 .0 7 6 0 . 1 9 2
652 5 1 .7 4 1 4 8 .3 7 2 3 .0 8 6 0 . 2 6 3
584 8 9 . 9 6 1 3 3 .6 0 2 3 .1 1 2 0 .1 9 1
589 9 7 .4 6 1 3 3 .0 7 2 3 .1 2 7 0 . 1 9 7
627 2 8 2 .3 8 1 4 2 .1 7 2 3 .1 3 2 0 .3 4 6
14 2 4 2 .8 3 3 . 0 2 2 3 .1 4 8 0 . 2 3 2
555 5 6 .1 9 1 2 6 .8 9 2 3 .1 5 0 0 . 3 3 8
419 1 3 3 .7 3 9 1 .0 4 2 3 .1 5 9 0 .4 8 2
573 2 4 9 .8 8 1 3 0 .7 9 2 3 .1 6 0 0 .2 5 3
373 3 9 . 9 0 8 3 . 2 6 2 3 .1 7 6 0 .2 9 9
577 1 2 7 .3 7 1 3 0 .4 7 2 3 .1 7 6 0 .2 2 2
248 1 3 5 .2 6 5 4 .1 2 2 3 .1 8 5 0 . 3 3 0
149 1 9 .9 5 3 4 . 8 6 2 3 .1 9 2 0 .3 7 5
414 1 5 1 .2 5 9 0 .3 7 2 3 .1 9 5 0 .3 1 1
27 2 7 8 .0 9 6 . 4 9 2 3 .1 9 5 0 .5 3 0
269 1 6 4 .9 5 5 7 .6 5 2 3 .2 0 3 0 . 3 7 5
600 5 . 9 9 1 3 6 .0 4 2 3 .2 0 9 0 .4 5 0
553 2 4 5 .0 7 1 2 4 .4 2 2 3 .2 4 6 0 .2 5 5
242 1 1 .4 8 1 0 4 .7 4 2 3 .2 4 8 0 .2 8 0
582 2 0 2 .0 4 1 3 1 .8 1 2 3 .2 6 4 0 .2 2 5
299 1 9 2 .8 9 6 6 .7 9 2 3 .2 6 8 0 .2 3 2
568 2 3 0 .9 9 1 2 7 .4 6 2 3 .2 7 3 0 .3 6 2
460 2 2 0 .4 4 1 0 1 .9 9 2 3 .2 7 3 0 . 2 8 3
224 2 7 2 .0 5 4 8 .3 3 2 3 .2 8 1 0 . 2 9 0
305 1 4 1 .6 4 6 8 .5 2 2 3 .2 8 3 0 .3 5 7
389 2 1 5 .5 2 8 5 . 4 9 2 3 .2 9 4 0 .3 8 0
228 1 9 .7 5 4 9 .6 2 2 3 .3 2 0 0 .4 7 6
283 1 1 4 .2 3 6 1 . 5 3 2 3 .3 2 2 0 .3 2 7
608 1 7 7 .0 7 1 3 8 .8 1 2 3 .3 2 2 0 .3 0 7
508 2 5 9 .4 8 1 1 7 .2 2 2 3 .3 3 1 0 .3 9 9
366 1 4 0 .5 9 8 2 .1 9 2 3 .3 3 3 0 .3 3 1
384 2 8 3 .0 2 8 5 .2 2 2 3 .3 4 3 0 . 4 1 4
651 2 7 9 .7 7 1 4 6 .2 9 2 3 .3 5 8 0 . 3 2 4
85 1 2 .7 8 1 9 .8 6 2 3 .3 8 4 0 .5 7 6
618 8 . 4 8 1 4 2 .2 6 2 3 .3 8 6 0 . 4 7 4
A p p e n d ix  A: T h e  D a ta 270
43 2 3 7 .7 2 9 .1 5 2 3 .4 0 2 0 .2 8 0
464 2 6 0 .0 3 1 0 3 .6 4 2 3 .4 1 8 0 . 2 8 9
300 9 0 .2 2 6 8 .7 3 2 3 .4 1 8 0 .3 8 2
524 1 3 5 .9 0 1 1 6 .9 6 2 3 .4 2 9 0 . 4 5 4
99 2 8 2 .2 0 2 3 .2 9 2 3 .4 3 5 0 .6 3 1
484 1 3 5 .0 1 1 0 9 .0 9 2 3 .4 4 1 0 . 2 8 8
278 1 2 1 .3 2 61 .42 2 3 .4 4 5 0 . 3 6 3
554 2 6 .7 3 1 2 7 .3 8 2 3 .4 5 3 0 .3 5 2
569 2 7 4 .2 3 1 2 9 .6 0 2 3 .4 5 5 0 . 3 2 6
21 1 8 8 .1 7 6 . 0 0 2 3 .4 7 1 0 . 5 5 9
446 1 0 4 .0 6 9 9 .3 9 2 3 .4 7 4 0 .2 4 4
469 2 6 4 .8 4 1 0 2 .1 3 2 3 .4 8 6 0 .3 0 1
195 8 2 .2 7 4 3 .1 7 2 3 .4 9 0 0 .2 4 0
345 1 4 0 .1 0 7 8 .0 3 2 3 .4 9 1 0 .4 0 8
325 2 2 6 .8 0 7 1 .8 5 2 3 .4 9 5 0 .2 8 6
486 2 3 3 .1 7 1 0 9 .0 7 2 3 .4 9 8 0 . 3 5 0
515 1 6 2 .0 4 1 1 4 .7 8 2 3 .5 1 4 0 .2 5 4
626 2 4 8 .6 3 1 4 1 .5 8 2 3 .5 1 8 0 .3 8 4
175 1 4 9 .5 8 3 8 .2 3 2 3 .5 2 1 0 .4 3 7
112 2 5 6 .3 0 2 4 .2 8 2 3 .5 2 8 0 .4 4 1
489 2 7 7 .8 5 1 0 9 .2 1 2 3 .5 3 3 0 .3 4 7
378 2 6 9 .3 5 8 2 .7 9 2 3 .5 4 0 0 .3 3 7
288 2 4 6 .3 1 6 2 .8 8 2 3 .5 5 0 0 .2 6 6
88 1 5 3 .3 1 1 9 .8 7 2 3 .5 7 1 0 . 3 1 2
372 2 7 8 .7 3 8 3 .1 7 2 3 .5 7 1 0 .5 4 1
443 2 8 5 .2 8 9 5 .3 3 2 3 .5 7 8 0 . 3 7 5
54 6 0 .2 2 1 3 .7 4 2 3 .5 8 5 0 . 5 2 4
596 6 3 .5 6 1 3 5 .0 9 2 3 .5 8 5 0 .5 1 0
642 2 9 0 .2 5 1 4 4 .9 5 2 3 .5 8 9 0 .4 2 8
188 6 5 .2 2 4 1 .2 0 2 3 .5 9 3 0 .3 9 1
73 2 3 5 .5 5 1 5 .5 6 2 3 .5 9 3 0 . 3 1 7
586 2 8 8 .6 4 1 3 2 .2 2 2 3 .6 0 3 0 . 4 2 2
58 4 5 .8 0 1 3 .5 8 2 3 .6 0 9 0 . 7 4 4
540 2 8 9 .1 3 1 2 3 .5 7 2 3 .6 2 1 0 .4 6 5
186 2 8 1 .9 3 4 0 .2 4 2 3 .6 2 9 0 . 7 0 3
295 2 5 5 .7 7 6 5 .0 1 2 3 .6 3 2 0 . 3 2 0
194 2 3 1 .3 0 4 1 .6 5 2 3 .6 5 6 0 .4 1 1
172 2 7 9 .4 2 3 6 .8 0 2 3 .6 6 3 0 .8 5 1
507 1 7 7 .3 6 1 1 4 .3 5 2 3 .6 6 8 0 . 2 8 0
234 2 5 .1 5 5 1 .0 6 2 3 .6 7 0 0 . 4 2 8
390 2 5 6 .9 8 8 5 .2 0 2 3 .6 7 1 0 . 3 5 9
159 9 7 .9 1 3 4 .9 3 2 3 .6 9 2 0 . 3 8 9
38 5 9 .1 1 7 . 7 0 2 3 .6 9 9 0 .4 8 6
361 2 1 2 .7 7 8 0 .9 6 2 3 .7 2 2 0 .4 9 1
197 1 5 9 .8 9 4 3 .6 9 2 3 .7 2 5 0 . 4 5 4
315 1 3 3 .1 3 7 1 .6 7 2 3 .7 2 6 0 .4 2 9
455 1 3 2 .8 1 9 9 .9 5 2 3 .7 9 0 0 .3 2 2
516 2 3 8 .3 9 11 5 .3 2 2 3 .7 9 2 0 .5 3 5
264 2 6 2 .6 2 5 8 .3 8 2 3 .8 0 0 0 .4 0 3
317 1 5 6 .2 4 7 1 .0 4 2 3 .8 0 6 0 . 3 5 5
220 3 2 .2 8 4 7 .7 9 2 3 .8 1 0 0 .7 1 3
502 2 0 8 .7 1 1 1 2 .7 0 2 3 .8 1 8 0 .3 9 3
579 2 0 6 .7 4 1 3 0 .2 7 2 3 .8 4 1 0 . 4 4 7
218 8 8 .5 7 4 7 .3 1 2 3 .8 4 3 0 . 6 0 7
256 1 2 2 .3 1 5 6 .8 7 2 3 .8 4 5 0 . 5 0 8
83 4 5 .5 6 1 9 .5 0 2 3 .8 5 0 0 . 7 1 4
177 2 5 7 .5 9 3 8 .1 0 2 3 .8 6 1 0 .4 5 1
430 1 5 5 .0 3 9 3 .0 6 2 3 .8 6 8 0 . 5 7 4
53 2 9 6 .7 0 1 1 .9 6 2 3 .8 7 4 1 .1 0 9
178 3 9 .5 8 3 8 .4 1 2 3 .8 8 3 0 . 4 8 6
95 6 5 .1 3 2 3 .3 7 2 3 .9 0 0 0 . 6 8 3
249 1 4 7 .1 0 5 3 .4 7 2 3 .9 0 2 0 .4 5 1
262 1 5 3 .9 9 5 7 .9 6 2 3 .9 0 7 0 .3 8 0
36 1 4 .4 5 8 .4 5 2 3 .9 0 7 1 .0 9 0
108 2 7 4 .4 9 2 3 .8 5 2 3 .9 0 8 0 . 6 2 8
279 1 6 0 .4 9 6 1 .0 8 2 3 .9 2 2 0 .7 5 8
12 2 1 7 .6 0 3 .4 4 2 3 .9 3 5 0 .5 8 7
42 2 4 4 .3 4 8 .1 4 2 3 .9 3 9 0 .4 4 3
111 2 3 1 .8 8 2 5 .0 6 2 3 .9 4 4 0 . 4 4 3
347 2 6 0 .6 8 7 7 . 1 5 2 3 .9 4 9 0 .4 6 5
506 9 4 . 5 8 1 1 4 .9 6 2 3 .9 6 5 0 .5 0 2
359 1 4 5 .1 9 8 1 . 0 7 2 3 .9 6 7 0 .6 1 0
425 2 5 2 .7 0 9 2 . 4 0 2 3 .9 8 0 0 . 4 2 0
351 8 4 .1 2 7 8 . 2 4 2 3 .9 9 3 0 . 5 2 9
488 2 7 2 .3 3 1 1 1 .44 2 3 .9 9 5 0 . 5 7 9
350 2 8 8 .5 0 7 8 .1 1 2 3 .9 9 8 0 . 6 0 5
104 1 5 9 .9 0 2 2 .9 9 2 4 .0 0 7 0 . 6 9 7
303 2 8 3 .2 7 7 2 .5 5 2 4 .0 1 9 0 .6 2 4
118 1 3 7 .2 7 2 6 .4 3 2 4 .0 3 4 0 . 7 0 8
161 2 3 1 .3 8 3 5 . 1 3 2 4 .0 4 9 0 .6 0 1
571 2 9 2 .0 7 1 2 7 .2 6 2 4 .0 6 8 0 .7 0 1
432 2 0 0 .3 2 9 3 . 2 2 2 4 .0 6 9 0 .6 8 2
631 6 4 . 4 3 1 4 4 .6 7 2 4 .0 8 2 0 .6 7 6
494 3 5 . 1 9 1 1 1 .4 7 2 4 .0 8 5 0 .7 3 5
539 2 7 8 .0 8 1 2 4 .7 3 2 4 .0 9 4 0 .5 1 5
452 2 8 0 .4 2 1 0 0 .0 3 2 4 .1 1 2 0 .5 7 7
462 3 0 . 7 0 1 0 3 .0 1 2 4 .1 3 5 0 .5 1 6
415 2 7 0 .2 7 9 0 . 0 6 2 4 .1 3 9 0 .6 4 1
499 2 3 7 .9 0 1 1 1 .8 3 2 4 .1 6 4 0 . 7 2 4
585 1 1 3 .8 0 1 3 3 .2 0 2 4 .1 7 6 0 . 5 5 2
544 1 9 3 .9 8 1 2 3 .3 2 2 4 .1 8 6 0 . 5 4 8
208 3 5 . 2 6 4 5 . 8 0 2 4 .1 9 5 0 . 9 2 6
611 2 8 5 .9 5 1 4 0 .3 0 2 4 .1 9 5 0 .9 2 9
405 2 9 2 .7 1 8 9 . 3 7 2 4 .1 9 7 0 .8 7 8
434 2 6 4 .2 6 9 4 . 3 3 2 4 .2 0 9 0 .7 1 3
595 5 8 .4 0 1 3 4 .5 4 2 4 .2 1 2 0 . 8 8 4
423 3 . 6 3 9 2 .8 4 2 4 .2 1 9 1 .2 3 3
646 1 4 8 .8 9 1 4 5 .0 1 2 4 .2 2 7 0 . 4 5 0
383 2 4 0 .0 8 8 4 .6 5 2 4 .2 3 6 0 .6 8 6
331 6 1 .5 7 7 3 . 6 4 2 4 .2 3 6 0 .8 6 8
501 8 9 .4 0 1 1 4 .2 3 2 4 .2 4 7 0 .6 3 5
580 2 3 6 .8 3 1 3 0 .8 7 2 4 .3 1 3 0 . 9 2 7
75 5 3 .8 8 1 7 .8 1 2 4 .3 1 5 0 .8 4 8
227 2 2 4 .3 1 4 9 .8 6 2 4 .3 2 4 0 .5 2 9
92 2 6 4 .4 4 2 1 .2 0 2 4 .3 2 8 0 .8 8 5
155 2 5 3 .1 8 3 3 .2 5 2 4 .3 3 6 0 .6 5 3
28 2 8 3 .3 1 6 . 6 4 2 4 .3 4 2 1 .7 0 0
158 8 9 .3 4 3 6 . 6 6 2 4 .3 5 9 0 . 8 1 6
133 6 9 .3 4 3 1 . 7 7 2 4 .3 9 1 0 . 8 9 6
162 1 1 .6 7 3 6 . 6 4 2 4 .4 1 6 1 .4 6 0
320 2 6 1 .8 2 7 0 .4 1 2 4 .4 2 5 1 .0 6 1
500 6 3 . 9 3 1 1 3 .1 1 2 4 .4 3 4 1 .0 4 4
330 2 9 5 .7 5 6 9 .7 2 2 4 .4 6 8 0 .9 7 5
189 1 7 6 .9 8 4 1 .5 4 2 4 .4 8 2 0 .8 8 0
481 2 9 8 .9 5 1 0 8 .7 0 2 4 .4 8 3 0 . 9 2 7
576 6 2 . 6 8 1 3 0 .5 3 2 4 .4 8 8 1 .1 5 3
487 2 6 6 .9 0 1 0 9 .4 4 2 4 .4 9 2 0 .9 9 2
22 2 0 8 .5 8 5 .6 1 2 4 .4 9 4 0 . 7 1 9
533 2 3 8 .7 3 1 2 0 .6 0 2 4 .4 9 9 0 . 9 8 2
354 5 9 .1 6 7 9 . 7 0 2 4 .5 0 5 1 .1 5 4
385 2 8 9 .0 8 8 8 . 1 9 2 4 .5 0 9 1 .0 1 4
110 2 1 2 .3 2 2 5 .2 6 2 4 .5 3 4 1 .1 5 0
190 2 4 7 .7 3 4 0 .8 9 2 4 .5 3 4 0 .9 4 8
468 2 4 1 .5 7 1 0 4 .7 0 2 4 .5 3 4 1 .0 1 8
433 2 4 0 .1 9 9 3 . 5 0 2 4 .5 4 1 1 .1 0 0
148 2 8 0 .4 0 3 3 . 7 3 2 4 .5 4 2 1 .7 9 0
26 3 4 .2 2 6 . 7 4 2 4 .5 4 6 1 .6 9 4
80 2 1 7 .6 6 1 7 .7 7 2 4 .5 4 7 1 .0 0 2
491 9 3 . 0 8 1 1 0 .2 2 2 4 .5 6 0 0 .8 9 3
394 6 9 .4 7 9 0 . 0 7 2 4 .5 7 9 1 .2 9 9
245 2 1 2 .7 9 5 4 .8 8 2 4 .5 9 3 0 .7 8 6
215 2 9 5 .2 9 4 5 . 6 4 2 4 .5 9 4 2 .1 4 0
408 2 5 8 .0 6 8 9 .0 2 2 4 .6 0 5 0 . 8 0 8
557 1 2 0 .7 4 1 2 5 .8 7 2 4 .6 5 5 0 . 8 6 9
495 4 6 .0 1 1 1 0 .2 6 2 4 .6 8 4 2 .3 9 5
198 2 6 2 .7 2 4 2 .8 7 2 4 .6 8 9 1 .0 2 4
328 6 9 .7 3 7 3 . 4 3 2 4 .7 3 1 0 . 9 3 0
A p p e n d ix  A: T h e  D a ta 271
65 9 6 .4 9 1 4 .3 1 2 4 .7 4 9 1 .8 2 4
265 2 8 1 .3 9 5 7 .9 8 2 4 .7 5 7 1 . 6 3 0
535 8 3 . 5 3 1 2 0 .6 0 2 4 .7 6 2 1 .0 8 9
316 1 3 7 .8 6 7 0 .8 3 2 4 .8 0 4 1 .2 7 2
426 2 7 6 .9 1 9 3 .8 5 2 4 .8 9 8 1 .3 8 4
116 2 4 2 .4 4 2 5 .1 6 2 4 .9 4 5 1 .1 3 7
537 2 8 3 .9 4 1 2 1 .5 4 2 5 .0 0 8 1 .5 8 5
255 3 1 .4 2 5 7 .9 5 2 5 .1 4 1 2 .2 8 5
282 2 9 7 .1 3 5 9 .8 8 2 5 .1 4 4 3 .0 8 5
401 1 0 2 .8 3 8 8 . 2 9 2 5 .1 6 0 1 .3 5 3
612 3 0 0 .8 5 1 3 8 .3 4 2 5 .1 9 2 3 .0 5 3
549 2 1 8 .0 2 1 2 4 .0 9 2 5 .3 1 7 2 .0 0 5
285 2 6 0 .1 3 6 1 .0 1 .25 .414 1 .7 5 7
1 3 6 .8 6 2 .8 8 2 5 .4 3 2 2 .6 4 6
170 2 6 3 .6 5 3 7 . 7 4 2 5 .4 9 1 2 .0 4 9
412 3 9 .1 2 9 0 .5 4 2 5 .5 0 6 2 .4 7 5
212 1 7 1 .3 2 4 6 .3 5 2 5 .5 0 6 2 .1 7 6
332 2 6 5 .4 7 7 5 . 1 9 2 5 .7 0 4 2 . 7 6 9
202 2 7 9 .8 4 4 3 .9 2 2 5 .7 3 3 5 . 0 1 9
457 2 3 9 .4 3 1 0 0 .6 7 2 5 .7 5 3 3 . 0 7 4
130 1 7 8 .6 5 2 9 .4 1 2 5 .9 3 8 3 . 6 0 2
145 1 6 8 .7 2 3 2 .9 6 2 6 .2 2 5 4 . 9 1 6
346 1 7 7 .2 3 7 7 .2 6 2 6 .3 7 6 5 . 2 4 0
635 3 5 .6 3 1 4 4 .2 9 2 6 .4 6 4 6 . 6 9 6
163 1 1 .9 4 5 9 .8 2 2 6 .4 6 7 6 . 6 6 8
M 4S.2M 4
1 2 1 .7 4 1 .9 8 2 3 .2 7 7 0 . 3 2 3
11 1 5 .3 9 4 . 5 9 2 3 .1 2 3 0 . 2 6 8
45 1 4 .7 9 9 .7 5 2 3 .6 0 6 0 .3 9 0
30 8 . 2 5 8 .2 1 2 2 .0 8 4 0 .1 0 9
54 1 0 .3 5 1 3 .4 7 2 2 .8 9 3 0 .2 1 6
62 1 5 .1 0 1 4 .0 0 2 4 .0 6 8 0 .6 0 6
53 5 . 3 8 1 2 .9 6 2 1 .7 8 7 0 .0 9 0
78 1 0 .9 2 1 7 .4 0 2 2 .8 7 9 0 .2 0 5
85 1 5 .0 8 1 8 .6 7 2 3 .2 7 2 0 .3 1 8
96 1 8 .31 2 0 .3 9 2 3 .1 7 0 0 . 2 9 5
104 2 4 .1 5 2 1 .3 7 2 3 .7 0 9 0 . 4 7 2
126 2 4 .3 7 2 6 .3 2 2 0 .8 6 2 0 . 0 3 5
137 1 9 .0 3 2 8 .1 8 2 3 .9 2 6 0 . 6 4 7
138 2 7 .1 3 2 9 .2 0 2 2 .1 5 1 0 . 1 1 6
153 1 7 .9 8 3 1 .6 9 2 5 .2 7 4 1 .9 8 3
175 3 0 . 5 9 3 5 .9 3 2 4 .5 5 0 0 .9 5 6
152 1 1 .0 5 3 2 . 0 7 2 0 .3 9 1 0 .0 2 5
181 1 2 .4 8 3 6 .6 1 2 3 .4 5 1 0 .3 5 4
182 2 4 .8 3 3 6 .2 6 24 .7 3 1 1 .3 7 1
203 2 3 .6 8 4 0 .7 7 2 2 .2 9 8 0 . 1 2 0
191 3 0 . 3 8 3 9 .9 4 2 6 .0 6 9 3 .5 6 4
130 1 1 .6 1 2 7 .1 1 1 9 .1 6 2 0 .0 0 9
161 5 . 7 0 3 3 .5 9 1 9 .2 4 9 0 .0 0 8
186 6 .0 4 3 7 .4 7 2 0 .5 0 7 0 .0 2 5
233 2 1 .7 3 4 7 .2 7 2 0 .2 1 8 0 .0 2 0
232 1 6 .6 4 4 6 .5 5 2 3 .4 6 9 0 . 3 7 6
204 4 4 .7 3 4 1 .4 4 2 6 .1 6 4 3 . 9 5 4
215 3 4 . 5 3 4 5 .1 3 3 2 .6 1 5 9 . 9 9 9
234 3 3 .5 7 4 7 .0 7 2 4 .5 4 4 0 . 9 6 2
5 2 7 7 .7 1 2 .1 6 2 0 .7 7 3 0 .0 5 8
22 2 7 5 .7 7 6 . 3 9 2 3 .0 4 7 0 .4 5 1
3 7 0 . 5 4 2 .3 6 2 0 .3 5 0 0 . 0 8 2
4 1 6 3 .1 0 2 .7 2 2 1 .6 3 9 0 .0 5 9
7 4 6 .8 3 3 . 6 0 2 0 .8 7 9 0 .0 5 1
18 5 3 .0 0 5 .6 4 2 3 .3 9 6 0 . 4 1 0
9 1 7 3 .2 9 3 .6 2 2 3 .2 2 3 0 .2 8 2
8 1 3 9 .1 7 3 . 7 8 21 .9 0 1 0 .1 0 2
193 1 7 2 .2 7 4 1 . 9 4 2 6 .8 2 0 7 . 3 5 4
636 4 2 .8 0 1 4 5 .1 8 2 6 .8 6 8 8 .6 7 1
200 1 5 2 .6 3 4 3 .0 8 2 7 .3 5 5 9 . 9 9 9
377 2 6 6 .5 9 8 1 .6 5 2 7 .6 0 8 9 .9 9 9
470 2 8 0 .7 4 1 0 0 .6 6 2 7 .6 2 6 9 .9 9 9
68 2 3 2 .6 2 1 5 .1 1 2 8 .2 0 0 9 . 9 9 9
363 2 4 6 .0 0 8 0 .4 4 2 8 .2 7 2 9 .9 9 9
511 3 5 . 3 6 1 1 7 .0 1 2 8 .4 6 8 9 .9 9 9
61 1 1 8 .8 4 1 4 .0 1 2 8 .5 9 4 9 .9 9 9
633 1 7 7 .9 7 1 4 2 .8 1 2 8 .6 5 1 9 .9 9 9
416 2 7 6 .5 5 9 0 . 1 3 2 8 .7 5 0 9 . 9 9 9
268 9 0 .1 4 5 9 .4 1 2 9 .0 8 6 9 . 9 9 9
570 2 9 4 .2 0 1 4 0 .7 7 2 9 .3 3 2 9 . 9 9 9
492 1 2 5 .0 1 1 1 0 .1 7 2 9 .7 8 9 9 . 9 9 9
343 2 3 8 .2 2 7 7 . 8 0 2 9 .9 7 8 9 .9 9 9
648 1 7 3 .5 4 1 4 6 .2 5 3 0 .1 9 3 9 . 9 9 9
339 7 9 .1 5 7 6 . 2 6 3 0 .2 3 9 9 . 9 9 9
352 2 0 8 .6 1 7 8 .0 1 3 0 .3 4 3 9 .9 9 9
465 4 0 .7 7 1 0 4 .1 5 3 0 .5 0 6 9 . 9 9 9
647 1 6 5 .5 2 1 4 5 .1 4 3 0 .5 5 5 9 . 9 9 9
171 2 7 5 .5 3 3 7 . 4 8 3 0 .8 2 9 9 .9 9 9
156 2 6 8 .9 0 3 2 .8 5 3 1 .0 1 1 9 .9 9 9
534 3 1 2 .1 9 1 2 8 .8 1 3 2 .9 1 2 9 .9 9 9
165 2 2 4 .1 3 3 5 .6 2 3 3 .1 3 3 9 .9 9 9
10 2 2 3 .6 3 4 . 3 9 2 2 .9 6 0 0 .2 7 4
26 2 1 9 .3 1 5 .8 1 2 3 .6 2 0 0 . 4 9 9
38 2 2 2 .4 4 8 .2 4 2 5 .0 7 7 1 .9 4 2
14 1 1 3 .8 9 4 . 4 6 1 7 .6 6 8 0 . 0 0 9
58 1 1 6 .9 5 1 3 .2 9 2 4 .5 6 3 1 .4 7 1
63 1 1 0 .9 8 1 4 .6 7 2 3 .0 8 5 0 . 3 5 6
88 1 1 8 .9 5 1 8 .6 6 3 2 .5 3 3 9 . 9 9 9
35 1 0 6 .5 2 9 . 2 4 2 0 .4 4 8 0 .0 3 4
110 1 2 3 .1 9 2 2 .5 9 2 1 .0 3 3 0 .0 6 1
19 1 0 2 .1 2 5 .7 7 2 0 .8 6 8 0 .0 5 2
57 1 0 4 .0 5 1 3 .1 3 2 2 .0 5 6 0 .1 4 8
111 1 2 7 .9 5 2 2 .4 1 2 1 .0 5 4 0 .0 6 7
13 8 5 .2 2 4 . 7 0 2 1 .7 4 6 0 .0 8 1
16 1 9 6 .5 4 4 . 7 7 2 0 .4 9 9 0 .0 3 5
15 1 8 7 .1 8 4 . 8 7 2 4 .4 4 9 1 .4 4 9
31 1 8 1 .4 1 8 . 1 7 2 1 .7 1 4 0 .1 4 1
51 1 8 5 .6 9 1 2 .0 8 1 9 .7 7 8 0 . 0 3 3
59 1 7 6 .4 5 1 2 .4 9 2 5 .0 5 8 2 .1 4 6
47 1 9 1 .0 5 1 1 .4 8 1 9 .8 9 3 0 . 0 3 4
50 1 7 1 .1 7 1 1 .5 5 2 2 .8 1 9 0 . 2 8 0
76 1 7 1 .1 4 1 6 .2 9 2 2 .5 0 1 0 . 2 1 0
94 1 7 8 .5 1 1 8 .5 8 2 1 .0 3 4 0 .0 6 0
17 2 6 6 .0 6 5 .4 9 2 2 .2 9 2 0 .1 2 4
28 2 5 5 .3 5 6 . 1 0 2 4 .5 6 2 1 .3 4 3
20 2 0 4 .7 3 6 . 1 5 2 3 .3 6 1 0 .3 2 1
21 2 1 2 .4 8 6 . 7 7 2 3 .8 8 5 0 .6 6 7
27 2 3 7 .6 3 6 . 4 0 2 3 .8 3 7 0 .5 6 8
32 2 4 2 .4 4 8 . 3 2 2 4 .3 6 1 0 .9 0 1
44 2 3 7 .0 6 1 0 .5 0 2 4 .1 8 5 0 .7 8 2
39 2 4 7 .1 2 8 .6 5 2 4 .3 8 6 0 .9 2 4
25 1 2 7 .4 4 6 . 8 0 2 1 .3 8 6 0 .0 8 2
48 1 2 9 .6 5 1 1 .9 6 2 1 .0 9 7 0 . 0 6 6
43 1 3 4 .9 6 1 0 .0 5 2 0 .9 7 3 0 .0 7 2
71 1 2 5 .1 4 1 4 .9 2 1 9 .6 1 2 0 . 0 2 0
64 1 3 8 .7 0 1 4 .2 5 1 8 .5 4 0 0 . 0 0 9
97 1 3 8 .7 9 2 0 .6 5 2 2 .0 8 4 0 .1 9 5
117 1 4 2 .7 7 2 4 .2 0 2 0 .2 9 8 0 . 0 3 8
A p p e n d ix  A: T h e  D a ta 272
146 1 4 5 .9 5 3 0 .2 3 1 8 .5 9 7 0 .0 1 6
24 3 3 .0 9 7 . 6 3 24 .2 9 1 1 .6 5 2
55 2 9 .4 7 1 2 .7 6 1 9 .7 1 5 0 .0 3 2
37 1 4 6 .6 3 8 .9 7 2 2 .8 2 7 0 . 1 6 7
34 7 9 .8 4 9 . 4 4 2 1 .9 9 5 0 . 0 7 6
40 4 3 .4 1 9 .7 4 1 9 .9 0 9 0 .0 3 3
69 4 4 .7 8 1 3 .7 7 2 3 .4 8 4 0 . 7 3 8
79 5 0 .4 3 1 7 .2 1 2 4 .0 3 8 0 .8 6 4
90 5 3 .4 9 1 8 .8 4 2 4 .3 4 3 1 .2 4 8
115 5 7 .8 5 2 4 .0 5 2 1 .3 8 4 0 . 0 9 2
121 5 2 .3 7 2 4 .8 4 2 1 .4 4 2 0 .0 7 9
91 6 0 .3 3 1 9 .4 6 1 9 .9 6 7 0 . 0 2 8
148 5 3 .2 6 3 1 . 4 0 2 1 .7 9 2 0 .1 0 2
42 9 2 .1 9 9 .8 1 2 0 .0 3 0 0 .0 1 7
60 2 7 0 .2 2 1 2 .0 3 2 3 .9 8 8 0 .8 0 9
77 2 7 4 .0 0 1 5 .9 5 2 6 .9 0 3 9 .9 9 9
49 1 5 3 .1 7 1 2 .1 4 2 0 .4 8 1 0 .0 3 7
65 2 0 4 .3 3 1 3 .8 6 1 9 .2 1 4 0 .0 2 3
70 7 1 . 5 9 1 4 .6 2 1 9 .5 3 8 0 .0 1 8
80 6 7 .6 3 1 7 .0 2 2 0 .7 2 2 0 . 0 5 2
72 1 5 9 .7 8 1 5 .2 5 1 8 .3 2 5 0 . 0 1 6
75 1 4 6 .3 0 1 6 .1 9 2 2 .0 2 8 0 .1 0 9
83 2 3 2 .2 4 1 7 .3 0 2 3 .8 1 4 0 .5 2 3
99 2 3 3 .9 2 2 1 .2 9 2 1 .0 2 2 0 .0 4 1
100 2 4 0 .6 6 2 0 .5 2 2 1 .4 4 5 0 .0 5 9
101 2 4 5 .4 6 2 1 .0 8 2 3 .5 2 8 0 . 3 9 8
81 9 7 .9 3 1 6 .8 2 2 3 .3 7 4 0 . 3 1 6
86 9 1 .3 7 1 8 .8 1 2 3 .6 3 1 0 .3 8 4
93 8 7 .0 3 1 8 .6 9 2 3 .6 6 2 0 .3 7 7
108 8 7 .8 4 2 3 .5 1 2 2 .5 4 3 0 .1 3 3
132 8 8 .3 1 2 7 .4 2 2 2 .9 6 0 0 .2 1 8
139 8 2 .2 5 2 8 .7 4 2 0 .8 4 4 0 . 0 3 5
144 9 2 .6 8 2 9 .5 2 2 0 .6 7 8 0 .0 2 9
122 7 9 .3 8 2 4 .4 9 1 9 .5 2 7 0 .0 1 1
169 8 1 .0 8 3 5 .2 3 1 9 .9 5 1 0 . 0 1 7
92 7 7 .6 8 1 9 .7 4 2 2 .2 3 2 0 .1 4 7
143 2 9 4 .4 4 2 8 .6 3 1 9 .4 7 0 0 . 0 2 2
174 2 9 1 .6 1 3 4 .5 1 2 1 .1 0 0 0 .0 9 1
180 2 8 6 .9 9 3 6 .1 0 2 0 .4 4 5 0 . 0 4 4
84 2 6 2 .2 9 1 7 .0 2 2 5 .5 5 7 3 . 6 5 2
102 2 6 5 .3 5 2 0 .8 8 2 6 .0 9 8 5 .9 2 1
103 2 7 8 .5 3 2 1 .2 1 2 1 .8 7 6 0 . 1 4 6
125 2 7 4 .9 2 2 5 .2 4 2 3 .0 6 5 0 .3 8 6
105 1 6 6 .3 4 2 1 .8 6 2 1 .6 2 9 0 .0 8 7
128 1 7 1 .5 5 2 5 .6 0 2 5 .6 3 0 3 .7 2 2
109 1 0 3 .9 2 2 2 .9 3 2 4 .9 1 4 1 .0 3 5
112 2 0 6 .7 1 2 3 .0 4 2 3 .1 8 9 0 .2 7 4
120 3 3 .1 6 2 4 .4 3 2 1 .2 0 7 0 . 0 7 5
127 4 4 .3 5 2 6 .3 1 2 1 .4 4 7 0 .0 8 4
118 2 1 7 .1 2 2 3 .9 8 2 2 .1 8 6 0 .1 5 6
116 1 1 1 .3 8 2 4 .5 3 2 3 .8 0 1 0 .4 9 8
123 1 1 5 .5 3 2 4 .4 5 2 5 .4 2 9 2 .3 2 5
145 1 1 6 .5 8 3 0 .0 1 2 0 .7 5 3 0 .0 3 2
149 1 1 0 .4 5 3 1 .6 8 2 2 .2 4 2 0 .1 4 1
171 1 1 9 .3 3 3 5 .2 8 2 1 .2 5 1 0 .0 4 8
170 1 1 2 .3 3 3 5 .3 6 1 9 .5 7 9 0 .0 1 1
188 1 2 2 .1 5 3 7 .4 4 2 0 .7 5 5 0 .0 3 0
194 1 1 6 .3 9 3 8 .4 7 2 0 .9 8 1 0 .0 3 9
218 1 1 3 .5 2 4 4 .3 8 2 1 .5 9 6 0 . 0 6 4
244 1 1 7 .3 4 4 9 .0 0 2 2 .6 6 2 0 .1 6 0
136 1 5 7 .9 6 2 8 .3 1 2 1 .3 7 6 0 .0 6 1
163 1 5 8 .0 7 3 4 .5 2 2 2 .2 5 6 0 .1 4 7
164 1 6 4 .5 2 3 4 .8 5 2 4 .9 6 8 1 .6 6 1
209 1 6 6 .8 1 4 1 .1 1 2 2 .9 8 9 0 .2 4 4
229 1 6 4 .0 7 4 6 .4 4 2 1 .7 4 6 0 .0 7 5
247 1 6 8 .8 2 5 1 .1 1 2 3 .5 2 9 0 .3 4 9
141 2 3 6 .5 5 2 8 .5 9 2 1 .7 5 7 0 . 0 8 5
140 1 9 8 .4 9 2 8 .7 6 2 1 .4 3 2 0 . 0 7 4
156 1 9 4 .9 7 3 1 .2 2 2 2 .9 4 6 0 .2 8 8
155 1 9 0 .7 4 3 2 .2 4 2 2 .0 9 6 0 .1 2 5
147 2 6 0 .9 0 3 0 . 0 8 1 9 .4 2 0 0 .0 1 9
154 6 5 . 2 9 3 1 . 1 6 2 4 .3 1 2 0 .7 6 7
183 6 7 . 3 9 3 7 .7 7 2 3 .4 0 7 0 .3 2 2
168 7 2 .4 4 3 5 .6 0 2 4 .3 5 2 0 .8 0 4
187 6 1 .1 2 3 9 . 3 9 2 3 .5 7 3 0 . 3 6 7
207 6 7 .0 5 4 0 .8 3 2 3 .1 5 2 0 . 2 5 3
206 5 7 .4 8 4 0 .8 1 2 2 .0 6 4 0 .1 0 5
205 5 1 .9 4 4 0 .7 0 2 1 .3 6 2 0 . 0 6 8
228 5 0 .0 1 4 5 . 8 0 2 0 .8 1 4 0 .0 4 1
178 2 1 7 .8 1 3 6 . 4 0 2 6 .4 3 9 6 .8 5 7
158 2 4 5 .2 9 3 1 . 9 9 2 1 .3 3 7 0 . 0 5 9
159 2 7 3 .6 4 3 2 . 2 0 2 3 .0 7 7 0 . 3 0 0
212 2 7 5 .9 0 4 4 .8 8 2 7 .7 4 2 9 .9 9 9
226 2 7 5 .4 1 4 5 .1 1 2 3 .3 9 5 0 .3 5 2
249 2 7 0 .0 5 4 9 .2 5 2 3 .2 4 7 0 .3 1 8
225 2 6 8 .0 9 4 5 . 0 0 2 0 .9 4 9 0 .0 4 0
264 2 7 4 .7 8 5 4 .1 3 2 0 .6 1 6 0 .0 4 5
271 2 6 9 .1 2 5 5 .3 8 2 4 .0 1 9 0 .6 8 0
294 2 7 0 .3 9 6 0 .2 2 2 2 .9 9 2 0 .2 7 5
311 2 8 1 .8 8 6 4 .1 9 2 3 .5 1 8 0 . 4 2 8
309 2 6 6 .5 6 6 4 .7 7 2 2 .0 1 5 0 . 1 0 0
299 2 8 6 .8 2 6 1 .2 5 1 9 .9 9 6 0 .0 1 7
322 2 6 1 .4 6 6 6 .7 4 2 3 .3 6 4 0 .3 5 2
337 2 6 6 .2 3 7 0 .8 1 2 0 .7 4 8 0 . 0 3 3
259 2 8 5 .8 0 5 1 .4 4 2 1 .0 9 5 0 . 0 6 4
279 2 9 7 .3 7 5 6 .6 3 2 0 .5 5 4 0 .0 4 3
227 2 8 6 .4 8 4 5 .3 4 2 2 .0 3 7 0 .1 6 5
214 2 8 8 .9 8 4 2 .9 9 2 3 .7 0 6 0 . 6 8 8
157 2 0 7 .1 1 3 2 . 3 7 2 0 .3 6 5 0 .0 4 8
195 2 0 8 .6 4 3 9 .0 8 2 1 .1 1 7 0 .1 0 3
210 2 0 4 .1 4 4 0 .5 6 1 9 .9 5 3 0 .0 3 4
172 1 3 0 .0 5 3 4 .7 9 1 9 .4 7 5 0 .0 1 9
173 2 3 3 .5 1 3 5 .1 5 2 5 .1 1 7 1 .6 8 6
184 2 3 9 .3 4 3 8 .9 1 2 3 .7 1 8 0 .4 2 2
196 2 3 3 .1 4 3 8 .5 2 2 3 .5 9 7 0 .4 1 8
201 2 2 7 .7 6 3 9 .8 4 2 4 .6 3 4 1 .0 0 6
221 2 3 2 .2 5 4 4 .0 4 24 .6 8 1 1 .1 2 8
224 2 2 3 .3 3 4 5 .5 7 2 5 .2 9 7 1 .6 9 8
245 2 2 3 .8 4 4 9 .3 1 2 3 .8 7 1 0 . 4 5 6
179 2 5 3 .7 5 3 5 .6 5 2 3 .9 0 7 0 .6 3 7
189 2 5 7 .1 8 3 8 . 4 8 2 3 .4 7 5 0 . 4 2 8
199 1 8 3 .3 2 4 0 .1 6 2 4 .2 2 4 0 .8 4 2
223 1 7 8 .9 4 4 4 .7 3 2 3 .3 8 6 0 .3 3 5
200 1 8 9 .0 9 3 9 . 5 2 1 9 .9 3 5 0 . 0 1 8
252 1 7 5 .8 9 5 0 .8 0 2 3 .7 0 7 0 .4 2 0
198 1 5 1 .1 6 3 9 .6 5 2 5 .0 8 7 1 .4 2 3
208 1 3 4 .2 1 4 0 .9 6 2 2 .3 4 3 0 .0 9 6
202 2 9 9 .1 8 4 2 .3 4 2 7 .9 7 4 9 .9 9 9
211 9 2 . 3 5 4 2 . 2 3 2 2 .9 6 3 0 .2 7 5
216 9 8 . 9 9 4 3 . 6 3 2 3 .0 0 9 0 .3 0 0
217 1 0 6 .0 4 4 3 .6 7 1 9 .1 7 9 0 .0 1 6
222 7 5 .8 6 4 3 .9 9 2 4 .1 4 5 0 . 7 4 9
239 7 3 . 9 7 4 8 .3 1 3 0 .4 7 4 9 . 9 9 9
220 2 1 5 .5 2 4 4 .2 7 2 0 .2 0 7 0 . 0 2 7
230 1 9 9 .2 3 4 9 .0 3 2 7 .3 1 1 9 .9 9 9
238 2 5 2 .0 5 4 6 .8 1 2 0 .7 5 6 0 .0 3 7
254 2 5 0 .4 3 5 1 .0 5 2 1 .2 1 4 0 . 0 5 7
274 2 4 9 .3 4 5 6 .1 9 2 1 .2 3 6 0 .0 5 5
237 2 4 1 .7 9 4 6 .9 8 2 0 .7 9 1 0 . 0 6 0
240 1 3 8 .3 1 4 7 . 5 9 2 2 .3 9 1 0 . 1 2 8
242 2 9 5 .4 0 4 7 .3 8 2 4 .3 5 2 1 .5 1 7
243 2 9 9 .1 3 4 8 .8 4 2 3 .6 9 9 0 .8 0 6
241 1 9 0 .2 2 4 8 .5 8 2 3 .0 4 5 0 .2 9 3
253 1 8 4 .1 3 5 0 .6 4 2 2 .7 2 8 0 .2 0 5
260 6 3 .3 2 5 2 .3 4 2 0 .6 3 0 0 .0 6 0
255 5 2 .4 0 5 2 .7 8 2 2 .0 9 8 0 .1 6 1
261 1 2 8 .5 9 5 0 .2 0 3 3 .9 4 3 9 .9 9 9
A p p e n d ix  A: T h e  D a ta 273
251 9 3 .5 1 5 1 .1 0 2 1 .1 3 7 0 .0 5 2
256 8 8 .9 3 5 1 .5 1 2 3 .6 5 5 0 .4 8 4
269 9 4 .7 7 5 4 .5 4 2 0 .1 8 3 0 .0 2 2
258 2 3 3 .9 4 5 1 .7 6 2 2 .9 8 7 0 .1 6 0
257 1 5 9 .0 8 5 2 .2 3 1 9 .3 2 1 0 .0 2 2
262 1 5 1 .7 6 5 2 .7 6 2 0 .4 9 7 0 . 0 1 8
268 2 7 .9 4 5 4 .3 3 2 6 .9 6 2 8 . 8 6 0
272 2 2 .5 5 5 5 .9 4 2 3 .7 0 6 0 .4 2 6
295 2 2 .3 4 6 0 .9 9 2 2 .3 9 2 0 .1 3 8
267 1 5 .1 0 5 5 .8 3 2 4 .6 8 4 1 .1 4 4
285 1 1 .7 8 5 9 .1 0 2 2 .2 5 2 0 . 1 4 5
270 1 1 0 .6 2 5 5 .1 7 1 9 .4 2 7 0 . 0 1 5
281 1 1 7 .0 8 5 7 .5 9 2 3 .6 0 8 0 . 4 3 3
304 1 1 9 .5 8 6 2 .4 2 2 2 .8 4 6 0 . 2 0 2
287 1 2 4 .4 4 5 8 .5 9 2 4 .1 0 8 0 .6 8 1
273 1 3 3 .9 7 5 5 .6 8 2 3 .5 7 8 0 .5 2 9
297 1 3 4 .8 1 6 1 .2 6 2 4 .6 9 4 1 . 3 2 9
277 7 5 .3 4 5 6 .6 8 2 2 .3 4 7 0 .1 5 8
276 6 8 .5 4 5 7 .1 7 2 2 .4 7 2 0 .2 2 0
275 3 6 . 1 0 5 6 .9 2 2 2 .0 7 3 0 . 0 9 3
278 1 8 1 .7 2 5 7 .2 6 2 1 .7 5 0 0 .0 9 0
280 4 3 .4 6 5 7 .5 9 2 4 .2 7 0 0 . 8 4 5
306 4 2 .3 0 6 3 .8 6 2 0 .8 4 0 0 . 0 3 8
325 3 9 .4 4 6 8 .3 5 2 2 .1 7 0 0 . 1 3 0
283 2 2 0 .8 6 5 7 .6 3 2 1 .1 3 4 0 . 0 4 0
302 2 2 4 .4 9 6 1 .5 8 2 0 .2 9 6 0 . 0 1 8
321 2 2 2 .6 3 6 5 .1 4 2 1 .8 0 9 0 .0 7 0
320 2 1 6 .7 8 6 6 .9 0 2 3 .2 8 3 0 .2 7 5
284 2 3 1 .0 2 5 8 .3 5 2 4 .4 3 2 0 .8 5 5
282 1 9 1 .2 5 5 8 .7 3 2 3 .2 2 9 0 .2 8 4
288 1 9 6 .2 2 5 9 .3 9 2 4 .1 9 4 0 .6 6 1
291 2 6 1 .2 1 5 8 .9 9 2 4 .8 1 8 1 .4 6 1
298 2 5 7 .1 0 6 0 .9 6 2 3 .8 7 7 0 .5 6 5
289 2 0 4 .7 2 5 9 .0 6 2 0 .8 2 5 0 .0 4 4
305 2 0 5 .4 9 6 2 .7 5 2 0 .6 0 0 0 .0 3 6
293 1 4 7 .7 9 6 0 .2 9 2 2 .2 2 1 0 .0 9 2
296 1 0 1 .6 9 6 0 .5 4 2 2 .9 6 6 0 .2 2 1
300 9 5 .4 1 6 2 .2 3 2 0 .9 3 9 0 .0 3 6
324 9 8 . 3 6 6 7 .0 6 2 2 .7 5 9 0 .1 9 0
290 2 4 4 .2 1 6 1 .6 5 2 8 .8 3 9 9 . 9 9 9
316 2 4 1 .1 2 6 5 .8 0 2 3 .5 5 6 0 .3 6 2
331 2 3 8 .7 0 6 9 .4 7 2 3 .5 0 0 0 .3 4 2
343 2 4 4 .0 2 7 1 .8 4 2 0 .0 3 5 0 . 0 1 4
357 2 3 6 .6 4 7 3 .9 4 2 3 .2 8 2 0 . 2 7 5
301 1 6 1 .0 2 6 1 .3 7 2 4 .3 1 2 0 . 6 8 5
319 1 6 0 .2 9 6 5 .5 9 2 3 .1 4 6 0 .2 2 3
328 1 6 6 .9 1 6 7 .2 1 2 2 .9 2 8 0 .1 7 5
342 1 6 3 .1 9 7 1 . 4 3 2 4 .8 5 5 0 . 9 8 8
347 1 6 8 .3 0 7 3 .4 7 2 3 .5 6 8 0 .2 9 6
314 7 6 . 8 7 6 4 .6 0 2 3 .8 5 5 0 .3 6 3
317 3 . 3 2 6 5 .7 9 2 0 .6 1 8 0 .0 4 7
318 1 4 2 .8 7 6 6 .5 7 2 2 .7 0 3 0 .2 0 1
326 1 1 3 .4 0 6 7 .6 3 2 1 .6 8 1 0 . 0 7 6
335 1 1 7 .5 8 7 0 .9 0 21 .9 7 1 0 .0 9 4
346 1 2 2 .3 3 7 2 .9 0 2 2 .8 3 0 0 .2 0 6
368 1 1 6 .1 1 7 7 .4 7 2 3 .1 9 2 0 .2 8 0
327 1 2 6 .0 0 6 8 .4 3 2 4 .5 0 8 0 . 8 5 2
361 1 2 5 .2 6 7 6 .2 2 2 1 .5 0 2 0 .0 7 3
330 2 3 0 .6 3 6 8 .3 9 2 4 .1 5 6 0 .6 5 3
350 2 2 5 .9 2 7 3 .2 6 2 3 .5 7 2 0 . 3 9 2
336 2 0 3 .7 6 7 0 .7 1 1 8 .7 7 5 0 . 0 0 9
340 1 0 7 .0 2 7 2 .0 5 1 8 .2 6 1 0 .0 0 7
341 1 3 2 .9 4 7 2 .2 1 2 3 .3 1 1 0 . 2 6 7
339 9 1 . 5 9 7 2 .3 5 2 0 .2 3 7 0 . 0 2 8
353 8 7 . 7 8 7 5 . 0 3 1 9 .2 6 5 0 . 0 1 0
367 8 3 . 0 3 7 7 .9 7 2 3 .7 0 4 0 .5 1 3
386 8 5 . 1 3 8 3 .2 3 2 3 .2 9 8 0 .3 4 8
393 8 9 .0 6 8 3 .7 9 2 4 .1 1 6 0 . 7 4 3
381 9 4 . 3 6 8 1 . 1 9 2 1 .6 4 7 0 . 0 7 4
365 9 6 .6 2 7 7 . 4 0 2 1 .7 4 1 0 . 0 8 4
345 7 3 . 6 4 7 2 . 9 5 2 1 .3 5 9 0 .0 6 2
360 6 8 . 4 7 7 6 . 9 6 2 3 .2 6 5 0 . 3 7 8
373 6 0 . 5 7 7 9 . 8 3 2 5 .2 1 3 2 .4 3 2
349 1 4 4 .2 3 7 4 .0 2 1 9 .0 4 5 0 .0 1 8
354 1 5 1 .7 7 7 4 . 6 3 2 4 .2 4 2 0 .7 3 5
382 1 5 9 .7 9 8 0 .9 4 2 2 .1 6 2 0 .1 1 4
396 1 6 5 .2 8 8 4 .1 1 20 .2 7 1 0 .0 2 4
385 1 6 7 .6 6 8 1 . 4 9 1 9 .6 7 6 0 .0 1 5
355 2 1 0 .1 8 7 4 . 9 3 2 3 .9 9 6 0 .4 1 1
352 4 7 .1 5 7 5 . 1 0 2 1 .3 8 7 0 .1 0 6
358 4 3 .2 0 7 5 . 8 2 2 1 .7 5 6 0 . 1 3 8
379 4 0 .4 9 8 0 . 3 8 2 2 .3 4 7 0 .1 8 5
452 4 7 .0 5 9 3 .7 2 2 2 .6 0 7 0 .2 1 1
356 2 1 7 .6 6 7 5 . 1 2 2 6 .6 0 6 5 .6 9 1
362 1 8 3 .4 5 7 6 . 4 9 2 0 .6 2 5 0 . 0 2 0
383 1 8 6 .8 0 8 0 .4 5 2 2 .5 7 1 0 .1 1 5
369 1 9 3 .2 2 7 7 . 9 3 2 2 .1 3 8 0 .0 7 8
405 1 8 5 .8 1 8 6 . 7 4 2 3 .2 0 1 0 . 1 9 9
413 1 9 1 .2 2 8 8 . 1 7 2 3 .0 3 4 0 . 1 7 0
438 1 8 1 .6 2 9 1 . 4 3 2 3 .3 5 8 0 .2 1 7
425 1 7 6 .6 5 9 0 .0 2 2 1 .8 9 2 0 .0 5 3
447 1 7 2 .5 9 9 2 . 3 8 2 3 .1 6 2 0 .1 7 3
459 1 6 8 .4 0 9 4 .3 4 2 2 .7 5 2 0 .1 1 9
364 3 2 .0 1 7 6 . 5 0 1 9 .4 0 4 0 .0 5 2
376 2 6 8 .2 9 7 9 .9 5 2 4 .3 6 0 0 .7 4 5
401 2 6 1 .3 9 8 6 . 2 9 24 .2 7 1 0 .6 7 2
406 2 6 5 .0 5 8 5 . 9 6 2 6 .3 5 3 5 .1 6 9
422 2 5 5 .2 4 8 9 .0 7 2 4 .0 1 5 0 .5 8 9
374 1 0 4 .4 9 8 0 .3 1 1 9 .2 8 7 0 .0 1 1
375 2 5 5 .8 9 8 0 .2 1 2 4 .6 9 7 1 .2 7 5
389 2 5 0 .0 2 8 2 . 4 6 2 1 .4 4 4 0 .0 6 1
384 2 2 3 .1 2 8 1 .2 2 2 0 .3 1 5 0 .0 6 5
388 2 3 9 .7 6 8 2 .7 5 2 3 .4 6 1 0 .2 5 9
414 2 3 6 .3 9 8 7 .4 5 2 4 .7 2 4 0 .9 6 1
421 2 3 9 .2 9 8 9 . 2 6 2 4 .9 0 5 1 .1 0 8
400 2 3 0 .8 7 8 3 .7 8 2 3 .6 1 1 0 .3 4 2
454 2 3 4 .4 5 9 3 .6 7 2 2 .4 4 7 0 .1 1 0
387 1 2 3 .4 4 8 3 .2 0 1 7 .0 7 9 0 . 0 0 3
409 1 2 9 .2 5 8 6 .4 1 2 0 .4 9 2 0 .0 4 8
423 1 2 2 .1 7 9 0 .0 4 2 1 .4 7 2 0 .0 8 4
394 1 3 2 .6 6 8 3 . 8 2 1 9 .5 0 6 0 .0 1 5
412 1 1 6 .1 0 8 8 .1 4 2 2 .1 5 1 0 .1 2 4
445 1 2 0 .8 5 9 2 . 9 2 2 2 .2 1 1 0 .1 4 7
399 1 1 2 .4 5 8 4 . 8 8 2 4 .0 6 1 0 .7 2 0
458 1 1 5 .0 6 9 5 . 2 9 2 3 .0 8 3 0 .2 7 4
468 1 2 4 .7 9 9 6 . 8 9 2 0 .1 1 6 0 .0 2 3
408 1 0 9 .0 8 8 6 . 5 8 2 3 .4 7 0 0 .4 1 5
477 1 1 5 .7 0 9 9 .6 2 2 1 .5 9 1 0 . 0 6 9
436 1 0 7 .6 4 9 3 .0 5 2 4 .1 0 4 0 .7 1 5
485 1 1 0 .2 5 1 0 3 .1 9 2 1 .9 9 9 0 . 1 0 3
427 1 0 2 .8 6 9 0 . 4 3 2 4 .3 1 1 0 . 8 3 6
395 1 5 1 .4 9 8 4 . 3 8 2 2 .3 3 1 0 .1 1 7
398 7 6 .5 9 8 4 . 8 0 2 5 .8 9 3 2 .9 5 5
403 2 7 9 .9 5 8 5 . 0 3 2 3 .4 7 2 0 .3 6 2
404 6 7 .7 9 8 5 . 8 4 2 3 .2 7 8 0 .2 8 1
410 1 4 4 .6 6 8 6 . 4 8 2 0 .9 3 1 0 . 0 2 8
428 1 3 9 .9 9 9 0 .5 9 2 2 .0 8 4 0 .0 8 7
462 1 3 9 .1 2 9 5 .8 1 2 3 .1 6 4 0 .2 2 2
470 1 4 5 .6 2 9 8 . 0 0 2 2 .0 7 1 0 .0 7 8
483 1 4 5 .6 7 1 0 2 .1 6 2 2 .5 5 0 0 .1 2 5
489 1 4 0 .6 2 1 0 3 .6 7 2 2 .8 7 7 0 .1 6 8
505 1 3 4 .5 9 1 0 5 .8 7 2 3 .4 0 7 0 .2 5 9
510 1 2 8 .0 6 1 0 8 .6 8 2 5 .3 8 3 1 .5 6 6
513 1 2 1 .7 2 1 0 9 .3 4 2 4 .3 5 6 0 .6 3 8
509 1 1 5 .8 4 1 0 7 .9 7 2 1 .0 5 5 0 .0 3 4
534 1 2 3 .8 1 1 1 3 .9 1 2 5 .6 3 1 1 .9 9 2
420 2 0 3 .3 5 8 8 .7 5 2 1 .7 8 6 0 . 0 4 9
A p p e n d ix  A: T h e  D a ta 274
426 2 9 7 .3 2 8 9 .3 9 2 3 .1 3 1 0 .3 9 6
424 1 5 7 .7 5 8 9 .4 5 2 3 .2 7 4 0 . 3 3 7
446 1 6 1 .1 2 9 2 .5 2 2 0 .4 6 8 0 . 0 2 6
437 1 5 2 .4 0 9 2 . 6 7 2 3 .5 1 3 0 .3 8 4
430 2 4 6 .8 0 9 1 .1 8 2 2 .8 7 3 0 .1 4 4
432 1 0 .5 2 9 1 .6 5 2 0 .4 9 1 0 .0 3 6
433 1 4 .8 2 9 1 .9 8 2 1 .0 7 8 0 .0 6 0
466 1 6 .1 9 9 7 .9 5 2 4 .7 0 2 1 .4 3 5
456 2 2 .5 6 9 6 .2 8 2 4 .1 3 1 0 .9 9 6
472 1 0 .3 4 9 8 .7 7 2 2 .0 7 7 0 .1 1 8
467 2 5 .0 5 9 7 .2 5 2 1 .9 8 5 0 .1 3 5
484 2 1 .3 2 1 0 3 .5 1 2 2 .7 7 3 0 . 2 3 3
451 3 0 .4 2 9 4 .4 1 2 2 .2 3 5 0 . 1 2 3
443 7 5 . 8 0 9 2 .6 5 2 0 .8 4 2 0 .0 7 9
442 7 0 . 5 6 9 2 . 7 0 2 4 .2 7 9 1 .4 5 8
461 7 8 .8 4 9 5 .8 8 1 8 .9 5 7 0 . 0 2 2
460 6 8 . 7 0 9 6 .1 5 2 4 .1 5 1 1 .3 1 2
444 9 4 .4 2 9 2 .8 2 2 0 .6 9 9 0 . 0 3 5
448 2 1 2 .9 8 9 3 .1 5 1 8 .2 8 9 0 .0 0 9
463 2 0 7 .6 3 9 5 .7 7 2 1 .5 9 2 0 .1 4 4
453 2 2 0 .6 2 9 4 .0 6 2 2 .9 0 7 0 . 1 8 3
469 2 2 6 .6 2 9 6 . 2 0 2 3 .6 7 1 0 . 3 2 5
480 2 2 9 .8 7 1 0 0 .6 9 2 3 .1 6 0 0 . 2 0 2
464 2 5 9 .1 0 9 6 .1 5 2 5 .9 8 6 3 .9 8 1
486 2 5 9 .0 8 1 0 3 .1 4 2 3 .2 0 8 0 . 2 7 5
501 2 6 2 .4 9 1 0 4 .3 7 2 3 .5 2 3 0 . 3 7 5
471 1 8 8 .8 1 9 8 . 0 6 2 1 .3 4 9 0 . 0 6 8
473 1 8 4 .4 1 9 9 .4 1 2 2 .5 6 2 0 .2 0 4
476 9 0 .1 2 9 9 .8 4 1 9 .8 9 9 0 .0 3 4
481 2 8 0 .8 6 1 0 0 .8 5 2 3 .6 1 1 0 .3 2 6
479 3 6 .7 7 1 0 1 .7 3 2 4 .8 4 5 1 .3 0 5
493 4 1 .0 2 1 0 5 .2 9 2 4 .5 7 5 1 .0 0 5
492 2 1 9 .9 8 1 0 3 .1 3 2 2 .9 4 3 0 . 1 4 9
490 1 5 8 .3 8 1 0 3 .8 2 2 4 .2 3 0 0 .7 8 2
511 1 6 3 .2 7 1 0 7 .3 1 2 2 .1 1 6 0 .1 1 7
525 1 6 2 .0 2 1 1 2 .0 8 2 5 .3 1 0 2 .2 1 3
491 1 7 6 .5 6 1 0 3 .9 9 2 0 .3 8 4 0 .0 2 8
500 2 1 0 .1 2 1 0 4 .1 9 2 4 .9 4 2 1 .0 7 0
496 6 3 .4 3 1 0 4 .6 5 2 1 .2 2 2 0 .0 5 9
512 6 2 .9 2 1 0 8 .6 9 2 2 .9 3 6 0 .2 8 1
502 2 7 0 .2 9 1 0 4 .9 6 2 3 .9 5 9 0 . 4 0 2
494 4 8 .1 8 1 0 5 .2 0 1 9 .8 1 8 0 .0 1 7
495 5 6 .0 2 10 5 .2 1 2 1 .0 5 6 0 . 0 7 7
497 9 7 .8 1 1 0 5 .3 0 1 8 .8 3 4 0 .0 1 9
498 1 9 5 .7 4 1 0 5 .4 8 2 6 .1 7 1 4 . 3 7 4
499 2 0 2 .5 2 1 0 5 .7 8 2 2 .4 7 2 0 . 1 5 4
504 7 8 .7 5 1 0 6 .2 9 2 0 .4 1 4 0 .0 5 0
518 2 9 7 .2 2 1 0 8 .3 7 2 3 .8 3 8 0 .5 7 8
536 2 9 3 .6 9 1 1 4 .3 8 2 2 .1 7 7 0 .1 3 1
549 2 8 7 .1 7 1 1 5 .9 7 2 4 .3 6 3 0 .9 2 8
516 2 3 1 .1 9 1 0 8 .7 1 2 4 .4 1 1 0 . 6 2 7
517 2 3 4 .5 4 1 0 9 .5 7 2 3 .7 1 2 0 . 3 3 7
530 2 3 1 .7 4 1 1 2 .5 4 2 3 .0 8 0 0 .1 8 4
540 2 3 7 .6 6 1 1 4 .4 9 2 3 .0 2 8 0 .1 9 2
547 2 3 4 .0 0 1 1 6 .0 8 2 5 .5 1 4 1 .8 6 4
571 2 3 8 .5 9 1 2 1 .2 9 2 3 .8 5 3 0 .3 7 9
563 2 4 3 .9 5 1 1 8 .7 5 2 4 .3 7 7 0 .6 2 9
531 2 4 4 .9 4 1 1 3 .0 5 2 4 .7 6 7 0 . 9 3 3
564 2 5 0 .3 2 1 1 8 .7 9 2 1 .0 6 6 0 . 0 2 9
589 2 4 6 .8 4 1 2 3 .2 8 2 5 .8 6 0 2 .2 6 4
535 2 5 3 .8 8 1 1 4 .2 1 2 2 .7 0 5 0 . 1 4 2
617 2 4 4 .3 2 1 2 9 .7 8 2 2 .3 0 4 0 . 0 8 2
644 2 4 5 .1 5 1 3 4 .8 2 2 5 .0 3 5 1 .1 3 5
667 2 4 1 .0 9 1 3 9 .6 0 2 0 .5 5 9 0 . 0 1 9
652 2 3 5 .9 6 1 3 6 .7 8 2 3 .8 4 4 0 .3 7 5
674 2 3 5 .1 9 1 4 0 .7 9 2 3 .4 1 0 0 .2 4 5
648 2 3 1 .9 5 1 3 5 .9 3 2 5 .6 6 2 2 .0 4 4
679 2 2 8 .7 3 1 4 1 .7 4 2 0 .8 6 8 0 .0 2 4
515 1 8 5 .4 2 1 0 9 .2 6 1 8 .9 5 9 0 . 0 1 7
539 1 8 7 .9 9 1 1 4 .0 9 2 2 .8 8 7 0 . 4 9 0
519 2 7 .9 3 1 0 9 .2 4 2 3 .7 2 6 0 .4 0 7
514 1 5 2 .2 5 1 1 0 .0 9 2 4 .2 3 9 0 .7 6 6
538 1 5 3 .7 3 1 1 4 .6 1 23 .5 7 1 0 .4 1 0
522 1 7 0 .2 0 1 1 0 .9 4 1 9 .6 0 7 0 .0 2 3
521 1 0 4 .4 8 1 1 1 .4 1 22 .6 8 1 0 .1 8 8
543 9 9 .5 9 1 1 5 .3 0 2 2 .1 2 0 0 .1 0 8
544 1 0 8 .8 3 1 1 6 .2 8 2 0 .7 3 6 0 .0 3 0
581 1 1 0 .2 6 1 2 2 .2 0 2 3 .6 3 6 0 .3 9 2
604 1 1 0 .1 0 1 2 7 .0 0 2 3 .3 0 8 0 . 2 9 6
523 2 6 0 .7 0 1 1 1 .5 3 2 3 .2 5 5 0 . 3 8 0
532 2 6 3 .9 2 1 1 2 .9 7 2 3 .9 8 9 0 .7 4 7
529 2 1 7 .7 7 1 1 2 .5 2 2 0 .1 2 2 0 .0 2 2
557 2 1 5 .4 4 1 1 7 .6 7 2 1 .9 5 1 0 . 1 1 9
528 2 0 5 .4 6 1 1 2 .8 2 2 3 .9 4 2 0 . 5 6 6
551 2 0 6 .0 0 1 1 6 .7 4 2 3 .2 1 1 0 .3 1 8
568 1 9 9 .7 8 1 1 9 .5 2 2 0 .0 4 9 0 . 0 1 9
584 2 0 5 .1 2 1 2 3 .0 8 1 9 .8 5 4 0 . 0 1 8
598 2 0 8 .9 0 1 2 5 .8 1 2 0 .2 3 4 0 .0 2 8
533 4 1 .3 4 1 1 3 .3 7 2 3 .5 3 9 0 .3 6 7
553 4 4 .6 3 1 1 7 .9 4 2 0 .9 0 5 0 .0 3 6
561 3 9 . 3 0 11 9 .1 1 2 1 .5 7 3 0 .0 6 6
560 3 6 .7 7 1 1 8 .3 7 2 8 .0 4 8 9 .9 9 9
542 8 7 .9 9 1 1 4 .7 0 2 4 .2 3 3 0 .6 6 7
570 8 9 .6 9 1 2 1 .2 2 2 2 .9 8 3 0 .2 1 0
588 9 1 .9 8 1 2 3 .8 2 2 2 .3 3 9 0 . 1 1 8
610 9 6 .0 2 1 2 8 .8 1 2 5 .1 6 3 1 .6 1 8
637 8 8 .5 7 1 3 3 .7 4 2 5 .4 1 5 2 .0 1 8
626 1 0 0 .8 0 1 3 1 .6 9 2 3 .8 8 3 0 . 4 8 9
625 9 2 .6 3 1 3 2 .0 0 2 3 .4 6 4 0 .3 6 2
633 9 6 .8 4 1 3 2 .5 8 2 4 .3 6 1 0 . 7 9 6
647 9 3 .7 3 1 3 5 .3 3 2 5 .1 2 1 1 .6 5 0
592 1 0 1 .3 2 1 2 5 .0 7 1 9 .4 7 8 0 . 0 1 0
634 1 0 4 .8 3 1 3 3 .0 3 2 1 .5 5 4 0 . 0 7 3
654 1 0 7 .8 4 1 3 8 .1 3 2 0 .0 4 1 0 .0 1 9
672 1 1 4 .5 7 1 4 0 .0 9 2 5 .1 0 3 1 .4 8 6
677 1 0 3 .9 7 1 4 2 .3 5 2 1 .8 3 4 0 .0 7 5
671 9 9 .7 4 1 4 0 .7 7 2 1 .3 5 4 0 .0 4 7
700 1 0 6 .7 2 1 4 7 .8 2 2 0 .4 8 0 0 .0 2 4
537 1 3 6 .1 5 1 1 4 .9 2 2 3 .6 0 7 0 .3 2 7
545 1 3 0 .0 9 1 1 6 .5 7 3 2 .0 0 2 9 .9 9 9
555 1 3 4 .0 1 1 1 7 .8 9 2 4 .3 5 5 0 .6 8 8
567 1 2 8 .7 9 1 1 9 .6 8 2 4 .1 3 6 0 .4 8 2
574 1 3 8 .4 9 1 2 2 .0 6 2 0 .3 2 3 0 . 0 2 0
593 1 2 5 .0 3 1 2 5 .0 6 3 1 .9 8 5 9 . 9 9 9
611 1 3 3 .9 3 1 2 5 .8 2 2 4 .3 5 3 0 . 7 0 7
573 1 2 1 .2 8 1 2 1 .7 3 2 5 .4 2 6 1 .6 0 3
605 1 30 .11 1 2 7 .0 0 2 4 .0 4 1 0 .4 7 6
554 1 1 7 .6 0 1 1 7 .6 4 2 4 .4 2 2 0 . 6 3 8
627 1 4 2 .1 3 1 3 2 .2 3 2 4 .3 6 8 0 . 6 4 3
639 1 3 5 .6 4 1 3 3 .8 2 2 1 .1 3 1 0 . 0 3 4
640 1 4 7 .5 9 1 3 4 .3 9 2 1 .4 7 1 0 .0 4 1
651 1 3 1 .5 0 1 3 5 .9 1 2 3 .4 6 4 0 .2 7 4
666 1 3 6 .2 7 1 4 0 .2 7 2 1 .2 4 0 0 .0 3 7
655 1 4 7 .8 6 1 3 7 .8 6 2 0 .7 1 1 0 .0 2 0
650 1 2 5 .8 5 1 3 6 .9 9 2 1 .4 3 1 0 .0 4 1
673 1 3 1 .2 1 1 4 0 .9 9 2 3 .0 4 5 0 .1 7 4
638 1 2 0 .3 9 1 3 3 .7 2 2 1 .2 6 8 0 .0 3 7
546 1 4 5 .9 4 1 1 5 .7 2 1 9 .9 8 5 0 .0 2 4
548 2 7 0 .6 5 1 1 6 .1 3 2 1 .5 4 6 0 . 0 5 0
577 2 7 0 .5 5 1 2 2 .2 0 2 3 .7 4 4 0 .4 0 7
595 2 6 8 .0 3 1 2 5 .4 2 2 4 .0 3 7 0 .5 5 1
590 2 6 2 .9 7 1 2 4 .8 5 2 3 .1 4 7 0 .2 3 5
572 2 5 8 .6 2 1 2 0 .6 1 2 1 .2 9 6 0 .0 4 4
618 2 6 3 .6 2 1 3 0 .7 8 2 2 .1 1 4 0 .1 0 2
629 2 5 8 .8 4 1 3 1 .8 2 2 4 .5 4 6 0 . 8 9 3
635 2 6 6 .9 9 1 3 3 .1 8 2 0 .3 5 0 0 . 0 2 0
657 2 5 6 .1 3 1 3 6 .6 4 2 4 .8 1 5 1 .1 6 6
A p p e n d ix  A: T h e  D a ta 275
653 2 6 9 .8 4 1 3 7 .1 5 2 2 .3 5 0 0 .1 2 0
663 2 6 2 .7 7 1 3 8 .7 5 1 9 .6 5 3 0 .0 1 1
550 6 4 .5 4 1 1 6 .9 7 2 2 .7 9 5 0 . 1 3 4
556 1 7 8 .3 0 1 1 8 .3 0 2 4 .8 4 2 1 .1 1 4
575 1 7 7 .0 3 1 2 1 .8 7 2 3 .1 9 7 0 . 2 5 3
582 1 8 3 .2 9 1 2 3 .4 7 2 3 .7 0 4 0 .3 8 2
562 1 7 0 .3 7 1 1 9 .0 0 2 0 .9 2 2 0 .0 3 9
558 8 . 4 2 1 1 9 .1 8 2 2 .3 3 1 0 .1 6 4
579 6 . 5 4 1 2 3 .0 2 2 3 .8 9 7 0 .7 3 6
586 1 0 .4 3 1 2 4 .0 5 2 0 .9 5 7 0 .0 4 8
607 4 .4 2 1 2 8 .3 3 2 1 .1 4 1 0 .0 6 7
624 9 .2 5 1 3 2 .3 8 2 0 .1 9 9 0 .0 3 1
576 2 2 1 .6 0 1 2 1 .3 4 2 1 .2 9 1 0 .0 5 8
583 1 9 3 .0 2 1 2 1 .8 4 3 3 .5 0 7 9 .9 9 9
597 6 2 .7 6 1 2 5 .8 1 2 4 .2 2 8 0 . 6 0 9
596 5 5 .8 6 1 2 6 .2 0 2 3 .7 9 1 0 .3 6 4
603 6 8 . 3 6 1 2 6 .7 7 2 1 .1 5 7 0 . 0 3 8
587 5 1 .1 8 1 2 3 .4 5 2 3 .2 1 7 0 . 2 1 6
632 5 8 .0 6 1 3 2 .5 4 2 4 .0 8 4 0 . 5 0 0
591 7 1 .7 5 1 2 5 .0 1 2 1 .1 4 1 0 .0 3 8
614 7 3 .0 5 1 2 9 .4 5 2 2 .6 8 7 0 . 1 4 4
594 1 6 1 .8 3 1 2 4 .7 4 1 9 .6 8 8 0 .0 2 0
601 2 9 6 .4 7 1 2 5 .8 0 2 1 .7 9 3 0 . 0 8 6
578 3 3 8 .4 8 1 6 9 .5 3 2 7 .6 9 6 9 .9 9 9
636 2 9 5 .8 6 1 3 2 .4 8 2 4 .1 0 3 0 .6 8 3
623 2 8 8 .2 8 1 3 1 .8 0 2 4 .0 1 9 0 . 7 0 5
622 2 8 1 .3 3 1 3 0 .7 4 2 3 .3 4 8 0 .3 5 0
645 2 7 9 .1 8 1 3 5 .2 3 2 3 .7 3 0 0 .5 0 1
675 2 8 9 .5 9 1 4 1 .3 4 2 4 .4 5 9 1 .0 0 8
681 2 8 3 .3 5 1 4 1 .8 7 2 2 .8 6 2 0 . 2 6 4
619 2 7 4 .2 3 1 2 9 .5 9 2 3 .3 2 3 0 . 3 0 5
694 2 9 1 .6 8 1 4 4 .3 5 2 3 .0 2 3 0 .2 5 3
692 2 8 0 .3 7 14 4 .6 1 2 3 .7 9 8 0 . 6 3 0
710 2 8 5 .5 7 1 4 8 .5 4 2 2 .5 5 2 0 . 1 7 9
687 2 9 8 .5 1 1 4 3 .8 5 2 3 .1 9 5 0 .2 8 9
680 2 7 5 .7 2 1 4 2 .3 9 2 1 .9 6 0 0 .0 9 5
608 3 4 . 8 0 1 2 7 .8 1 2 1 .7 4 3 0 .2 2 3
612 2 3 2 .6 0 1 2 7 .6 0 2 3 .0 0 4 0 .1 7 9
616 1 5 4 .7 8 1 2 9 .6 5 2 3 .3 9 9 0 . 2 5 3
613 2 0 .3 8 1 3 0 .0 7 1 9 .7 8 5 0 . 0 1 9
641 1 8 .4 3 1 3 4 .7 0 2 3 .2 5 9 0 . 4 2 8
621 1 8 1 .4 6 1 3 0 .5 1 2 0 .2 3 2 0 . 0 2 8
628 2 2 0 .6 2 1 3 1 .3 8 2 4 .6 7 2 0 . 7 3 3
630 2 9 .2 6 1 3 3 .4 7 2 2 .3 5 5 0 .1 1 0
642 1 6 5 .6 5 1 3 5 .0 8 2 1 .4 4 7 0 . 0 4 4
643 1 9 7 .2 3 1 3 5 .3 3 2 1 .8 8 6 0 .0 7 0
656 1 5 5 .4 8 13 7 .8 1 2 0 .1 7 4 0 .0 2 7
660 1 5 8 .7 3 1 3 9 .2 8 2 0 .9 1 9 0 . 0 5 5
659 6 8 .6 2 1 3 8 .5 0 2 0 .7 2 4 0 .0 4 9
670 7 4 . 3 3 1 4 0 .7 3 2 0 .1 1 6 0 .0 2 9
662 2 2 0 .7 0 1 3 9 .2 4 2 1 .1 9 0 0 .0 3 8
661 1 8 9 .0 6 1 3 9 .3 9 1 9 .8 3 7 0 . 0 2 9
690 1 8 8 .6 5 1 4 4 .4 2 1 9 .6 1 2 0 .0 2 1
708 1 8 6 .8 7 1 4 9 .1 5 2 0 .7 3 1 0 .0 4 9
664 2 4 .1 1 1 3 9 .7 6 1 8 .8 2 7 0 . 0 1 4
668 1 1 .9 8 1 4 0 .4 1 2 4 .0 6 4 0 .6 1 0
678 1 7 6 .8 6 1 4 1 .3 1 2 5 .1 0 4 1 .7 3 8
684 1 7 2 .7 6 1 4 3 .4 6 3 3 .5 2 5 9 .9 9 9
669 3 9 . 6 9 1 4 1 .2 9 3 1 .6 6 4 9 .9 9 9
676 8 5 .7 4 1 4 1 .8 4 2 1 .2 9 3 0 . 0 8 3
682 3 1 .6 1 1 4 2 .4 9 2 1 .3 2 4 0 .0 4 2
683 5 0 .2 1 1 4 3 .3 6 2 3 .2 4 9 0 .2 8 1
685 1 2 1 .5 3 1 4 4 .5 1 2 5 .4 5 5 1 .8 0 9
686 2 5 3 .7 7 1 4 4 .3 5 2 0 .8 9 8 0 . 0 4 5
699 2 4 8 .7 1 1 4 6 .9 8 2 1 .6 4 9 0 .0 8 0
688 6 3 .7 5 1 4 4 .9 7 2 3 .3 1 6 0 . 2 5 6
691 2 1 6 .1 0 1 4 5 .3 2 2 0 .5 1 1 0 .0 3 0
695 8 0 .3 0 1 4 6 .4 0 2 0 .6 2 7 0 .0 3 6
696 2 .4 7 1 4 6 .6 8 1 7 .9 2 6 0 .0 0 8
698 2 0 1 .8 9 1 4 6 .7 1 1 9 .9 0 7 0 .0 2 7
702 1 9 5 .6 7 1 4 9 .0 5 2 3 .3 5 1 0 .5 7 6
697 9 5 .1 5 1 4 7 .3 2 2 0 .9 2 4 0 . 0 8 0
703 2 2 4 .0 5 1 4 7 .9 7 1 9 .4 3 6 0 .0 2 2
701 1 3 9 .6 5 1 4 8 .5 0 3 0 .7 3 6 9 .9 9 9
714 1 4 5 .1 5 1 5 1 .3 8 2 3 .8 8 4 0 .6 3 8
704 2 6 4 .1 6 1 4 8 .2 3 1 9 .9 6 6 0 .0 2 1
705 5 7 .5 2 1 4 9 .3 8 2 1 .8 0 0 0 .0 7 8
713 1 2 6 .5 1 1 4 9 .8 4 2 1 .2 5 9 0 .0 5 3
715 2 3 4 .8 3 1 5 0 .9 6 2 0 .4 8 8 0 .0 5 2
712 3 3 . 0 0 1 5 0 .9 6 2 1 .2 6 5 0 .0 5 0
2 6 2 .2 2 2 .0 4 2 0 .5 7 8 0 .0 7 8
6 2 9 5 .6 0 2 .3 4 2 3 .4 3 3 0 .7 4 5
23 2 9 9 .5 5 5 .7 8 2 3 .5 8 0 0 .8 2 1
29 2 9 0 .7 3 7 . 2 6 1 9 .4 3 8 0 .0 2 3
12 7 3 . 0 0 5 .5 5 1 9 .8 9 8 0 .0 6 8
36 1 1 9 .1 2 8 .5 1 2 2 .3 7 0 0 .1 7 6
33 5 7 .8 5 8 .9 2 2 3 .8 7 2 0 . 3 3 3
89 2 2 0 .0 0 1 7 .1 0 2 3 .5 5 4 0 .3 5 0
133 1 6 4 .9 8 2 4 .4 5 2 3 .4 3 9 0 .4 4 1
135 1 8 3 .8 1 2 6 .6 5 2 1 .1 0 9 0 . 1 5 3
131 7 3 .5 3 2 8 .4 0 2 4 .1 0 7 0 . 6 4 3
213 1 9 9 .7 1 4 6 .3 5 3 4 .2 6 6 9 .9 9 9
231 9 . 6 3 4 7 .3 3 2 1 .1 1 7 0 . 0 6 8
312 3 3 3 .8 6 - 6 . 1 3 3 4 .2 7 6 9 . 9 9 9
246 2 5 5 .8 1 4 9 .4 1 2 4 .1 2 5 0 .6 9 9
250 5 9 .7 1 5 0 .4 5 2 1 .3 2 9 0 .1 0 0
263 5 9 .2 4 5 3 .7 3 2 1 .4 9 1 0 .1 1 8
266 5 . 8 7 5 4 .1 8 2 2 .6 6 8 0 .2 4 7
308 1 7 2 .9 6 6 3 .6 0 1 8 .6 2 7 0 .0 7 3
313 5 8 .3 6 6 4 .6 4 1 6 .5 1 9 0 .0 1 4
348 2 7 8 .7 6 7 2 .7 4 2 3 .5 5 6 0 .4 4 4
329 5 2 .9 3 6 9 .2 6 2 2 .2 2 7 0 .1 7 6
366 1 5 6 .6 1 7 7 .4 2 3 4 .2 4 8 9 .9 9 9
378 2 2 .7 7 8 0 .4 1 1 9 .1 2 6 0 . 0 6 9
380 5 7 .4 2 8 0 .5 2 2 3 .0 6 0 0 .2 3 9
397 4 6 .0 1 8 4 .7 5 2 1 .8 1 7 0 .1 2 1
419 5 0 .4 4 8 8 .4 9 2 2 .2 8 7 0 .1 9 3
402 2 6 8 .4 6 8 4 .5 3 3 0 .3 2 3 9 .9 9 9
351 2 1 4 .3 1 3 3 . 1 3 3 4 .2 8 7 9 . 9 9 9
407 2 9 .0 8 8 7 .2 8 2 1 .0 7 3 0 .0 3 8
449 2 8 1 .0 1 9 3 .2 7 2 3 .0 6 9 0 .3 5 8
475 8 2 . 6 6 9 9 . 2 8 1 9 .4 6 1 0 .0 5 7
478 2 . 9 3 1 0 0 .5 0 2 1 .8 3 7 0 .0 6 7
503 1 3 .8 9 1 0 6 .9 1 2 2 .6 3 3 0 .2 5 4
507 7 . 8 4 1 0 8 .2 3 1 9 .7 2 8 0 .0 2 9
527 1 4 .0 4 1 1 3 .3 4 2 0 .7 8 1 0 .0 4 1
559 1 7 .3 6 1 1 8 .8 7 2 0 .8 3 3 0 .0 4 2
552 2 3 .1 4 1 1 7 .4 8 2 0 .4 8 7 0 .0 3 1
508 7 2 .3 5 1 0 7 .6 0 2 1 .7 0 5 0 .1 1 9
524 2 8 5 .0 6 1 1 1 .6 3 2 3 .1 8 0 0 .3 9 2
526 2 8 9 .9 8 1 1 2 .0 8 2 2 .0 6 9 0 .1 3 5
541 2 8 0 .8 9 1 1 3 .4 5 2 3 .2 9 3 0 . 4 1 8
565 2 8 0 .2 9 1 1 9 .1 8 2 3 .5 2 8 0 .5 3 8
620 4 2 .9 0 1 3 0 .3 2 1 9 .1 0 7 0 .0 4 8
631 3 6 .5 9 1 3 3 .1 8 2 0 .6 8 1 0 .1 3 5
609 8 7 .4 4 1 2 7 .6 2 2 5 .0 9 8 1 .4 6 4
615 1 3 7 .5 9 1 3 0 .1 4 2 4 .6 5 2 1 .0 9 9
162 2 6 .0 7 3 3 .9 1 2 4 .1 8 9 0 .8 3 2
177 1 7 9 .0 6 3 5 . 9 6 2 1 .6 2 9 0 .0 6 9
332 2 7 6 .3 4 6 8 . 1 3 2 7 .9 6 6 9 .9 9 9
370 2 7 6 .7 9 7 8 .5 7 1 9 .9 0 3 0 .0 2 0
602 4 4 .4 3 1 2 7 .1 1 1 9 .2 3 8 0 .0 5 6
119 1 6 .5 5 2 3 .8 5 2 2 .6 4 5 0 .1 7 2
193 3 8 .9 7 3 8 .8 3 2 3 .7 9 1 0 .4 4 6
197 2 7 7 .4 1 3 6 .8 7 2 4 .7 7 9 2 .1 3 4
219 1 2 1 .3 3 4 0 .0 0 2 4 .2 2 4 0 .6 4 1
303 2 7 5 .9 0 5 2 .6 4 2 9 .5 1 2 9 .9 9 9
A p p e n d ix  A: T h e  D a ta 276
334 1 0 .1 6 7 0 .9 7 1 5 .8 9 1 0 .0 2 2 418 4 2 .9 7 8 8 .8 2 2 3 .9 1 4 0 . 8 5 3
363 2 9 9 .1 1 7 5 .3 3 2 1 .6 3 9 0 .1 4 8 441 5 9 .7 6 9 2 . 3 9 2 1 .3 7 5 0 .0 6 7
474 1 8 .7 7 9 9 .4 2 2 3 .9 4 9 0 . 7 6 9 711 1 8 .5 2 1 4 9 .0 5 1 8 .8 0 9 0 .0 8 4
416 3 0 3 .6 4 1 0 7 .0 1 2 7 .7 0 7 9 . 9 9 9 68 3 1 . 9 8 1 2 .6 7 2 1 .8 0 2 0 .2 1 2
693 2 8 2 .8 9 1 4 4 .8 8 2 5 .7 4 3 4 . 9 0 8 95 2 .9 7 1 9 .5 9 2 0 .5 2 8 1 .0 8 0
106 1 8 9 .7 3 2 2 .5 2 1 5 .4 5 9 0 .0 5 1 606 2 9 7 .5 7 1 3 1 .2 4 2 8 .0 6 8 9 .9 9 9
124 2 5 5 .0 2 2 9 .8 9 2 2 .2 7 3 0 .1 3 8 46 2 7 .1 7 1 2 .3 0 2 2 .4 0 9 0 .4 0 5
167 3 3 .9 1 3 5 .4 9 2 4 .2 5 3 0 .5 7 9 371 2 8 3 .0 2 7 8 .6 4 2 3 .6 2 4 0 .4 3 6
235 4 2 .5 8 4 4 .7 7 2 3 .5 1 7 0 .3 1 3 435 4 7 .4 6 9 0 .3 8 2 2 .8 3 2 0 .1 8 5
457 6 1 . 1 8 9 5 .3 1 2 0 .5 0 7 0 . 0 6 0 434 1 7 .9 2 1 0 4 .7 8 2 3 .3 8 0 0 .3 4 8
709 2 8 4 .9 9 1 5 1 .7 5 2 9 .7 4 6 9 . 9 9 9 190 2 7 0 .7 6 3 8 . 2 9 2 3 .8 2 0 0 .6 4 2
114 3 6 .3 2 2 2 .1 8 2 2 .3 0 9 0 .1 0 5 600 2 8 1 .6 6 1 2 7 .9 7 2 4 .4 1 0 1 .1 6 1
185 2 7 7 .6 9 2 3 .7 1 2 4 .3 8 3 ' 1 .0 0 9 344 1 3 .1 3 7 6 .2 7 1 7 .3 1 9 0 .3 7 3
372 2 8 2 .3 1 8 6 . 8 0 3 1 .2 8 2 9 . 9 9 9 392 1 0 .9 6 8 0 .2 8 1 6 .7 0 3 0 .6 1 1
431 2 8 4 .7 2 9 1 .7 4 2 4 .5 1 6 1 .0 8 2 286 1 5 .5 6 7 3 . 0 8 1 9 .2 5 6 0 .1 6 8
M 4DEEP
42 1 3 .1 9 4 5 .3 3 2 0 .2 0 6 0 .0 2 4 34 1 8 .7 1 3 6 .7 5 2 3 .7 7 5 0 .8 0 4
6 4 0 .0 1 8 .8 1 2 0 .2 0 7 0 .0 2 1 19 7 3 .9 6 2 0 .2 7 2 3 .8 9 4 0 .4 4 6
67 4 9 .4 9 6 6 . 3 6 2 0 .5 0 6 0 . 0 2 8 50 1 .9 0 3 8 .1 8 2 3 .9 3 8 0 .6 7 1
25 5 1 .2 5 2 6 .6 9 2 0 .6 2 6 0 .0 1 5 44 7 0 .3 5 4 6 .7 7 2 4 .0 9 8 0 .4 4 2
59 2 2 .0 5 5 6 .0 5 2 0 .6 5 5 0 .0 3 6 36 7 2 . 7 7 3 8 .2 9 2 4 .1 6 0 0 .6 0 3
40 2 0 .7 5 4 4 .3 4 2 0 .7 5 2 0 . 0 3 5 15 4 0 .0 8 1 7 .4 8 2 4 .1 6 7 0 .5 3 0
43 5 3 .4 6 4 5 .2 0 2 1 .0 3 4 0 . 0 2 5 52 1 2 .9 4 5 0 .8 5 2 4 .2 0 0 0 . 5 1 0
5 6 7 .1 7 8 .3 2 2 1 .1 9 3 0 . 0 5 6 12 9 . 5 0 1 6 .1 2 2 4 .2 5 8 0 . 5 7 7
46 4 7 .7 7 4 7 .4 8 2 1 .2 5 5 0 .0 3 0 21 3 6 .9 7 2 2 .6 4 2 4 .2 8 5 0 .5 8 7
69 2 5 .1 1 6 7 .2 4 2 1 .2 7 8 0 .0 4 5 38 3 9 .3 8 4 3 .0 9 2 4 .3 8 3 0 . 4 9 7
48 2 0 .7 5 4 8 .3 0 2 1 .4 0 8 0 .0 6 5 61 4 5 .7 4 6 1 .1 4 2 4 .4 1 7 0 .9 3 2
71 5 6 .5 8 6 8 .3 7 2 1 .6 4 4 0 .0 7 5 63 7 1 . 3 8 6 1 .7 0 2 4 .4 5 1 1 .0 2 8
11 5 6 .0 2 1 5 .4 9 2 1 .7 9 6 0 .0 7 8 62 7 4 . 2 9 6 0 .8 2 2 4 .4 6 2 1 .0 4 9
65 9 . 9 6 6 4 . 4 0 2 1 .7 9 9 0 .1 1 2 18 1 8 .6 8 1 9 .6 9 2 4 .5 6 6 0 . 5 5 6
73 6 1 .9 3 7 1 .0 5 2 1 .9 5 7 0 .0 9 9 51 7 3 .1 0 5 0 .1 6 2 4 .6 2 4 0 .7 7 0
57 3 7 .9 7 5 4 .1 1 2 2 .0 6 9 0 .1 1 3 14 3 . 6 9 1 7 .4 4 2 4 .6 9 8 1 .4 5 1
53 3 5 .2 9 5 1 .2 2 2 2 .0 6 9 0.111 20 6 9 .6 8 2 2 .0 7 2 4 .7 1 8 0 .9 9 9
22 2 8 .8 2 2 3 .7 7 2 2 .1 3 3 0 . 0 7 0 39 6 4 .7 2 4 3 .2 4 2 4 .7 6 3 0 . 7 1 3
64 3 1 . 5 8 6 4 .4 7 2 2 .4 2 4 0 .1 2 1 37 6 0 .1 5 3 8 .8 4 2 4 .9 3 1 0 .8 1 4
66 7 1 .4 9 6 5 .7 0 2 2 .5 1 6 0 . 1 5 9 30 6 8 .1 1 3 1 .7 5 2 4 .9 5 2 1 .1 6 0
7 1 8 .0 0 9 . 8 7 2 2 .5 7 4 0 .1 6 8 17 5 .4 5 2 0 .2 3 2 4 .9 6 8 1 .8 2 6
32 4 6 .7 7 3 5 . 2 8 2 3 .0 8 6 0 .2 4 3 16 4 5 .8 9 1 8 .3 7 2 5 .0 3 1 1 .1 6 8
68 6 3 .3 6 6 5 . 6 9 2 3 .1 0 4 0 .2 7 0 8 7 2 .8 4 1 1 .5 4 2 5 .1 9 5 2 .2 1 5
35 3 0 . 8 0 3 8 .6 1 2 3 .1 3 4 0 . 1 4 6 47 6 6 .1 7 4 7 .4 0 2 5 .3 1 9 1 .2 5 9
72 6 7 .1 5 6 8 . 0 6 2 3 .1 7 8 0 .2 9 7 33 7 5 . 1 9 3 5 .8 6 2 5 .4 4 2 2 .0 5 6
27 2 3 .3 7 3 0 .6 0 2 3 .2 8 9 0 .2 7 1 41 4 4 .5 4 4 3 .7 8 2 5 .4 6 8 1 .4 4 5
60 7 4 .5 5 5 6 .5 7 2 3 .2 9 9 0 . 3 1 2 24 6 6 .8 2 2 6 .4 9 2 5 .8 7 5 2 .5 2 3
13 2 6 .2 9 1 6 .1 3 2 3 .3 2 5 0 .1 9 8 26 1 7 .5 4 2 8 .0 9 2 5 .9 7 0 3 .1 6 6
28 4 1 .7 3 3 1 .4 2 2 3 .3 8 0 0 . 3 1 2 23 7 0 . 6 3 2 4 .8 7 2 7 .7 0 8 9 .9 9 9
3 1 2 .6 1 6 . 4 0 2 3 .5 6 3 0 .4 4 3 10 6 3 . 2 6 1 4 .4 8 2 8 .7 8 2 9 .9 9 9
49 5 9 .1 7 4 6 .9 6 2 3 .6 3 0 0 .2 6 3 54 1 7 .8 6 3 7 .6 3 3 0 .4 2 3 9 .9 9 9
70 1 3 .9 9 6 8 .6 2 2 3 .6 3 4 0 . 5 6 4 31 7 1 .3 8 3 1 .8 8 3 0 .8 8 3 9 .9 9 9
1 4 5 .6 2 4 . 0 9 2 3 .6 6 8 0 . 4 7 2 29 9 . 7 0 3 3 .1 4 3 4 .7 6 3 9 .9 9 9
56 2 6 .4 2 5 2 .7 5 2 3 .7 1 1 0 .5 7 3





1 3 .0 8
4 0 .0 2
4 9 .3 0
5 1 .1 7
4 5 .2 4
8 . 8 0
66.22
2 6 .6 0
2 0 .2 4 8
2 0 .2 5 3
2 0 .5 5 2
2 0 .6 5 1
0.012
0 . 0 1 8
0 .0 1 9





2 1 .9 4
20.66
5 3 .3 9
6 7 . 3 0
5 5 .9 5
4 4 .2 7
4 5 .1 2
8 .2 8
2 0 .6 9 4
2 0 .7 6 7
2 1 .0 5 1
2 1 .2 3 3
0 .0 2 9
0 .0 3 4
0 .0 2 5
0 .0 5 1
A p p e n d ix  A: T h e  D a ta 277
44 4 7 .6 8 4 7 .3 9 2 1 .2 6 7 0 .0 2 8
66 2 4 .9 1 6 7 .0 8 2 1 .3 1 2 0 . 0 3 6
46 2 0 .6 5 4 8 .2 1 2 1 .4 1 7 0 .0 6 1
69 5 6 .4 2 6 8 .2 0 2 1 .6 9 3 0 .1 0 4
15 5 5 .9 8 1 5 .4 6 2 1 .8 1 6 0 .0 7 4
61 9 . 7 4 6 4 . 2 6 2 1 .8 8 1 0 .0 7 2
71 6 1 .6 2 7 0 .6 5 2 1 .9 7 8 0 .1 5 8
50 3 5 .2 7 5 1 .1 8 2 2 .0 6 9 0 .0 9 8
53 3 7 .9 3 5 4 .0 7 2 2 .0 9 3 0 .1 0 3
24 2 8 .7 2 2 3 .6 9 2 2 .1 5 5 0 .0 6 1
63 7 1 .4 1 6 5 . 3 8 2 2 .3 4 9 0 . 1 5 4
62 3 1 .4 4 6 4 . 3 0 2 2 .4 2 0 0 .1 3 8
9 1 8 .0 5 9 . 8 3 2 2 .6 1 6 0 . 1 4 8
33 4 6 .6 7 3 5 .1 5 2 3 .0 5 8 0 . 1 3 3
35 3 0 .6 9 3 8 .5 1 2 3 .0 8 0 0 .1 2 2
57 7 4 .6 6 5 6 .5 2 2 3 .1 6 2 0 .1 9 9
29 2 3 .3 1 3 0 .4 5 2 3 .1 9 6 0 .1 4 9
3 1 9 .4 9 4 .1 5 2 3 .2 2 0 0 .2 6 8
17 2 6 .2 2 1 6 .0 7 2 3 .3 0 0 0 .1 7 8
1 3 4 .4 9 3 . 6 8 2 3 .4 4 7 0 .2 9 5
47 5 8 .7 0 4 6 .5 6 2 3 .4 9 9 0 . 2 3 2
52 2 6 .3 3 5 3 .2 8 2 3 .5 4 6 0 .4 0 3
2 4 5 .4 0 3 . 9 6 2 3 .5 5 0 0 . 3 5 7
34 1 8 .5 4 3 6 .7 9 2 3 .5 5 2 0 . 2 4 2
67 1 3 .9 4 6 8 .3 4 2 3 .5 8 1 0 .3 2 2
4 1 2 .6 1 6 . 4 0 2 3 .5 8 8 0 .3 7 4
10 2 .3 4 1 1 .1 5 2 3 .6 0 5 0 .4 1 6
14 1 1 .6 7 1 4 .9 2 2 3 .7 7 2 0 .2 7 8
55 4 4 .9 3 5 6 .8 1 2 3 .8 3 2 0 .2 4 0
M 4DEEPM2_2
6 4 3 .5 4 6 . 1 7 2 0 .3 4 7 0 .0 5 9
52 1 6 .7 7 4 2 .8 2 2 0 .3 9 0 0 .0 3 6
29 5 4 .8 6 2 4 .1 5 2 0 .8 2 5 0 .0 3 9
77 5 3 .0 4 6 3 .6 4 2 0 .8 7 4 0 .0 4 9
68 2 5 .5 9 5 3 .5 6 2 0 .8 8 9 0 .0 4 8
51 2 4 .3 6 4 1 .7 7 2 0 .9 8 2 0 .0 6 0
70 2 .7 5 5 7 .7 8 2 1 .2 0 6 0 . 0 6 3
4 7 0 . 8 3 5 .8 6 2 1 .2 0 7 0 . 0 6 8
53 5 6 .9 4 4 2 .6 5 2 1 .2 8 1 0 .0 5 5
54 5 1 .3 3 4 5 .0 3 2 1 .5 1 3 0 .0 7 6
79 2 8 .6 8 6 4 .6 9 2 1 .5 6 8 0 .0 7 9
57 2 4 .4 3 4 5 .8 1 2 1 .6 1 7 0 .1 0 8
11 5 9 .5 7 1 2 .9 5 2 1 .7 1 1 0 .0 9 9
72 1 3 .4 8 6 1 .7 6 2 1 .9 7 5 0 .1 4 5
60 3 8 .9 6 4 8 .6 8 2 2 .2 6 6 0 .1 6 3
80 6 0 .1 1 6 5 . 4 7 2 2 .3 5 2 0 .1 8 6
25 3 2 .3 6 2 1 .1 5 2 2 .4 5 2 0 .1 0 6
63 4 1 .6 1 5 1 .4 6 2 2 .5 1 7 0 .2 0 5
73 3 5 .0 7 6 1 .8 4 2 2 .8 7 2 0 .2 2 7
5 2 1 .7 5 7 . 4 8 2 3 .1 2 4 0 . 4 3 6
78 3 . 2 9 6 5 .7 4 2 3 .1 3 7 0 . 4 7 8
44 4 .7 7 3 3 .5 4 2 3 .2 5 8 0 .5 3 4
37 2 7 .3 1 2 8 .5 9 2 3 .2 7 3 0 .3 1 6
2 1 4 .7 9 4 .9 7 2 3 .3 8 1 0 . 6 2 2
47 3 4 .4 4 3 5 .6 9 2 3 .4 4 9 0 . 5 0 3
14 2 8 .8 3 1 4 .1 4 2 3 .4 5 8 0 .2 8 1
17 8 .2 7 1 6 .9 2 2 3 .5 9 2 0 . 5 5 8
7 2 .6 0 8 . 4 3 2 3 .6 4 3 0 . 8 4 4
35 4 5 .3 1 2 8 .5 2 2 3 .7 6 7 0 . 5 4 8
46 2 1 .8 3 3 4 .7 4 2 3 .7 7 9 0 .5 6 2
68 3 4 .4 1 6 8 . 7 3 2 3 .8 8 0 0 . 5 3 0
60 7 4 .0 2 6 1 .0 3 2 4 .0 1 0 0 .4 7 4
43 7 1 . 6 4 4 6 .4 1 2 4 .0 2 3 0 .3 8 3
21 7 3 . 8 5 2 0 .2 5 2 4 .0 5 6 0 .4 9 0
49 7 2 . 9 0 5 0 .1 4 2 4 .0 7 6 0 .4 1 7
36 7 2 . 8 6 3 8 .2 5 2 4 .1 3 5 0 .4 7 5
19 3 9 . 9 0 1 7 .4 2 2 4 .2 5 2 0 .4 1 5
38 6 4 .6 1 4 3 . 1 3 2 4 .4 9 6 0 .5 3 1
58 9 . 7 6 6 0 .7 1 2 4 .5 8 4 0 .8 6 5
37 5 9 .9 3 3 8 . 7 8 2 4 .6 6 9 0 .6 2 1
22 6 5 .9 1 2 1 .1 9 2 4 .7 0 9 0 . 7 7 8
45 6 6 .1 5 4 7 .2 1 2 4 .8 1 1 0 .7 2 3
18 3 . 4 7 1 8 .8 2 2 4 .8 1 4 1 .3 2 3
48 7 . 8 9 5 0 .2 9 2 4 .8 5 9 0 .9 3 6
40 4 1 . 5 0 4 1 . 1 0 2 4 .9 4 0 0 .7 1 3
20 6 . 2 2 2 0 .6 1 2 5 .1 6 5 1 .8 4 3
31 6 7 . 8 7 3 1 .5 7 2 5 .5 9 1 1 .8 1 5
11 7 2 . 9 6 1 1 .5 1 2 5 .9 7 3 4 .2 1 5
23 7 0 .5 1 2 1 .8 4 2 6 .2 2 5 3 . 8 8 7
25 7 0 .9 0 2 4 .7 3 2 6 .8 0 4 6 . 7 7 0
5 7 2 . 9 3 7 . 3 5 2 8 .0 2 7 9 .9 9 9
59 6 2 . 6 0 6 0 .7 7 2 8 .2 5 7 9 .9 9 9
27 6 6 .  58 2 6 .8 7 2 9 .5 5 0 9 .9 9 9
30 8 . 8 0 3 2 .5 5 3 2 .7 6 0 9 .9 9 9
32 7 1 .4 2 3 1 .8 5 3 3 .0 6 9 9 .9 9 9
28 1 3 .2 6 2 7 .3 1 3 3 .8 8 0 9 .9 9 9
51 8 .  52 5 4 .0 3 3 4 .1 2 7 9 .9 9 9
56 6 6 .5 2 5 5 .9 4 3 4 .6 0 2 9 .9 9 9
0 0 . 0 0 0 . 0 0 0 .0 0 0 0 . 0 0 0
23 4 .7 1 1 9 .8 5 2 3 .8 9 0 0 .6 9 4
12 6 4 . 3 9 1 2 .8 5 2 3 .8 9 6 0 .7 3 8
81 1 5 .1 5 6 6 .6 8 2 3 .9 5 3 1 .0 8 7
33 6 7 . 8 3 2 6 .4 5 2 3 .9 5 7 0 .6 5 0
55 6 3 . 8 0 4 5 .5 3 2 4 .0 0 5 0 .7 3 7
42 5 0 .9 6 3 3 . 2 0 2 4 .0 6 9 0 .6 2 2
62 7 2 . 1 4 4 9 .8 8 2 4 .1 2 1 0 .6 2 1
59 1 6 .0 2 4 8 .1 8 2 4 .1 4 4 0 .8 9 0
76 7 2 . 8 4 6 2 .0 4 2 4 .1 4 5 0 .7 1 8
28 7 . 0 0 2 3 .3 4 2 4 .1 8 5 0 .8 8 6
56 2 . 5 3 4 5 .9 4 2 4 .2 3 8 1 .2 2 7
19 4 3 . 9 3 1 6 .9 4 2 4 .2 3 9 0 .8 3 2
69 6 8 . 5 0 5 5 .8 0 2 4 .2 5 8 0 . 7 2 9
61 5 9 .6 2 4 8 .5 6 2 4 .2 8 8 1 .0 2 4
64 6 1 . 9 8 5 1 .9 4 2 4 .3 6 3 1 .0 9 5
66 6 8 . 5 8 5 2 .9 6 2 4 .4 2 1 0 . 8 4 8
34 2 1 .7 8 2 8 .0 5 2 4 .4 7 1 1 .0 2 6
43 6 8 .0 4 3 3 .3 5 2 4 .4 9 8 0 .9 9 6
67 7 5 .8 1 5 3 .4 4 2 4 .5 3 6 1 .6 1 5
74 8 .0 1 6 3 .5 6 2 4 .5 6 2 1 .5 6 7
71 7 2 .9 5 5 7 .7 0 2 4 .5 9 9 0 .9 8 7
65 1 0 .1 3 5 3 .1 6 2 4 .6 8 0 1 .3 4 2
50 3 7 .1 2 4 0 .6 2 2 4 .6 9 5 1 .3 9 2
15 1 7 .5 3 1 6 .3 7 2 4 .7 6 9 1 .831
31 3 2 . 1 9 2 5 .9 2 2 4 .7 9 9 0 .9 3 1
16 2 2 .1 0 1 5 .9 0 2 4 .8 1 4 1 .9 3 0
24 1 9 .5 6 2 1 .8 7 2 4 .8 1 5 1 .4 9 8
30 1 9 .4 0 2 4 .7 5 2 4 .8 1 8 1 .481
41 6 2 . 7 3 3 1 . 8 6 2 4 .8 2 6 1 .7 2 0
45 2 9 .8 8 3 3 .8 2 2 4 .8 8 8 1 .8 5 3
A p p e n d ix  A: T h e  D a ta 278
48 46 .1 8 37 .6 9 24 .934 1 .6 2 8
27 67 .0 7 23 .09 24 .948 1 .640
1 52 .84 3..23 24 .959 2 .2 0 0
39 35 .36 30 .09 24 .984 1 .101
21 38 .47 17..92 25..132 1 .308
8 35..05 9. 25 25..170 2 .786
26 63..41 20..27 25..241 2,.182
10 36..27 12..04 25..308 3.,170
36 14..71 29. SO 25..312 3..643
20 29. 30 17. 82 25. 329 1 .551
83 43 . 41 68 . 12 25. 436 3. 086
49 7 2 . 5 4 3 8 . 4 9 2 5 .5 4 2 3 .1 3 9
18 3 4 . 6 4 1 7 .3 4 2 5 .6 2 7 2 .0 2 7
22 1 1 .4 9 1 7 .4 9 2 7 .5 4 2 9 .9 9 9
13 1 0 .7 8 1 4 .8 2 2 9 .0 9 4 9 .9 9 9
32 3 6 . 3 2 2 5 .7 4 3 1 .8 1 4 9 . 9 9 9
3 6 1 .8 5 6 . 0 4 3 2 .1 2 2 9 .9 9 9
40 5 7 . 9 3 3 1 . 8 7 3 2 .1 5 7 9 .9 9 9
75 2 3 .2 1 6 3 . 3 7 3 2 .9 5 1 9 .9 9 9
58 6 . 9 6 4 6 .7 1 3 3 .8 5 6 9 .9 9 9
9 1 3 .9 5 1 0 .5 8 3 4 .2 2 5 9 . 9 9 9
82 7 4 . 9 7 6 6 .6 1 3 4 .2 9 6 9 .9 9 9
Append ix  B: Reduction Software
There follows a s u m m a r y  of some of the software that has been written to handle I R C A M  
frames and D A O P H O T / A L L S T A R  data files. It is hoped that some of these routine will 
be of use to other researcher.
L I N C O R R . F O R  - performs polynomial linearity corrections on bias-subtracted frames.
D A O  „ C O M B I N E . F O R  - matches 2 N S T / A L S  files to a given pixel tolerance and outputs 
to C O M B  file. Optional prompting for confirmation of match.
D A O _ C O M B I N E _ l R S E T S . F O R  - matches two A L S / N S T  files, passing through any stars 
found in only one set, averaging parameters for those in both sets. Out to A L S  file.
D A O  J . 1 A T C H J N F O . F O R  - produces magnitude and separation residual plots for given 
cut-offs in separation and errors.
D A O J D O U B L E S . F O R  - reads C O M B  and 2 A L S / N S T  files to display maps for stars in 
1st set matched with more than one star in second set, for user to decide between them 
or reject both.
D A O _ C O M B 3 . F O R  - combines C O M B  files by matching chosen indices and outputing a 
C O M B 3  file.
D A O _ C 3 J E X T R A C T . F O R  - reads C O M B 3  file and outputs nl m 2 - m l  m l  using error 
cut-offs in both magnitudes.
D A O  J T N D _ M A T C H . F O R  - writes stars that have matched through to another A L S / N S T  
file. Prompts for which set in C O M B  file is to be used to search input A L S  file numbers.
D A O  J N P U T . F O R  - typed in data is output to A L S / N S T  format file.
D A O J M A P . F O R  - plots map s  from A L S / N S T  files on any display, overlaying if required, 
between input limits.
D A O J R . E F I T . F O R  - program to search combine output and for those pairs matching to 
better than n pixels copy them through to a n e w  A L S  file for a 2nd run of D A O _ X Y F I T .
- to refine co-ordinate transformation.
D A O J R . E M O V E _ S T A R S . F O R  - find stars by co-ordinates and offer to remove them from 
A L S / N S T  file.
D A O  J I M S . F O R  - program to generate R M S  plots from D A O P H O T  N S T / A L S  files, 
allowing interactive definition of a cut-off and filtering of the data. - allows fitting of 
upto 9th order polynomial to cut data. Outputs to A L S  and R P L T  files.
D A O _ S U B S E L E C T . F O R  - a program to select an x,y subset from an N S T / A L S  file, and 
subtract x and y offsets.
D A O - X Y T R A N . F O R  - to apply a linear transformation of an A L S / N S T  format file. 
(From E D R S  X Y T R A N  and X Y L T R N ) .
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X Y F I T  and  its  su b r o u t in e s
D A O _ X Y F I T . F O R  - to obtain a least-squares linear position transformation between two 
sets of x,y postions in A L S / N S T  files. (From E D R S  XYFIT).
D A O  J F I T L S T . F O R  - subroutine to control the fitting of a linear transformation between 
two sets of x,y positions and to display the results. Calls dao_xymtcli to match numbers 
and dao_xyfitr to do the fit, then displays results. (From E D R S  FITLST).
D A O _ L I N T R N . F O R  - subroutine to obtain least-square fit of linear transformation to 2 
sets of x,y positions. (From E D R S  L I N T R N ) .
D A O  J X Y F I T R . F O R  - to obtain a least-squares linear transformation between two sets of 
x,y positions, rejecting erroneous data. (From E D R S  X Y F I T R )
D A O _ X Y M T C H . F O R  - to sort two lists so that items with the same identifier occur in 
the place in each. (From E D R S  X Y M T C H ) .
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